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Dynamic Instabilities in Assemblies of Molecular Motors with Finite Stiffness
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We propose a two-state “‘soft-motor”” model for the collective behavior of molecular motors which
takes into account both the internal motor stiffness and the periodic interaction with the filament. As in the
Prandtl-Tomlinson model of tribology, the important parameter of the model is the pinning parameter,
which compares the stiffness of the motors to the stiffness of the potential. The model predicts dynamic
instabilities in two disconnected regions of parameter space. These parameter ranges correspond to two
existing theories of motor assemblies, the rigid two-state model and the crossbridge model. The model
also predicts a discontinuity of the slope of the force-velocity relation at small velocities.
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In cells, chemical energy is constantly consumed and
partly converted into mechanical work by motor proteins
[1]. In contradistinction to passive matter, living matter can
display spontaneous periodic activity, which has important
physiological functions. Examples include spontaneous
oscillations of the mechanosensory hair bundle in the inner
ear, the beating of cilia and muscle cell oscillations (re-
viewed in [2,3]). Oscillatory instabilities could emerge
from the interaction with regulatory proteins or from spe-
cific geometrical constraints [3], but recent experiments
suggest that the oscillatory behavior can be an intrinsic
property of molecular motor assemblies working against
an elastic load [4].

Such instabilities are predicted by existing models
where the motors act collectively because they are tightly
bound together [5-8]. In these theories, the instability
mechanism is linked to the breaking of the detailed balance
condition (which reflects energy consumption), and to the
generation of a force that amounts to a negative friction at
low velocities. Oscillatory behavior occurs in the presence
of a weak elastic load. Another collective effect arises
under force clamp condition and at low noise level: the
motion can switch between phases of opposite velocities.
This phenomenon is called “‘bidirectional motion” [9,10].
Existing theories can be classified into two seemingly
unrelated categories: the crossbridge model and the rigid
two-state model [5-7]. In crossbridge or ‘‘power-stroke”
models [1,11], the motors are described as flexible springs,
their heads bind to specific attachment sites and remain
stuck until unbinding. The motors switch between well-
defined conformational states. The dynamic instability is
associated to a variation of the unbinding rate with spring
tension [5,6]. In the rigid two-state model [7,8], the centers
of mass of the motors are described as particles rigidly
linked to a common backbone. The particles switch be-
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dynamic instabilities if the transition rates break detailed
balance.

We propose here a “‘soft-motor” model which takes into
account both the flexibility of the motors and the periodic
interaction potential due to the filament. This model ex-
hibits a nontrivial stability diagram with two separated
unstable regions at high and low motor stiffness. It there-
fore predicts that a molecular motor assembly can undergo
a dynamic instability either by increasing or by decreasing
the motor stiffness. An important parameter of the soft-
motor model is the pinning parameter @ which compares
the stiffness of the motors to the stiffness of the periodic
potential. This parameter has not yet been introduced for
molecular motor assemblies but it controls the transition to
solid friction in the Prandtl-Tomlinson model of tribology
[12], which can be seen as the single state version of the
soft-motor model. Although no solid friction is predicted in
the soft-motor model, a generic discontinuity of the slope
of the force-velocity relation at small velocities is pre-
dicted which is a signature of the solid friction. The soft-
motor model also enables to make a link between the
existing theories of molecular motor assemblies consid-
ered so far as unrelated. At low values of the pinning
parameter, the model reduces to the rigid two-state model
while for strong pinning, the predicted behavior of an
assembly of motors is very similar to that of the ‘“‘cross-
bridge” model. The very rapid stretching of the motor
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tween two states where they experience the periodic inter- FIG. 1. Schematic representation of the soft-motor model (see
action potential of the filament. This model can alsoleadto  text).
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spring upon sliding down the potential after attachment
plays the role of the power stroke.

The model.—A schematic representation of the soft-
motor model is sketched on Fig. 1. It considers a collection
of N motors, modeled as springs of stiffness k,, tightly
linked to a common rigid backbone moving at a velocity
u(t). The motors interact with a fixed filament. We call x
the position of the attachment point of a given motor on the
backbone in the reference frame of the filament at time ¢,
and y the elongation of the spring. The motors are either in
an “attached” or a ““detached” state. In the attached state,
the motors interact with the filament via a potential W(x +
y) which is periodic with amplitude U and period €, to
reflect the periodicity of the filament.

We first focus on the internal dynamics of a given motor
located at position x at time ¢ and that has been attached for
a time 7. We call y(x, 7, t) the elongation of its spring.
Force balance on the motor head involves the friction force
due to the sliding velocity between motor head and fila-
ment with friction coefficient {,,, the interaction between
motor and filament and the elastic force of the spring:

Culdy + 0,y +u(@®)(d,y + D] = —k,y — Wi(x +y).
(1)

We assume that the viscous friction on the motor in the
detached state is very low and that the relaxation time of
the spring in this state is much smaller than any other time
scale, so that the motor springs in the detached state are not
stretched. We also neglect thermal noise and assume that
motors bind with no elongation: y(x, 7 = 0, ) = 0.

In the limit of a large number of motors N > 1, we
define the density p(x, 7, ) of motors at position x (modulo
€) that have been attached for a time 7, at time 7. The
detachment rate w(x + y, y) depends both on the posi-
tion of the motor head on the filament x + y and on the
elongation y itself, and the attachment rate w,,(x) only
depends on the position x. The rate functions w,,(x) and
w5 (x + y, y) are periodic in x. The rates are of the order of
a typical inverse transition time #,, ~ 1073 s and they do
not satisfy detailed balance. Motor conservation imposes
that

,p+ 9,p+ul®)d,p=—wux+yyp
+ won(x)5(7)nd’ (2)

where n,(x, 1) is the density of detached motors at position
x. We consider motors which are distributed either ran-
domly or periodically with a spacing incommensurate with
the period of the filament, so that ny(x, )+
o drpx, 7, 1) = 1/4.

The force exerted by the motors on the backbone is
F,, = Nk, [7 dr [§dxy(x, 7, ) p(x, 7, t). Except for sym-
metric potentials and transition rates, it is finite at vanish-
ing velocity. The backbone has therefore a spontaneous
velocity under vanishing external force. At constant veloc-

ity u, the force reaches a steady state. We define the
effective friction coefficient as the slope of the force-
velocity relation at small velocity: &r = —(9,F ) u=0- A
negative value of this friction coefficient is a signature of a
dynamic instability [6,7], which leads to oscillations or
bidirectional motion. In the following, we focus on the
effective friction coefficient &, and determine the regions
of parameter space where it is negative.

Adiabatic approximation.—The various regimes of the
theory can be discussed by introducing the dimensionless
parameter € = ({,,/k,,)/t,,, which compares the character-
istic time of spring elongation with the characteristic
attachment-detachment time. In the case € > 1, once
they are attached, the motors behave as ‘“‘stuck™ to the
filament. They elongate by 8y =~ —u/w.; before detach-
ing and dissipating the stored elastic energy. This process
generates a positive effective friction coefficient first in-
troduced in Ref. [13] under the name of ““protein friction.”
Therefore, in the regime € >> 1, no instability can exist.

In the limit € < 1, the elongation y evolves much faster
than the density p. This suggests an “‘adiabatic” approxi-
mation. All the motors attached at a given position x reach
almost “‘instantaneously” an elongation y, satisfying the
static mechanical equilibrium

knyo + W'(x + yo) = 0. 3)

This equation does not always have a single solution yq(x).
The second important dimensionless parameter of the
theory is the pinning parameter, defined as a =
| min[W"(x)/k,, ]|. The value of this parameter determines
the number of solutions to Eq. (3) depending on whether
a <1 or a > 1. In the following, the regime associated to
soft motors (a <1) is called “weak pinning regime,”
whereas the regime associated to stiff motors (a > 1) is
called “‘strong pinning regime.”

In the weak pinning regime a < 1, Eq. (3) has only one
solution, so that all the motors attached in x have the same
elongation y; (x). The adiabatic approximation of Eq. (1) is
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FIG. 2 (color online). Functions yg (x) and y, (x) for a sinu-
soidal potential with a = 1.8.
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then y(x, 7) = yg (x). The situation is different in the strong
pinning regime a > 1. As shown in Fig. 2, two possible
equilibrium elongations yg (x) and y; (x) satisfy Eq. (3).
For each position x, two populations of motors coexist,
with the two possible elongations. The motors with elon-
gation y, (x) attached when they were facing the potential
well to the left of their current position, and their head is
still “pinned” in this potential well. Conversely, the motors
with elongation yg (x) attached at later time, while they
were facing the potential well in front of their current
position. As x — u7 is the position of the head just after
attachment, this leads to the following adiabatic approxi-
mation of Eq. (1): y(x, 7) =y, (x) if x — ur <0, y(x, 7) =
yg (x) if x — ur > 0 (we have defined here the position x =
0 as the maximum of the potential, and considered posi-
tions x between 0 and € [14]).

Within these adiabatic approximations, the explicit cal-
culation from Eq. (2) leads to an effective friction coeffi-
cient valid in the limit € — O:

Eeir =

Nk, edx Yo d( W

¢ J, )+§2,

“

where @ (x) = woi(x + yg (x), yg (x)). The friction coef-
ficient &, vanishes if @ < 1 and depends only on the values
of the transition rates at the maximum of the potential if
a>1:

Won + d)off dx Won + (Z)off

&

_ Nk, wyyt wyy~

¢ [(wo + oot a (wo + af)af:l
Nk,y" w0 — 0 )wg+ o~ + o)
Coto (v + o ) (wy+ ot)?

NS

with y* = y5(0), y~ =55 (0), " = wer(y™, ), 0™ =
woi(y7,y7), and wy = w,(0). A necessary condition for
the coefficient &4 to be negative is that the transition rates
break detailed balance.

The friction coefficient &, is positive and corresponds to
the concept of protein friction [13]. It does not vanish even
if the transition rates are uniform, as it is mostly due to the
attachment-detachment cycles of the motors. In the vicin-
ity of the critical value of the pinning parameter, a — 1%,
&, vanishes as +/a — 1. Because the expression of the
friction coefficient &, is not symmetric with respect to
the exchange between (y*, w™) and (y~, w™), the soft-
motor model generically predicts a discontinuity of the
slope of the force-velocity relation at small velocities.
The crossbridge model can lead to such a discontinuity
only if singular transition rate functions are used [15].

Localized attachment.—In order to make precise predic-
tions, we now make a specific choice of the transition rate
functions: we consider the case where the unbinding rate
depends only on the elongation y and where the binding
rate is infinite over a small region of size d < € centered
around a position x,,, and vanishes outside this region.

This mimics the simple picture of an attachment site. The
effective friction coefficient at leading order in d is then

woff(yon) - yonwéff(yon)
wagff(%n)

Eofp = _Ndkmyé(xon) , (6)

where we have called y,, = yy(x,,) the motor elongation
after attachment and where the primes denote derivatives.

Two limits are of interest. For stiff motors (a < 1), vy,
vanishes and we obtain &4 = NdW" (xy,)/[2€ 0 (0)].
This friction coefficient can be negative if W"(x,,) <0,
i.e., if x,, is close to the maximum of the potential. This
can happen only for an active system where detailed
balance is broken, as already discussed for the rigid
two-state model [8,16]. The second limit is that of very
soft motors (a > 1) where & = Ndk,[woi(Von) —
Yon @it Von) 1/[2€ 0% (von)]. In this case, the friction is
negative if the unbinding rate depends on elongation.
This expression is very similar to that of the friction
coefficient calculated for a crossbridge model [6]. The
rapid movement of the motors towards the bottom of the
potential just after attachment plays the role of the “power-
stroke.” Equation (6) makes clear that two regimes of
instability are accessible in the soft-motor model, and
establishes a link between the two types of models that
generate oscillations of molecular motors: rigid two-state
models [7,8] and models with force-dependent unbinding
rates [5,6,17,18].

Stability diagram.—The analytical expressions of the
effective friction &, have been obtained in the limit € —
0. For finite values of €, we have calculated &g numeri-
cally. We have studied a slightly different case where the
binding rate is a regular function with a localized maxi-
mum (defined in the caption of Fig. 3). We looked for the
instability boundaries where & changes sign. The results
are reported in Fig. 3 as a stability diagram in a plane (a, €).
There are two disconnected regions of instability, corre-
sponding to stiff motors and soft motors, respectively. The
stability limits along the a axis are very well described by
the results obtained with the adiabatic approximation. Note
that the topology of the stability diagram depends on the
particular choice of the transition rates; the instability
associated with soft motors does not exist if the attachment
rate is uniform (whatever the potential shape or the depen-
dence on elongation of the unbinding rate).

Link with the Prandtl-Tomlinson model.—The single
state version of our theory (w.; = 0) corresponds to the
overdamped athermal Prandtl-Tomlinson model of tribol-
ogy [12]. In this model, the pinning parameter plays a key
role and monitors the transition to solid friction: a discon-
tinuity in the force-velocity-relation appears when a > 1.
Solid friction though does not exist in the soft-motor model
since the time to wait before the system reaches the solid
friction force varies as 1/|ul, and is larger than t,, in the
limit of small velocities. Solid friction is replaced by the
protein friction &,, which vanishes at the elastic instability
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FIG. 3 (color online). Stability diagram. The black line
separates the stable zone (where &. >0, marked “+7) from
the unstable zones (where & <0, marked “-). It is
determined  numerically for  W(x) = (U/2)cosQmx/{),
wor(y) = 0.156,'(1 + (ay)?/2), and w,, = 0.051,,'{—0.5 +
1/[1 = 0.95cosQr(x — x.,)/0)]}, @« = 10/€ and x,, = 0.85¢.
The red crosses indicate the values of a where the friction
coefficient given by Eq. (4) vanishes (limit € = 0). Inset: varia-
tion of the effective friction coefficient with the pinning parame-
ter a, for € = 0 (continuous red line) and € = 0.0885 (dashed
green line).

transition a = 1 as &, ~ +/a — 1 (Fig. 3, inset). The elastic
instability transition is associated to a sharp disappearance
of the instability corresponding to stiff motors in the ex-
ample of Fig. 3. The discontinuity of the slope of the force-
velocity relation is another signature of the transition to
solid friction. If w tends to zero at fixed w,,, £, becomes
infinite, corresponding to the solid friction (in the absence
of thermal fluctuations).

Concluding remarks.—We have proposed a two-state
soft-motor model to describe the collective properties of
molecular motor assemblies. The model emphasizes the
role of the pinning parameter a, which had not been
recognized yet in molecular motor theories. In the strong
pinning regime, hysteresis in the motor head position leads
to a term akin to the so-called protein friction, which
replaces the solid friction of the Prandtl-Tomlinson model.
Another consequence of this hysteresis is the generic dis-
continuity of the slope of the force-velocity relation at
small velocities. We also found an unexpected stability
diagram with two disconnected regions of dynamic insta-
bility. A strong prediction is therefore that a molecular
motor assembly is unstable either at very high or at very
low motor stiffness. These two limits correspond to the two
existing theories of molecular motor assemblies, the cross-
bridge model and the rigid two-state model. Although

these theories have up to now been considered as incom-
patible, our model shows they are governed by the same
underlying physics in two different limits.

Comparison to experiments requires the knowledge of
the pinning parameter. For myosin motors, it can be esti-
mated as follows. Recent experimental values give € =
6 nm and k,, =2 pN/nm [19]. The critical pinning pa-
rameter at the elastic instability transition a = 1 would
be obtained for a sinusoidal potential of amplitude U™ =
4 pN - nm = kzT. It is commonly assumed that the poten-
tial amplitudes are rather of the order of 10kgT. This leads
to a pining parameter a of the order of 10. Myosin motors
should therefore rather be described by crossbridge models
than by the rigid two-state model. For other motors sys-
tems, however, both limits could be accessible.

We thank P. Martin for useful discussions and critical
reading of the manuscript.
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