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We investigate the scaling laws of a signed measure derived from the reduced magnetic helicity which

has been determined from Cluster data in the solar wind. This quantifies the handedness of the magnetic

field; namely, it can be related to the polarization of the magnetic field fluctuations (right or left hand). The

measure results to be sign-singular; that is, we do not observe any scale-dependent effect at the ion- and at

electron-cyclotron frequencies. Cancellations between right- and left-hand polarizations go on in the

dispersive or dissipative range, beyond the electron-cyclotron frequency. This means that the mechanism

responsible for the generation of the dispersive or dissipative range is rather insensitive to the polarization

of the magnetic field fluctuations.
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Interplanetary space is permeated by solar wind, a con-
tinuous flow of plasma flowing away from the Sun [1]. The
solar wind is in a high turbulent state, and spacecraft data
represent a unique opportunity to investigate plasma tur-
bulence in a natural environment [2,3]. Spacecraft obser-
vations of plasma turbulence show that in the low-
frequency range, f < fci (fci is a characteristic frequency
associated with the ion-cyclotron scale �ci ¼ vth=!pi,

being !pi the ion gyro-frequency and vth the ion thermal

speed), the magnetic spectrum follows a power law f�5=3,
which represents a Kolmogorov-like turbulent energy cas-
cade [3,4]. For high-frequency fluctuations,f > fci, the
spectrum steepens significantly to f�� [5–7] with a slope
in the range � 2 ½2; 4�. The high-frequency part of the
spectrum is either associated to a dissipative range, as in
nonmagnetized fluids [5,6,8,9], or to a different turbulent
energy cascade [7,10–12] caused by dispersive effects [13–
16]. Recently, using both the search-coil (STAFF) [17] and
the flux-gate magnetometer (FGM) [18] instruments on-
board Cluster, it has been shown that the magnetic energy
spectrum falls off exponentially beyond the electron-
cyclotron frequency fce [19], which is probably the starting
point of a dissipative range. Therefore, understanding the
formation of the high-frequency part of the spectrum is a
compelling topic for plasma physics. In fact, in the solar
wind, the mean free path is roughly equal to the Sun–Earth
distance so that the dissipation via collisions is negligible.
Damping mechanisms, such as wave-particle interactions,
are then required.

In order to understand the nature of small-scale turbu-
lence, we investigate the behavior of the normalized mag-
netic helicity [20]. This quantity is related to the
polarizations of the magnetic field fluctuations. At low
frequencies, it oscillates around zero, while at high fre-

quencies, it assumes a defined sign [5,21]. This evidence
would mean that one of the polarizations is canceled out by
dispersive or dissipative effects, like cyclotron or nonreso-
nant damping. Although numerical simulations show that
the Landau damping saturates nonlinearly for finite ampli-
tude fluctuations [22], the presence of a negative value of
the normalized magnetic helicity has been considered con-
sistent with the cyclotron damping of the Alfvén waves [5].
The helicity of the magnetic field fluctuations, H ¼ A �

B (where A is the vector potential and B ¼ r�A) is a
measure of the linkage of flux tubes or of the lack of mirror
symmetry [23]. The total magnetic helicity on a given
volume V can be calculated as the Fourier transform of
the symmetric part of the correlation tensor betweenA and
B [20], that is

Hm ¼
Z

A �Bd3x �
Z

d3kHjjðkÞ (1)

where HjjðkÞ is the spectrum of the magnetic helicity.

However, from the observations, we can calculate only
the reduced magnetic helicity, that is, the integration in
Eq. (1) is only along the direction of the flow. In addition,
because the solar wind flow is superAlfvénic, the magnetic
field fluctuations, travelling typically at the Alfvén speed,
can be considered ‘‘frozen-into’’ the bulk flow and the so-
called Taylor’s hypothesis [24] is applicable. The time
variations in the field detected by spacecraft are simply
related to variations in space, i.e., �r ¼ VSW�t, and thus,
k ¼ !=VSW. If x is the direction of the flowmotion, we can
define the normalized reduced helicity at frequency ! as

HðrÞ
m ð!Þ ¼ 2 ImfB?

y ð!ÞBzð!Þg
jByð!Þj2 þ jBzð!Þj2 ; (2)

which is bounded in the range �1 � HðrÞ
m � 1. Defining a
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signed measure for the reduced magnetic helicity, we can
quantify the scaling properties of the polarizations of the
magnetic field fluctuations. A signed measure is defined

considering a sequence HðrÞ
m ð!Þ over a length � and a

hierarchy �iðfÞ of disjoint subintervals of increasing size
f spanning over the all set �. At the ith interval, at the
scale f, the signed measure is defined as

�iðfÞ ¼
R
�i

HðrÞ
m ð!Þd!R

� jHðrÞ
m ð!Þjd! : (3)

At variance to the probability measure, the signed measure
over a finite interval can assume both positive and negative
values [25]. The presence of cancellations of both polar-
izations at small scales can be characterized by a single
scaling exponent �, named cancellation exponent [26],
which is related to the geometry of small-scale structures
[27]. This quantity can be defined through the scaling
behavior of the partition function �ðfÞ � P

ij�iðfÞj � f�

(the sum is extended to all the subintervals at a given scale
�� 1=f). The scaling exponent � is a measure of how fast
positive and negative contributions cancel down at differ-
ent scales. Sign-singularity, � > 0, is then realized when

cancellations between positive and negative HðrÞ
m ðfÞ values

are reduced for small scales. For a Brownian process with
uncorrelated steps � ¼ 1=2, while trivially � ¼ 0 for a
positive measure. Once structures with a single sign of
reduced magnetic helicity are dominant in the integral in
(3), the partition function �ðfÞ tends to saturate, meaning

that a plateau appears in the shape of �ðfÞ for scales
smaller than a typical saturation scale, 1=fsat. Sign-
singularity has been observed in turbulent fields and in
other random phenomena [26,28,29], in the current helicity
in the solar photosphere [30], and in the helicity of large
scale turbulence in space [31].
Two data sets from both the FGM and the STAFF instru-

ments on board Cluster have been analyzed. The first data
set refers to the period 00:07-02:40 UT on 2002 February
19 (hereafter, data set A) during the solar maximum; the
second data set is relevant to 00:00-00:40 UT on 2007
January 30 (hereafter, data set B) during the declining
phase of solar cycle 23. The data in set A are sampled at
frequency �! ¼ 22 Hz (i.e., a sampling time of �t ¼
0:045 sec ) for FGM, and at frequency �! ¼ 25 Hz
(i.e., �t ¼ 0:040 sec ) for STAFF. For the data set B, we
analyze magnetic field data measured at a sampling fre-
quency �! ¼ 67 Hz (i.e.,�t ¼ 0:015 sec ) for FGM, and
at �! ¼ 450 Hz (i.e., �t ’ 0:0022 sec ) for STAFF. The
higher sampling rate allows us to perform analysis in the
high-frequency part of the power spectrum, i.e., in the
dispersive or dissipative range. For comparison, we ana-
lyze the 6 sec resolution Helios 2 data; that is, we inves-
tigate cancellations at large scales, in the inertial range.
Three periods at three different heliocentric distances, i.e.,
R ¼ 0:3, 0.7, 0.9 AU, have been selected, corresponding to
fast streams. All the data sets shown are in the local s=c
right–handed reference frame (RTN), where R indicates
the radial Sun-spacecraft antisunward direction, T repre-
sents the tangential direction, which is calculated as the
cross product between the solar rotation axis and the R
direction, and N completes the frame. In Table I, the mean
plasma parameters are reported for the data set A and B and
for the Helios 2 data sets. Notice that the data set A is a low
speed stream with a slightly lower plasma � and a lower
proton temperature Tp, while the data set B refers to a fast

stream with a higher proton temperature and a slightly
higher �.
We computed power spectra for the magnetic field com-

ponents and for the magnetic field magnitude for the data
sets A and B. The slopes � of the power spectra of the
magnetic field magnitude are displayed in Table II along
with the ranges of frequencies in which fits have been
performed.

TABLE I. Plasma parameters for both Cluster and Helios 2
data sets: the magnetic field intensity, the bulk speed, the proton
number density np, the proton temperature Tp, and the ions and

electron Doppler-shifted frequencies fci and fce.

Set A Set B 0.3 AU 0.7 AU 0.9 AU

hBi (nT) 8 4 42 11 7

v (km=s) 350 670 700 630 650

np (cm�3) 29 3 62.2 13.5 8

Tp (eV) 7 25 48 23 18

� 1.3 1.6 0.7 1.1 1.3

fci (Hz) 0.71 0.38 0.1 0.1 0.1

fce (Hz) 31.0 16.4

TABLE II. Spectral slopes � of the power spectra of the magnetic field magnitude and
cancellation exponents � for the data sets A and B. Errors are of the order of 10�3.

Data set A Data set B
FGM STAFF FGM STAFF

� � � � � � � �
[f1 � f2] Hz [0.01–0.2] [0.01–1.0] [1–10] [0.8–10] [0.01–0.2] [0.01–1] [1–17] [1–50]

s=c1 1.58 0.351 2.54 0.369 1.46 0.362 2.71 0.406

s=c2 1.58 0.392 2.65 0.364 1.44 0.356 2.78 0.414

s=c3 1.56 0.407 2.62 0.377 1.39 0.366 2.84 0.408

s=c4 1.59 0.427 2.61 0.363 1.38 0.338 2.80 0.400
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In data set A, FGM data are suitable for analysis up to
1 Hz, while STAFF data allow us to go down towards
10 Hz. We have not considered the largest scales, typically
below 0.01 Hz for FGM and below 0.5 Hz for STAFF, to
avoid border effects. In data set B, FGM data are used up to
1 Hz (at higher frequencies a flattening in the spectra is
observed), while the STAFF instrument provides data up to
180 Hz (at this frequency, a low-pass filter has been ap-
plied). However, we consider a high-frequency range for
our data analysis ranging from 1 to 50 Hz.

In Fig. 1, the values of the partition function �ðfÞ,
calculated from the FGM Cluster 2 (C2) data (stars) and
from the STAFF C1 data (circles), as a function of the
frequency f, for the data set A are displayed in the top
panel. �ðfÞ values computed from the C3 data for the data
set B are shown in the bottom panel. The displayed error
bars have been estimated as the standard deviation of the
partition function �ðfÞ. The vertical dashed lines indicate
both the Doppler-shifted ion-cyclotron fci and electron-
cyclotron fce frequencies, calculated under the assumption
of the Taylor’s hypothesis [19]. All the trends are well fitted
by power laws (solid lines in Fig. 1) with a characteristic
index � > 0, indicating that the measure is sign-singular. A
similar power law behavior has been found for the other
s=c, and the relevant slopes are reported in Tables II (the
frequency ranges in which cancellations have been calcu-
lated are also indicated). The typical slopes found are
significantly smaller than � ¼ 1=2, thus indicating the
presence of smooth structures. The cancellation exponents
for the data set A are slightly different from those com-
puted from the data set B, probably due to the differences
in the plasma parameters. To improve the statistics of our
results, we have analyzed two additional periods of Cluster
measurements (22:00-22:30 UT on 2005 April 28, and
13:20-14:00 UT on 2007 January 20). We have obtained
the same behavior of the partition function and similar
values of the scaling exponents to the reported ones above.
It is worth noticing that the partition function does not
saturate, meaning that the measure is sign-singular, inde-
pendent of the presence of both the ion-cyclotron and the
electron-cyclotron frequencies. Cancellations between
both polarizations occur at frequencies higher than both
ion-cyclotron and electron-cyclotron frequencies without a
net predominance of a given polarization.

The computation of the partition function �ðfÞ has also
been performed for the Helios 2 data sets in the fast wind.
Figure 2 displays cancellations as a function of the fre-
quency for the three data sets. The curves shown have been
separated for readability. The � values are shown in the
figure legend. There are no significant differences among
them; therefore, the process of cancellations of polariza-
tions seems to be independent of the radial distance [21]. It
is worth noticing that all the three Helios data sets refer to
fast streams having values of the plasma beta roughly
similar; therefore, the slopes of the partition function are
very close to each other, i.e., � ’ 0:44. Further, the values
of � found for the fast streams detected by Helios 2 are

quite close to 0.5 that is, to the value expected for a random
process. This confirms the quasistochastic nature of the
magnetic field fluctuations in the fast wind at large scales
[32].
To summarize, in this Letter, we investigated the scaling

behavior of the reduced magnetic helicity, which is related
to the sign of polarization of the magnetic field fluctua-
tions. The results shown here are in agreement with the
behavior of the reduced magnetic helicity found by
Refs. [5,21] in the inertial range of the magnetic turbulence

in the solar wind: HðrÞ
m ðfÞ is quasirandomly oscillating

between �1. Indeed, the reduced magnetic helicity is
found to be sign-singular; that is, a power law growth has
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FIG. 1 (color online). Partition functions vs frequency in log-
log axis for the data set A and for the data set B. Cancellations
are calculated from FGM Cluster2 data (stars) and from STAFF
C1 data (circles) for the data set A, while from the C3 s=c for the
data set B (symbols as indicated). The Doppler-shifted ion-
cyclotron fci and the electron-cyclotron fce frequencies are
plotted (vertical dashed lines). Linear fits are also shown (solid
black lines).
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been observed for the partition function �ðfÞwith a scaling
exponent � � 1=2. However, the high resolution data an-
alyzed here show that this quasirandom oscillation of the
reduced magnetic helicity continues even in the high-
frequency part of magnetic turbulence, indicating that
both the left- and the right-hand polarized waves survive.
Therefore, the cyclotron damping interpretation of disper-
sive range [5,11,12,21], which assumes that the high-
frequency fluctuations are dominated by right-handed po-
larized whistler or fast fluctuations due to dissipation of
left-handed polarized fluctuations by cyclotron resonance,
clearly cannot be in agreement with our analysis. A com-
peting mechanism for the generation of the dispersive
region [33], involving the presence of a net flux of right-
handed kinetic Alfvén waves (KAW) [34], is also incon-
sistent with observations. However, in the case of close to
zero cross helicity, a flux of oppositely directed Alfvén
waves should be present at small scales [35]; in this case,
the presence of KAW should give rise to the observed
behavior of cancellations. Finally, it is worth noticing
that the results shown here can also be in agreement with
the presence of a dispersive region of strong magnetic field
fluctuations anticorrelated with density fluctuations and
decoupled from velocity fluctuations generated by the
Hall effect, observed both in numerical simulations and
in the magnetopause region [15,36].
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