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Measurements of the dispersion relation for shear Alfvén waves as a function of perpendicular wave

number are reported for the inertial regime for which VA > VTe. The parallel phase velocity and damping

are determined as k? varies and the measurements are compared to theoretical predictions. The

comparison shows that the best agreement between theory and experiment is achieved for a fully complex

plasma dispersion relation which includes the effects of electron collisions.
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The Alfvén wave, predicted by Alfvén in 1942, is one of
the most fundamental plasma waves in space and in the
laboratory [1]. Alfvén waves have been found in the mag-
netopause associated with magnetic reconnection and in
the solar wind as the primary wave mode dominating the
turbulent spectrum found there. In space, these waves are
thought to be a primary mechanism mediating
magnetosphere-ionosphere coupling, and several models
have shown that these waves can accelerate electrons in the
Earth’s auroral zone, producing electron signatures similar
to those observed on rockets and satellites [2–5]. Space-
based auroral zone observations have also verified the
correct E=B ratio for these waves [6,7].

Measurements of Alfvén waves in the laboratory were
first made in the 1950s [8–10]. Most recently, laboratory
experiments have focused on their characteristics for nar-
row perpendicular scales [11–15]. Although the dispersion
relation for these waves has been derived by several au-
thors, direct experimental measurements to verify the
physics of shear (�B ? B0) Alfvén waves in the limits
where the perpendicular scale of the waves becomes com-
parable to either the electron skin depth or the ion acoustic
gyroradius (the gyroradius of ions with the electron tem-
perature) have been few. The work we report here focuses
on the so-called ‘‘inertial’’ limit in which the electrons are
cold relative to the wave speed (VA > VTe). In this limit,
the electron skin depth is the relevant length scale. These
measurements allow us to test theoretical predictions of the
dispersion of these waves by direct comparison with data.

Experimental setup and analysis.—The experiments we
describe were conducted in the Large Plasma Device
(LAPD) at University of California, Los Angeles, which
produced a plasma column of 16.5 m length and �40 cm
diameter. The experiments took place in a fully ionized,
discharge helium plasma 0.91 ms after the discharge ended
with density determined by a swept Langmuir probe to be
7:7� 1011 cm�3, calibrated with a microwave interfer-
ometer. The electron temperature was measured with a
swept Langmuir probe and found to be 1.9 eV in the region
where the waves were launched. No temperature measure-

ments were made of the ions, but they are assumed to have
a temperature of �1:25 eV based on interferometric mea-
surements made under similar plasma conditions. The
background magnetic field was set at 2300 G, which yields
ratios of electron thermal speed to Alfvén speed of
VTe=VA ¼ 0:20, corresponding to the inertial limit. For
these plasma parameters, the skin depth, �e ¼ c=!pe,

was 0.61 cm and the ion acoustic gyroradius, �s ¼
ðTe=miÞ1=2=!ci, was 0.13 cm. The waves were launched
using a windowed tone burst of ten periods at two frequen-
cies of 250 and 380 kHz which give ratios relative to the
ion cyclotron frequency !ci of !=!ci ¼ 0:29 and
!=!ci ¼ 0:43, respectively.
To produce the narrow perpendicular wavelengths of

interest, we have developed an antenna consisting of a
set of 48 vertical grids which can be driven with a tempo-
rally identical signal on each grid, but with varying ampli-
tudes from 1 to �1 (inverted phase) for each element. A
schematic of the antenna is shown on the left-hand side of
Fig. 1. The view shown is along the background, axial
magnetic field (ẑ direction). The grids are located on
0.64 cm centers with dimensions of 2:5 cm� 30:5 cm
and are made of coarse copper mesh to make good contact
with the plasma. Viewed edge-on in Fig. 1 (left), they
appear as vertical lines. By driving each grid with varying
amplitudes that are locked together in time, we can syn-
thesize an arbitrary spatial waveform across the grid array
in the x̂ direction with effectively no variation in the ŷ
direction.
Each grid element is driven by an individual amplifier

providing a current of up to 10 A. The output signal can be
inverted relative to the input signal giving 180� phase shift.
Each amplifier has a bias circuit which can be set, if
needed, to positively bias the grid to allow larger ampli-
tudes without being limited by the ion saturation current.
The final output of the amplifier combines the bias signal
and the amplified input signal. An example of a sinusoidal
pattern is shown in the right-hand side of Fig. 1. This shows
a temporal snapshot of a full data plane of the By compo-

nent of a propagating Alfvén wave. The data appear
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slightly slanted due to a small rotation of the antenna
relative to the vertical.

Initially, we used simple patterns approximating a single
wavelength sinusoid. However, it became apparent that
combining several k? values into a single pattern provided
coverage of a larger piece of the k? spectrum more effi-
ciently. Figure 2 shows an example of such a pattern
measured in the LAPD plasma. The top panel is a line of
data scanned across the center of the antenna in the x̂
direction and shows the vertical (ŷ) component of the
magnetic field of a propagating Alfvén wave at a single
instant in time, illustrating the structure in the perpendicu-
lar component of the wave. The middle panel of Fig. 2
shows the predicted pattern based on the settings of the
antenna drive currents. The agreement between the mea-
sured pattern and the model pattern is good. The bottom
panel shows the k? spectrum calculated from the theoreti-
cal pattern, demonstrating that a range of values is gener-
ated at one time. This illustrates the flexibility of this
scheme; rather than designing new antennas for each
kind of spatial waveform, we synthesize the desired pattern
by setting the amplitudes of the signals driving each grid.

To compare with theory, we determine the parallel phase
velocity and damping of inertial Alfvén waves as a func-
tion of k?. The experimental procedure is to set up a given
antenna pattern and then drive the grids with a windowed,
ten period tone burst at a fixed frequency. The windowing
provides a ramp-up and ramp-down of the amplitude over
the first and last period of the tone burst to reduce transients
as the wave is launched. Because the grid pieces are
extended in the vertical (ŷ) direction, the measurements
used for this experiment were taken from the midplane of
the antenna pattern, halfway between the top and bottom.
This allows us to analyze the data as if the wave pattern

were infinite in the vertical direction, reducing the problem
to a two dimensional one in kk (ẑ, along the machine axis)

and k? (x̂, horizontally across the pattern). For each tone
burst frequency, four different spatial waveform patterns
were used to give good coverage of k?.
The wave magnetic field was measured with three-axis

search coil probes (‘‘b-dot’’ probes) consisting of 40 loops
in each orthogonal direction and loop diameter of 1.2 mm.
To improve signal quality, the probes have amplifiers lo-
cated inside the plasma chamber. Samples are taken in
horizontal lines across the plasma column with 2 mm spac-
ing. In time, each location is sampled at 12:5 Msamples=s
resolution. The excellent repeatability of the LAPD allows
us to average 30 shots at each measurement location to
reduce noise and better resolve the wave signal.
To determine parallel phase velocity and damping, a line

of data is Fourier-transformed in space at each time step to
yield the perpendicular wave number spectrum as a func-
tion of time. Implicit in this technique is the assumption
that we may ignore variation in the vertical direction as dis-
cussed above. As Fig. 1 shows, this is a reasonable assump-
tion due to the lack of variation along the vertical direction
near the center of the wave pattern. This procedure is then
repeated for a second location farther away from the an-
tenna, and the two Fourier-transformed data sets are com-
pared to determine the wave dispersion properties.
The measurements are analyzed with a chi-square fitting

procedure that assumes that the difference between the
second waveform and the first arises from a propagation
time delay and an amplitude decrease due to damping. We
solve for the time delay and amplitude factor by minimiz-
ing the value of chi square of the two data sets. The time
delay is also checked by performing a linear cross corre-
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FIG. 2. Example of the measured (top panel) and desired
(middle panel) waveform patterns generated using the arbitrary
spatial waveform antenna. The pattern is a midplane cut of the
vertical component of the magnetic field (By) of a propagating

Alfvén wave at a single instant in time. The bottom panel shows
the theoretical k? spectrum based on the pattern in the middle
panel.
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FIG. 1 (color). The arbitrary spatial waveform antenna (left)
consists of 48 grids that can be driven separately to produce
arbitrary waveforms along the x axis (across the grids). An
example of a plane of By magnetic field measurements showing

a snapshot in time of a propagating Alfvén wave with narrow
perpendicular structure is shown at right. The antenna was
slightly rotated from purely vertical, producing the slanted
appearance.
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lation between the two signals of the type used for statis-
tically relating arrays of numbers. For all data shown here,
the R value of the cross correlation was 0.90 or greater,
confirming the assumption that the signal at the two mea-
surement locations is the same wave which has propagated
along the magnetic field. Both procedures yield the same
time delay. The advantage of the chi-square procedure is
that it also yields amplitude change as well as the errors
associated with the fitted time delay and amplitude factor.
This is the same procedure that we have used successfully
in earlier experiments, and a more complete description
may be found in [14].

The time delay is combined with the measured distance
of 1.92 m between the two sets of measurements to deter-
mine the phase velocity. The chi-square–correlation tech-
nique is optimized to produce the greatest correlation for
alignment of the peaks of the two waveforms rather than
the envelope of the waveform. This ensures that the veloc-
ity which is found corresponds to the parallel phase veloc-
ity of the wave vph;k ¼ !=ReðkkÞ and not the group
velocity. By repeating this procedure at each wave number
with significant power above the background noise level, a
set of measurements of the parallel phase velocity as a
function of perpendicular wave number is generated. The
fitting procedure also determines the decrease in amplitude
which corresponds to the spatial damping rate. For k?�e �
0:5, the damping is weak enough that some power is
reflected from the end of the LAPD and interferes with
the latter portion of the forward propagating wave packet.
For these wave numbers, only the first 2–3 periods of the
tone burst are used for the time delay and damping deter-
minations so as to ensure that we compare only the forward
propagating parts of the wave. For all data, the very slight
rotation of the antenna evident in Fig. 1 is negligible and
does not affect the results.

The results of this procedure are shown for all four sets
of antenna patterns for a tone burst of 380 kHz in Fig. 3.
The upper panel shows measurements of the phase velocity
and the lower panel shows those of the damping. The
perpendicular wave number is normalized to the plasma
skin depth �e and the phase velocity is normalized to the
background Alfvén speed VA ¼ B=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4�nmi

p
. For compari-

son, the warm-plasma theoretical curve with collisions is
shown as a solid black line. The error bars on each point
include timing, length, and fitting uncertainties.
Uncertainty in the background magnetic field magnitude
as well as fluctuations of the temperature and density are
shown by two black dash-dotted bounding curves to show
clearly how these fluctuations affect the result. The model
curves use the temperature determined by the Langmuir
probe, but use a density of 6:5� 1011 cm�3 instead of the
7:7� 1011 cm�3 determined by the probe. The excellent
fit of the data to this lower density suggests a systematic
error in the Langmuir probe density calibration which was
the same for all data presented here. Consequently, we use
this lower value for comparisons to theory.

A second set of measurements shown in Fig. 4 was made
under the same set of plasma conditions, but the tone burst
frequency was lowered to 250 kHz. This was done both to
validate that the inertial Alfvén wave propagates at a
variety of frequencies as well as to investigate the small
change in the dispersion relation as a function of frequency
relative to the ion cyclotron frequency!ci. As can be seen,
for both cases, the agreement between theory and mea-
surement is good.
Discussion and conclusions.—Because the electrons

have finite temperature and the wave frequency is of the
order of the ion cyclotron frequency, the simplification of
the dispersion relation that results for the inertial case that
assumes Te ¼ 0 is not the most accurate for use with these
results. For the best comparison with data, we numerically
solve the full warm-plasma dispersion relation for finite
frequency with respect to the ion gyrofrequency, keeping
all terms in the dielectric tensor. Additionally, a noncon-
serving Krook collision operator is used to include the
effect of electron collisions which are not negligible. A
complete discussion of this and other operators is found in
[16]. In this solution, ! and k? are kept real and kk is
complex. This correctly handles the damping that we
measure, which is determined as a function of position as
the wave propagates [17]. This is the solution plotted in
black in Figs. 3 and 4.
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FIG. 3 (color). A comparison of the dispersion relation with
the measurements as a function of k?. The data are from four
antenna patterns (different colors) for identical plasma condi-
tions with a tone burst of 380 kHz. The theoretical dispersion
relation with collisions is plotted as a solid black line. Uncer-
tainties in plasma parameters are shown as bounding dash-dotted
curves. The solid red curve shows the comparison with the dis-
persion relation given by (1) with �=! ¼ 0 and the red-dashed
curve the case for �=! ¼ 2:7. The lower panel shows wave
damping.
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Although warm-plasma theory with collisions gives the
most precise dispersion relation for comparison with the
measurements, it does not provide the most intuitive form
for understanding the physics. For this we turn to a sim-
plified dispersion relation with cold electrons (VA � VTe),
but retain the finite frequency effects. The collisionless
dispersion relation has been derived by several authors,
e.g., [6], but is modified here to include electron collisions:

!

kk
¼ VA

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1�!2=!2

ciÞ
1þ k2?�

2
eð1þ i�=!Þ

vuut ; (1)

where �s is the ion acoustic gyroradius and �e is the
plasma skin depth. Collisions are added by taking m !
mð1þ i�=!Þ which properly introduces collisions only in
the electron momentum equation. This dispersion relation
is shown as a red dashed curve in Fig. 3 for �=! ¼ 2:7 and
Fig. 4 for �=! ¼ 4:1. The solid red curve in both figures is
the �=! ¼ 0 case of (1). These curves do not fit the data
quite as well as the full theory, but still do a good job of
matching the data. The form of (1) shows how the parallel
phase velocity depends on k? and that measurement of the
parallel phase velocity directly verifies the dispersion rela-
tion (1). The electron kinetic effects are clearly seen in the
upper panels of Figs. 3 and 4—the phase speed decreases
as the perpendicular length scale decreases to the scale of
the plasma skin depth as expected in the inertial limit.

The effects of finite frequency are also apparent in the
form given by (1). For both cases presented here, there is a
small decrease in the phase velocity due to this effect. The
change is greatest for the 380 kHz case, and this is reflected
in the y intercept at low values of k?, which shows that the

phase speed is reduced relative to that of the MHD Alfvén
speed.
The lower panels of Figs. 3 and 4 show the experimen-

tally determined damping. It is important to note that
Landau damping alone is not sufficient. Indeed, it is essen-
tially zero for all the data in the two figures. To illustrate
this, we compare the red dashed curves in Figs. 3 and 4,
which show the collisional damping from (1), with the
black curves from the full warm-plasma theory. The ex-
cellent agreement, except at higher k?, shows both that the
damping is completely dominated by collisions and also
that the simple form of (1) does a very good job of
describing the data. The damping also affects the real
part of the dispersion relation by lowering the phase ve-
locity for wave numbers where the damping is significant.
The damping is weaker for the 380 kHz case (Fig. 3), and
the effect on the phase velocity is not as great resulting in
better agreement between the collisional and the collision-
less theory. The inclusion of electron collisions clearly
produces the best match to the measurements.
We believe these to be the first detailed measurements of

the phase velocity and damping as a function of k? for
Alfvén waves in the inertial limit. The agreement between
both the collisional warm-plasma dispersion relation and a
simpler collisional fluid version with experiment is very
good and provides an important verification of fundamen-
tal plasma theory.
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FIG. 4 (color). A comparison of the dispersion relation and
measurement for the case in which the tone burst frequency was
250 kHz. The format is the same as Fig. 3.
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