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We discuss a scaling theory of the lattice response in the vicinity of a finite-temperature critical end

point. The thermal expansivity is shown to be more singular than the specific heat such that the Grüneisen

ratio diverges as the critical point is approached, except for its immediate vicinity. More generally, we

express the thermal expansivity in terms of a scaling function which we explicitly evaluate for the two-

dimensional Ising universality class. Recent thermal expansivity measurements on the layered organic

conductor �-ðBEDT-TTFÞ2X close to the Mott transition are well described by our theory.

DOI: 10.1103/PhysRevLett.104.245701 PACS numbers: 64.60.F�, 65.40.De, 71.30.+h, 74.70.Kn

Scale invariance and universality are among the most
striking concepts in physics [1–4]. A prominent example is
the critical end point of the liquid-gas transition of water at
which the correlation length diverges and fluctuations oc-
cur on all length scales. Even though quantum mechanics
can be important for understanding the nature of the differ-
ent phases present, in the vicinity of a finite-temperature
critical end point, a purely classical theory suffices to
describe the transitions between these phases. As is well
known from the scaling theory of critical phenomena,
every critical end point is characterized by a universal
scaling function and a set of critical exponents, known as
the scaling exponents [1–4]. The scaling function as well as
the scaling exponents do not depend on microscopic details
of the underlying system. Instead, they are entirely deter-
mined by a few general properties like the dimensionality
of the system, the symmetry properties of the order pa-
rameter, or the presence or absence of long-ranged
interactions.

A very interesting class of materials consists of the so-
called Mott insulators which have an odd number of con-
duction electrons per unit cell and, according to band
theory, should be metals. However, if the ratio of the on-
site correlation energy U to the kinetic energy W becomes
larger than a critical value, all electrons localize.
Prominent examples for the Mott transition are the Cr-
doped V2O3 [5] and the layered organic charge-transfer
salts �-ðBEDT-TTFÞ2X [6–12]. Here, BEDT-TTF is bis
(ethylenedithio)tetrathiafulvalene, hereafter abbreviated
ET, and X stands for various kinds of monovalent anions.
As shown in Fig. 1, their ground states can be tuned by
applying either chemical or external pressure. While sim-
ple arguments based on symmetry [13] suggest that the
Mott transition lies in the Ising universality class [14–17],
this scenario is by no means obvious and is still under
debate [18–20]. Using the pressure-sweep technique to
control the ratio U=W, conductivity measurements by
Limelette et al. on ðV1�xCrxÞ2O3 near the critical end point

were reported to reveal mean-field behavior, with a cross-
over to scaling properties with 3D Ising critical exponents
[5]. However, unconventional critical behavior was
claimed by Kagawa et al. for pressurized quasi-2D
�-ðETÞ2Cu½NðCNÞ2�Cl (abbreviated �-Cl) [9]. The critical
exponents obtained from the conductivity measurements
obeyed scaling relations but did not match any established
universality class. In particular, Ising criticality was ruled
out by the authors.
A different explanation of the experiments by Kagawa

et al. was given by Papanikolaou et al. [17], who pointed

FIG. 1 (color online). Simplified phase diagram of the
�-ðETÞ2X family as mapped out in Refs. [6–8]. While the salt
with X ¼ Cu½NðCNÞ2�Cl (located at p ¼ 0) is a Mott insulator,
the hydrogenated variant of the X ¼ Cu½NðCNÞ2�Br salt (h8-Br)
is a superconductor. Its deuterated variant (d8-Br), investigated
in Ref. [10], is located at ambient pressure (dotted line) very
close to the critical region. For simplicity, regions of inhomoge-
neous phase coexistence are left out. The thick, solid line
corresponds to a first-order transition. It terminates in a critical
end point (red dot), above which there is only a crossover
between the Mott insulator and the metal (dashed line). The
crossover line differs from the dashed-dotted line t � 1:74jhj8=15
where signatures in the lattice response are expected to be the
strongest.
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out that the conductivity can have a different scaling
behavior than the order parameter m itself. In particular,
for the �-ðETÞ2X family, it was argued that the conductiv-
ity � should scale like the energy density, implying �� /
jmj�, where � ¼ ð1� �Þ=� is a combination of the critical
exponents � and � related to the singular behavior of the
specific heat and the order parameter, respectively. With
� ¼ 8 for the 2D Ising universality class, it was shown that
the conductivity measurements in Ref. [9] are actually
consistent with the assumption of Ising criticality. A com-
plementary experiment, which concerns the anomalous
response of the lattice in the vicinity of the Mott transition
of deuterated �-ðETÞ2Cu½NðCNÞ2�Br, was reported in
Ref. [10]. The data, which were analyzed by assuming
Grüneisen scaling between the thermal expansivity �pðTÞ
and the specific heat cpðTÞ [i.e., �pðTÞ ¼ �cpðTÞ], were
found to be at odds with the experiment by Kagawa et al.
[9]. As the expansivity measurements were performed very
close to but not exactly at the critical point observed in
Ref. [9], a definition of a critical exponent is problematic.
In this Letter, we demonstrate the breakdown of Grüneisen
scaling in the vicinity of a finite-temperature critical end
point. By elaborating on a scaling theory of the expansivity
we reanalyze the expansivity data of �-ðETÞ2X and find
consistency with 2D Ising criticality.

By identifying the pressure p and the temperature T as
independent parameters to fine-tune the phase transition,
we can already infer that the change of volume �V at the
Mott transition is proportional to the order parameter m.
This is a simple consequence of the fact that the volume V
and pressure p are conjugate variables, and it implies that
the change in volume across the Mott transition should
scale as �V / ðTc � TÞ�, where � ¼ 1=8 for the 2D Ising
universality class. Apart from the different value of the
critical exponent �, this is quite analogous to the familiar
liquid-gas transition.

To set up a complete scaling theory, let us consider the
singular part of the Gibbs free energy, fðt; hÞ, which, for
the 2D Ising universality class, can be written in the scaling
form (see, e.g., Ref. [21])

fðt; hÞ ¼ t2

8�
lnt2 þ jhjd=yh�ðt=jhjyt=yhÞ: (1)

Here, t ¼ ½T � Tc � �ðp� pcÞ�=T0 and h ¼ ½p� pc �
�ðT � TcÞ�=p0 are temperature-like and pressure-like scal-
ing variables which also contain small linear mixing terms.
Apart from the critical temperature Tc and pressure pc, the
scaling variables depend on the four nonuniversal con-
stants �, � , T0, and p0. The finite values of � and � account
for the tilted scaling axes shown in Fig. 1. For example,
� ¼ dp=dT can be identified as the value of the finite slope
at the end of the first-order transition line. Let us, for now,
assume that in suitable units the parameters � and � are
sufficiently small such that it is reasonable to use @t=@p �
0 and @h=@T � 0. As further explained below, this reason-

ing can be justified except for the nearest vicinity of the
critical point.
While the renormalization group eigenvalues yt ¼ 1 and

yh ¼ 15=8 for the 2D Ising universality class are known
from Onsager’s famous solution, the scaling function�ðxÞ
is not known analytically and has to be evaluated numeri-
cally. This, however, can be done with very high precision
[21,22]. All thermodynamic critical exponents can be de-
rived by taking derivatives of Eq. (1) with respect to t or h.
For example, if V, S, andG denote the volume, the entropy,
and the Gibbs free energy of the system, respectively, the
specific heat is given by

cp ¼ T

V

�
@S

@T

�
p
¼ � T

V

�
@2G

@T2

�
p
: (2)

For � ¼ h ¼ 0 this reduces to the well-known result for
the singular part of the specific heat,

csing / �
�
@2f

@t2

�
h¼0

/ � lnjtj; (3)

which, due to the absence of a power of t, implies a critical
exponent � ¼ 0. Of central importance here is the singular
part of the thermal expansivity �p ¼ V�1ð@V=@TÞp ¼
�V�1ð@S=@pÞT ,

�sing / @2f

@h@t
; (4)

which for h ! �0 and t < 0 scales as (see also Ref. [17])

�singjh¼�0 / sgnðhÞð�tÞ�1þ�: (5)

The generalized Grüneisen ratio �pðTÞ is defined as

�pðTÞ ¼
�pðTÞ
cpðTÞ ¼ � 1

T

ð@S=@pÞT
ð@S=@TÞp : (6)

In a different situation, where there is a line of second-
order transitions (but no critical end point), the pressure p
enters only via the critical temperature TcðpÞ, such that
taking derivatives with respect to p is essentially the same
as taking derivatives with respect to T. As a consequence,
the Grüneisen ratio stays constant even if cpðTÞ and �pðTÞ
diverge. However, this is quite different at a critical end
point where t and h are independent parameters. While it
is, by now, well established that the Grüneisen ratio can
diverge at a quantum critical point [23], a strong increase in
�pðTÞ is also found for a critical end point at finite tem-

perature, where for t < 0 (and � ¼ 0)

�sing ¼
�sing

csing

��������h¼�0
/ sgnðhÞð�tÞ�1þ�þ�: (7)

It should also be noted that for h ¼ 0 and t > 0 the singular
part of the Grüneisen ratio vanishes. A more complete
picture of the vicinity of the critical point can be derived
from the scaling function. To this end, we combine Eqs. (1)
and (4) to obtain the scaling form of the expansivity,
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�singðt; hÞ / sgnðhÞjhj�1þðd�ytÞ=yh��ðt=jhjyt=yhÞ: (8)

Here, d is the dimension of the system. The scaling func-
tion ��ðxÞ is given by

��ðxÞ ¼ d� yt
yh

�0ðxÞ � yt
yh

x�00ðxÞ: (9)

A plot of��ðxÞ for the 2D Ising universality class is shown
in Fig. 2 [24]. ��ðxÞ assumes its maximum not at x ¼ 0,
but at the finite value x � 1:74, such that for fixed h the

strongest lattice response is expected for t � 1:74jhj8=15,
which is indicated by the dashed-dotted line in Fig. 1.
Using the asymptotic behavior of ��ðxÞ for large values
of jxj,

��ðxÞ /
� ð�xÞ�7=8 x ! �1
x�15=8 x ! 1;

(10)

we recover Eq. (5) and �sing ¼ 0 for h ¼ 0 and t > 0, as

expected. More generally, the singular part of the expan-
sivity, �sing, can be calculated for arbitrary values of t and

h; see Fig. 3. The strong lattice response at t � 1:74jhj8=15
and the sign change of the expansivity across the h ¼ 0
line can clearly be seen.

Having established a general scaling theory for the
singular part of the thermal expansivity, we now analyze
the thermal expansivity measurements of Ref. [10]. For
simplicity, we assume that the nonsingular background
contribution to the thermal expansivity can be approxi-
mated by a linear term, such that for the 2D Ising universal-
ity class we have

�ðT; pÞ ¼ Asgn½p� pc � �ðT � TcÞ�
� ½p� pc � �ðT � TcÞ��7=15

���

�
B½T � Tc � �ðp� pcÞ�
½p� pc � �ðT � TcÞ�8=15

�

þ CþD½T � Tc � �ðp� pcÞ�: (11)

For other universality classes, the exponents 7=15 and
8=15 should be replaced by ð1� �Þ=ð�þ 	Þ and 1=ð�þ

	Þ, respectively, where 	 is the critical exponent associated
with the compressibility �. A fit to the data published in
Ref. [10] by Eq. (11) is shown in Fig. 4. The data are nicely
described by our theory, which demonstrates that the ex-
pansivity measurements of Ref. [10] are in fact consistent
with the assumption that the Mott transition in the
�-ðETÞ2X family is in the 2D Ising universality class.
Finally, let us explore the linear mixing terms in some

more detail. For finite �, the specific heat cp and the

thermal expansivity �p contain terms proportional to

ð�T0=p0Þ2� and ð�T0=p0Þ�, respectively, with � being
more singular than csing and �sing computed above.

Consequently, even if ð�T0=p0Þ is small, there is a region
where this term becomes important and the Grüneisen
ratio saturates. A simple analysis shows that the crossover

scales for the 2D Ising universality class are jT � Tcj �
�8=7=B15=7 and jp� pcj � ð�=BÞ15=7. However, since

for the experiment in Ref. [10] p� pc � 50 bar �
ð�=BÞ15=7 � 0:1 bar, having neglected the term propor-
tional to �� in our analysis above is clearly justified. It
has also been argued that a finite shear modulus in solids
can lead to a suppression of critical fluctuations near the
critical point if the order parameter is proportional to �V
(see Ref. [20] and references therein).
In summary, we have developed a scaling theory for

describing the singular part of the thermodynamic expan-
sivity in the vicinity of a finite-temperature critical end
point. As a salient result of our study, we find for h ¼ �0

FIG. 2. Plot of the scaling function ��ðxÞ for the 2D Ising
universality class.

FIG. 3 (color online). Plot of the thermal expansivity �sing as a
function of t and h, which diverges at the critical end point t ¼
h ¼ 0. The line of first-order phase transitions along the negative
t axis [where the volume of the system changes according to
�V / ð�tÞ1=8] is clearly accompanied by a branch cut in the
thermal expansivity. Note that due to the scale invariance near
the critical point, this plot looks the same on all length scales;
i.e., rescaling t ! byt t and h ! byhh with arbitrary b, we obtain
exactly the same graph.
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and t < 0 a universally diverging Grüneisen ratio �sing ¼
�sing=csing / sgnðhÞð�tÞ�1þ�þ�, except for the immediate

vicinity jT � Tcj & ð�=B�þ	Þ1=ð�þ	�1Þ, where �pðTÞ is

expected to saturate. For the Mott transition in the vicinity
of the critical end point, volume changes are a natural
consequence of thermodynamics and are similar to the
liquid-gas transition, implying �V / ðTc � TÞ�. By ex-
plicitly evaluating the scaling function for the 2D Ising
universality class, an excellent description of thermal ex-
pansion data for the layered organic conductor
�-ðBEDT-TTFÞ2X has been achieved, consistent with the
conjecture made by the authors of Ref. [17] and their
analysis of the conductivity measurements in Ref. [9].
We stress that the approach presented here does not rely
on any assumption regarding the system’s underlying mi-
croscopic interactions, including a possible involvement of
lattice degrees of freedom [10] or system anisotropies. Our

theory also predicts large lattice effects at t� jhj8=15,
reaching out to both the low- and high-pressure sides of
the critical end point. The observations of a large anomaly
in the thermal expansion of h8-Br [25], as compared to a
tiny feature in the specific heat [26], and a pronounced dip
in the elastic constant of pressurized �-Cl on both sides of
the critical end point [8] are consistent with the latter
prediction. In fact, by extending our scaling theory to the
singular part of the compressibility, �sing / @2f=@h2, we

find that the dip in the sound velocity observed in Ref. [8]
should follow a line close to the dashed-dotted line in
Fig. 1. Note that these lines should not be confused with
the crossover line obtained from the conductivity measure-
ments of Ref. [9]. Finally, let us emphasize that due to its
universal character, our scaling theory should apply to a
broad range of systems, including, e.g., metamagnetic

materials, for which an anomalously large Grüneisen ratio
and a sign change of the expansivity have recently been
reported [27].
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FIG. 4 (color online). Fit to the expansivity data for d8-Br
crystal #1 (diamonds e) and #3 (triangles 5) from Ref. [10] by
Eq. (11). The fits turn out to be only weakly sensitive to the
parameter �. A least-squares fit gives, for the fitting parameters
of crystal #1, Tc þ �ðp� pcÞ ¼ 27:5 K, ðp� pcÞ=� ¼ 26:7 K,
A=�7=15 ¼ 874� 10�6 K�8=15, B=�8=15 ¼ 3:88 K�7=15, C ¼
13:2� 10�6 K�1, and D ¼ 0:85� 10�6 K�2. The straight
dashed lines denote the linear background contribution.
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