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The inverse Faraday effect is usually associated with circularly polarized radiation; here, we show that
it can also occur for linearly polarized radiation. The quasistatic axial magnetic field generated by a laser
propagating in plasma can be calculated by considering both the spin and the orbital angular momenta of
the laser pulse. A net spin is present when the radiation is circularly polarized and a net orbital angular
momentum is present if there is any deviation from perfect rotational symmetry. The orbital angular
momentum gives an additional contribution to the axial magnetic field that can enhance or reduce the
effect usually attributed to circular polarization and strongly depends on the intensity profile of the
Laguerre-Gaussian modes involving the azimuthal and radial mode numbers.
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The inverse Faraday effect involves the generation of a
quasistatic axial magnetic field and has always been asso-
ciated with circularly polarized radiation propagating
through an unmagnetized plasma. Several theoretical ap-
proaches [1-5] to the inverse Faraday effect have been
investigated and confirmed in different experimental con-
ditions [6-9]. It has been found that the induced magnetic
field depends on the laser intensity and the electron number
density. Lehner [5] discussed the generation of a magnetic
field varying as (n,I,)'/? by considering the relativistic
ponderomotive force in an underdense plasma. Najmudin
et al. [6] measured a magnetic field of the order 4 =
0.8 MG due to the interaction of a circularly polarized laser
with underdense helium plasma at relativistic intensities
~10%* Wm™2. Deschamps, Fitaire, and Laoutte [7] re-
ported a magnetic field of the order 2 X 1072 G varying
as n,ly due to the interaction of circularly polarized mi-
crowaves of power ~1 MW with plasma having n, ~ 3 X
10" m™3. Horovitz and co-workers [8,9] measured an
axial magnetic field of the order 10 kG (2 MG) using a
neodymium-glass laser (wavelength 1.06 pm) of intensity
107 Wm~2 (10'"® Wm™2). Sheng and Meyer-ter-Vehn
[10] derived an expression for the magnetic field estimat-
ing the order of magnitude as 100 MG in the presence of
inhomogeneity of laser beam and electron density in over-
dense plasmas. For a short circularly polarized laser pulse,
Gorbunov and Ramazashvili [11] calculated that the mag-

netic field in a homogeneous plasma should scale as n};/ 21(2).
In contrast to previous theories, Haines [3] explained the
importance of an azimuthal electric field in the generation
of an axial magnetic field, considering the photon spin
associated circularly polarized radiation, obtaining a de-
pendence of 1/n,. According to Haines’s approach, mag-
netic fields in the MG range can be produced by circularly
polarized laser pulses with a duration of the order of 1 ps
and intensity 7, > 10> Wm™2.
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Here we present a more general view of the inverse
Faraday effect based on angular momentum and show
that it can also occur with linearly polarized radiation.
Such a generalization is based on the possibility of laser
beams carrying a net orbital angular momentum (OAM). In
1936, Beth [12] and Holbourn [13] were able to measure
the mechanical torque due to the exchange of angular
momentum of circularly polarized radiation to a half
wave plate. The photon angular momentum is transferred
to matter when it absorbs radiation [14,15]. Laser absorp-
tion in plasma is a very complex area, particularly at high
intensities when collisionless processes dominate. The
angular momentum of the photon beam essentially consists
of spin associated with the polarization state, and the
orbital angular momenta created due to the angular beam
structure. Recently, Allen et al. [16] have highlighted the
importance of the OAM of a photon beam, describing it in
terms of Laguerre-Gaussian (LG) modes.

Photon beams are usually considered to have planar
wave fronts with uniform phase, having the wave vectors
and linear momentum along the beam axis. However,
helical wave fronts may also exist, when the wave vectors
spiral around the beam axis, constituting the existence of
OAM. The physics of the helical wave fronts associated
with photon states was recently discussed in Refs. [17-19].
It is now well-known that helical wave fronts can be
represented in a basis set of orthogonal LG modes and
that each LG mode is associated with a well-defined state
of photon OAM. Harwit [20] discussed the photon orbital
angular momentum in the context of astrophysical phe-
nomena. Mendonga et al. [21] studied the excitation of
photon OAM states in a plasma, investigating helical dis-
turbances in a static plasma and in a rotating plasma vortex.
Stimulated Raman and Brillouin backscattering with OAM
have been investigated [22] and plasmon (or longitudinal
photon) states involving OAM have been studied [23].
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We show in this Letter that an axial magnetic field in a
plasma can be enhanced or reduced by using the intensity
profiles of LG beams involving a finite OAM and that the
excitation of axial magnetic fields becomes possible even
with linearly polarized beams.

The average rate of change of the electron angular
momentum per unit volume in the presence of photon
angular momentum, in a cylindrical coordinate system (r,
#, z7), is governed by the following conservation equation,

d
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where m, is the electron mass, n, is the electron number
density, U, is the azimuthal electron velocity, m, U 47 is
the angular momentum of the electron in the z direction, E,
is the azimuthal electric field, »,; is the electron-ion colli-
sion frequency, B,(B.) is the radial (axial) component of
the magnetic field B, and M, is the axial component of the
photon angular momentum density given by

I
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where [ = 0, =1, ... is the quantum number of the orbital
angular momentum, corresponding to the azimuthal mode
number of a LG mode [16,23], o, is the quantum number
of the spin angular momentum, which is —1 (+1) for right
(left) circularly polarized light and zero for linearly polar-
ized light, w is the laser angular frequency, / is the laser
intensity, and c is the speed of light in vacuum. Here, we
will not distinguish between possible fast (hot or supra-
thermal) and cold electron populations, considering only
net momentum conservation between electrons and
photons.

In order to calculate the total value of the axial angular
momentum, we integrate over M, by parts from r = 0 to
r= 00,
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where we have assumed that the intensity goes to zero at
infinity. Equation (3) can also be expressed, as

(l - O-Z)PL
wcC ’

/ 2mrM . dr = 4
0

where P, = 27 [ I(r)rdr is the total power of the laser
pulse. It is clear that Eq. (4) does not vanish for linearly
polarized radiation (o, = 0) due to the presence of OAM.
Photon beams with helical phase fronts give rise to circu-
larly polarized radiation having both orbital and spin mo-
menta. We also note that the total angular momentum
shown in Eq. (4) exactly agrees with the quantum mechani-

cal relation M, = (I — o,)n,h = (I — 0,)I(r)/ wc, where
n, is the photon number density.

To estimate the axial magnetic field that could be gen-
erated we will consider a time scale 7 such that w;il >
T> w;(}, where the subscripts i and e identify the ion and
electron plasma frequencies, respectively. Over such a time
scale ion motion may be reasonably neglected and the
electrons will have time to reach a steady state (dU,4/dt =
0). Further assuming that the collision frequency is much
less than the electron plasma frequency, which is almost
always the case, we can neglect the collisions, which
would lead to a subsequent decay of the magnetic field.
Balancing the remaining dominant terms involving the
azimuthal electric field and the angular momentum density
in Eq. (1), we obtain

dM,
. 5
7 3)
We note that the electron density n, could well be modified
by the ponderomotive force of the laser, but we will not
take this into account explicitly here. The z component of
Faraday’s law can be written as
14 dB,
- = . 6
r 6rr v ot ©
Inserting Eq. (5) into Eq. (6), we arrive at
oB, 1 0 d(ll o,r 61)
ot en,r dr dt
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After integration in time from O to ¢ we obtain
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In deriving Eq. (8), we have used I(¢) — 1(0) = — f 1.
The absorption coefficient f,,, of the laser intensity ab-
sorbed over a certain axial distance L could be expressed
in terms of inverse bremsstrahlung as f,,, =1—
exp(—«k;;,L), where k;;, is the damping rate of the laser
energy by inverse bremsstrahlung. For weak absorption,
kL <K 1, the absorption coefficient is approximately
Sfaps = K;pL, and for strong absorption, «;,L > 1, we
have f,,, = 1. As the electron number density n, — 0
the absorption coefficient f,,, will also tend to zero so in
practice Eq. (8) does not have a singularity at n, = 0. For
linearly polarized radiation o, = 0, but even then an axial
magnetic field can exist due to the orbital angular momen-
tum density.

Writing r = ry and 9/dr ~ 1/ry, Eq. (8) can be ex-
pressed to estimate the order of magnitude of the field in
terms of practical units, as
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where 7, is the nonrelativistic critical density, which is
approximately 1.1 X 103/A% m3.

Any laser beam can be described by LG modes [24],
which represent a general solution of the paraxial wave
equation in cylindrical geometry. They are a natural ortho-
normal basis set for representing a beam in cylindrical
geometry. For instance, if the beam is not a perfect
Gaussian then the higher order terms involved in the in-
tensity profiles of LG modes give rise to OAM.

The intensity profile of the LG modes in the focal plane
(z = 0) is given by

o G) o]
I(r) = 1,———) expl —= )| LL{=) |, 10
=) TR 0
where [, is the maximum axial intensity of the beam, r( the
beam radius, p is the radial mode number, and Lﬁ,(X ) is the
associated Laguerre polynomials, where X = (r/r,)>.

For a circularly polarized Gaussian beam, we have [ =
0 = p, LG = 1, so the magnetic field is

2f apsloo r r
5, = ol (1 - ﬁ) exp(—p) (11)
e 0 0 0

For a finite OAM [/ = 1 and assuming p = 0, the intensity
profile from Eq. (10) reduces to

r\2 r?
I(r) = IO(—) exp(— —2). (12)
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Accordingly, the axial magnetic field becomes
2f apsl
B, = —fib%f(r), (13)
en,wcrj

where the radial form function f(r) is defined by

r? 3 r?
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We now choose some typical experimental values from
Refs. [3,6], namely, [, = 7.3 X 102> Wm ™2, w = 1.79 X
105 s71, n,=21X10"m3, L=103m, rj=
107> m, and f,,, = 1. Assuming that/ = 0 = pand o, =
—1 in Eq. (8), the axial magnetic field for a parabolic laser
profile can be computed as 2.4 MG, in agreement with
Haines‘s result [3]. Noting that the magnitude of this field
is smaller than the experimentally measured value of 4 *
0.8 MG [6], it is worth mentioning here that Eq. (8) can
give a larger magnetic field in the presence of higher order
terms of the LG modes, which in this case might have been
introduced by the quarter wave plate used to produce
circular polarization.

To examine the impact of angular mode number on the
total angular momentum density, we plot M, as a function
of r for circular polarization (o, = —1) for the Laguerre-
Gauss polynomials LG} , LG3, and LG} in Fig. 1. It can be
seen that the angular momentum density increases for
varying / with fixed p = 0 and a net variation appears in
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FIG. 1 (color online). The orbital angular momentum density
(M) as a function of r with circular polarization o, = —1 and
laser intensity I, = 7.3 X 10> Wm™? for different Laguerre-
Gauss polynomials LG}, LG3, and LG!.

the radial direction. On the other hand, a nonzero radial
mode number, i.e., p = 1, introduces a node in the laser
pulse with fixed [ = 1.

In Fig. 2, we plot the axial magnetic field as a function of
r for the polynomials LG8 and LG} for circular polariza-
tions o, = *1. The azimuthal mode number (I = 1)
causes an increase in the width of the profile of the mag-
netic field, which is now in the opposite direction as
compared to the Gaussian profile. Figure 3 shows the axial
magnetic field generated due to circularly polarized radia-
tion (o, = 1) as well as linearly polarized radiation (o, =
0), with polynomials LG(I) and LG, !. A node is produced
around the Gaussian profile due to radial mode number
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FIG. 2 (color online). The axial magnetic field B, as a function
of r with laser intensity I, = 7.3 X 10> Wm ™2 and the LG
polynomials LG} with o, = 1 and LG} with o, = —1.
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FIG. 3 (color online). The axial magnetic field B, as a function
of r with laser intensity I, = 7.3 X 102 Wm™2 and the LG
polynomials LGY with o, = 1 and LG{!' with . = 0.

p = 1. The inverse Faraday effect also takes place for the
linearly polarized laser pulses with [ = —1 and p = 1.

To conclude, we have studied a model for the exchange
of total angular momentum in laser-plasma interactions.
An axial magnetic field can be generated by an orbital
angular momentum, associated with deviations from rota-
tional symmetry, as well as spin angular momentum, asso-
ciated with circular polarization. Orbital angular
momentum leads to an inverse Faraday effect even with
linear polarization that can exceed that produced by circu-
lar polarization, depending upon the azimuthal and radial
mode numbers of the LG modes. This has important con-
sequences for our physical understanding of the inverse
Faraday effect, and could have interesting implications for
the interpretation of electron acceleration and betatron
emission in laser wakefield experiments.
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