
Coherent Amplification of an Ultrashort Pulse in a High- and Swept-Gain Medium
with Level Degeneracy

Chul Min Kim and Jongmin Lee*

Center for Femto-Atto Science and Technology, and Advanced Photonics Research Institute,
Gwangju Institute of Science and Technology, Gwangju 500-712, Korea

Karol A. Janulewicz†

School of Photon Science and Technology, Gwangju Institute of Science and Technology, Gwangju 500-712, Korea
(Received 16 October 2009; published 4 February 2010)

A one-dimensional model of the coherent amplification in a high- and swept-gain amplifier in the

presence of strong spontaneous emission is presented and applied to seeding an x-ray laser with a high

harmonic pulse. The atomic structure of the amplifying medium includes level degeneracy, and the

Maxwell-Bloch equations are used to describe the propagation and interaction processes. This analysis

elucidates, in the most comprehensive way, the influence of the random spontaneous emission on the

coherent amplification process, as reflected in the basic pulse parameters such as its shape, polarization,

and coherence.
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Seeding of a high-gain medium by injecting an ultra-
short coherent pulse is a rare realization of the coherent
amplification process—a fundamental phenomenon in the
laser physics and spectroscopy. In this regime of amplifi-
cation, the pulse duration of the seed is shorter than or
comparable to the dipole relaxation time of the medium.
The nonadiabatic variation of the electric dipole induced
by the external radiation becomes crucial, and, instead of
the rate equations, the Maxwell-Bloch equations for the
complex envelopes of the physical quantities should be
employed without any adiabatic approximations [1]. More-
over, the high gain reinforces the influence of the sponta-
neous noise on the coherent amplification of the seed. This
influence is most likely reflected in the phase-related prop-
erties like polarization, coherence, and divergence.

This basic process of coherent amplification obtained
practical attention when the development towards an ulti-
mate short-wavelength source began. Both the laser-
plasma-based and free-electron x-ray lasers (XRLs) have
shown some disadvantages in their natural working re-
gimes of amplified spontaneous emission (ASE) or self-
amplified spontaneous emission (SASE), respectively. The
‘‘quantum’’ (laser-plasma-based) XRL has a low level of
spatial coherence and random polarization while the free-
electron XRL has limited temporal coherence. There has
been much effort in developing the seeding technique to
overcome these disadvantages and obtain more stable and
better defined parameters [2–6]. The seed pulse should
have favorable properties such as short pulse duration,
well-defined polarization, superb spatial coherence, and
low divergence. When such a pulse is injected into an
active medium, the amplified output pulse may inherit
the good properties of the seed.

Recently, several theoretical works applying the
Maxwell-Bloch equations to describe the seeding effect

were reported [7–9]. In these analyses, the atomic level
degeneracy was not treated properly, and the important
radiation parameters depending on phase, e.g., polariza-
tion, could not be discussed. To investigate these proper-
ties, a thorough consideration of the level degeneracy is
required. This can be demonstrated with the simplest de-
generate lasing system in Fig. 1(a), where the�-type (two-
level but three-state) system in Ag19þ is schematically
depicted [10]. The selection rules require that the transition
on the left-hand side (m ¼ 0 $ m ¼ �1) involves only
the left- circularly polarized radiation while the other
transition (m ¼ 0 $ m ¼ 1) is permitted only for the
right-circularly polarized light [11]. When the incident
pulse is polarized along the x axis, the coherent interaction
leads to a coherent combination of the two transitions with
effective polarization along the x axis. Clearly, such a
system can be simplified to a two-state atomic structure.
However, in an active medium with high gain, the strong

FIG. 1 (color online). (a) Atomic energy levels involving the
lasing transitions and (b) time-dependant gain of the medium;
the gain peak of 70 cm�1 is at 10 ps, and the gain duration
(FWHM) is 9.8 ps. Although the lower level has a state withm ¼
0 (not shown here), the transition m ¼ 0 $ m ¼ 0 does not
contribute to the stimulated emission along the pulse propaga-
tion direction (the z axis).
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spontaneous noise being the source of ASE is randomly
polarized, and it competes with the seed pulse in the
amplification process. In such a case, the two transitions
involving the different states of the lower laser level should
be treated as separate ones [12].

In the present Letter, we investigate the propagation of
an ultrashort seed pulse in an active medium by using the
numerical solution of the Maxwell-Bloch equations with
fully incorporated level degeneracy and in the presence of
the high level ASE—the combination that may reveal the
competitiveness of random spontaneous emission and co-
herent seed in the most comprehensive way but has not
been considered yet. The time-dependent pumping and
relaxation are included in these equations [9]. The lasing
transition 4dð1S0Þ ! 4pð1P1Þ at 13.9 nm in nickel-like

silver (Ag19þ) and a high harmonic (HH) seed have been
chosen for modeling because it fulfils all requirements for
the coherent amplification mentioned above, and reliable
experimental data are available [5]. Not only the temporal
pulse shape and energy amplification but also polarization
and correlation of the field components are discussed by
considering the pulse structure.

For the sake of simplicity, the seed pulse is injected into
a uniform high- and swept-gain amplifier. One-
dimensional propagation along the z axis is assumed. A
beam cross section area of 400 �m2 has been chosen close
to that in the experiment. The time-dependent gain of the
medium is shown in Fig. 1(b). The atomic states are
denoted by b, a, and the value of m (� 1); the circular
polarization states are denoted by L and R. In the moving
frame (� ¼ t� z=c), the core of the Maxwell-Bloch equa-
tion set written in atomic units is as follows [12].

@Nb=@� ¼ ��bNb þ ImfPRE
�
R þ PLE

�
Lg=2þ Rb

@Na1=@� ¼ ��aNa1 þ ImfP�
RERg=2þ �birNb

@PR=@� ¼ ��ba1PR þ �R

� iz2bafERðNb � Na1Þ þ ni��1;1ELg
@ðni�1;�1Þ=@� ¼ ��1;�1ni�1;�1 þ ifP�

REL � PLE
�
Rg=4

@ER=@z ¼ ði2�!0=cÞðPR � neER=!
2
0Þ;

N and �1;�1 are the population and the density matrix

element involving the lower states, respectively. P and E
are the complex amplitudes obtained from the analytic
signals [13] of the induced macroscopic dipole and the
electric field, respectively. The remaining equations for
Na;�1, PL, and EL are obtained from the equations pre-

sented above by performing the subscript exchanges 1 $
�1 and R $ L. Rbð�Þ is the pumping term, and
�L or RðNb; �Þ are the random sources representing sponta-
neous emission [14]. The values of numerical parameters
are as follows: resonant energy @!0 ¼ 89:2 eV (�0 ¼
13:9 nm); population relaxation constants �a ¼
2:33 THz and �b ¼ 2:56 THz; electron density ne ¼
2:0� 1020 cm�3, ion density ni ¼ 9:1� 1015 cm�3; ra-
diative relaxation constant �bir ¼ 0:059 THz; dipole relax-

ation constants �ba ¼ 3:39 THz and �1;�1 ¼ 3:27 THz;
and dipole matrix element zba ¼ 0:274. These values
were obtained from atomic structure calculation [15],
laser-plasma simulation [16], and experimental report on
linewidth measurement [17]. The equations were solved
self-consistently, and the Runge-Kutta 4th order algorithm
accompanied by a statistical method for dealing with ran-
dom function [18] were used.
The temporal shape of the output pulse from the seeded

active medium develops a unique structure, as shown in
Fig. 2. The pulse shape was obtained by summing the
instantaneous values of jELj2 and jERj2. The ultrashort
HH pulse (25 fs, 1 nJ, polarized along the x axis) is injected
into the medium at the moment of gain peak (10 ps), as the
plot at 0 mm shows. Because the intensity of the seed pulse
is much higher than that of spontaneous emission (SE), the
medium is put immediately in a coherent state, which is
followed by emission of a coherent echo owing to the free
induction decay (the plot at 1 mm). This echo is amplified
in propagation and develops an oscillating and then decay-
ing pulse shape (the plots at 2 mm and 3 mm), the signature
of Rabi oscillation and polarization decay. The polarization
components of this part of radiation are expected to be
strongly correlated, and the effective field is polarized
along the x axis as the seed pulse. In further propagation,
the randomly polarized ASE grows in front of the coherent
part (the plots at 4 mm and 5 mm). Consequently, the
output pulse consists of two distinct parts: i.e., the ASE
with random polarization and the amplified seed assumed
to have the polarization of the input pulse. The width of the
main spike in the output pulse is 170 fs (FWHM), and its
intensity is larger than that of the ASE by almost an order
of magnitude.
The full incorporation of the level degeneracy enabled

an explicit examination of the polarization state. The inset
in Fig. 2 shows the temporal variation of the y component
of the electric field with respect to the x component within
the duration of the output pulse at 5 mm medium length.

FIG. 2 (color online). Evolution of the seed pulse as it prop-
agates through the lasing medium. The duration (FWHM) of the
main peak at 5 mm is 170 fs. The inset shows the relative
magnitude of the y component of the electric field with respect
to the x component (jEy=Exj) at 5 mm.
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Within the ASE, jEyj can be even larger than jExj because
ASE is randomly polarized. Emission by the induced di-
pole in this part will reproduce the ASE polarization
feature. After the ASE component has passed, the dipole
interacts with the coherent part polarized along the x axis,
and the dipole starts to adjust itself to the polarization
direction of the driving field, i.e., to the x axis. The result-
ant radiation during the adjustment shows jEyj decreasing
towards 0 in an oscillatory way.

This specific pulse structure consisting of the prepulse
ASE followed by the coherent seeded part leads to the
pulse characteristics which are dramatically different from
those of the conventional ASE-XRLs. Figure 3 presents the
pulse energy dependence on the length of the amplifying
medium and its second-order derivative with respect to the
propagation length. The maximum of the second-order
derivative gives the curvature transition point that can be
treated as the beginning of saturation and called the satu-
ration point [19]. Unlike the ASE-XRLs, the seeded XRL
has two saturation points at 1.0 mm and at 3.6 mm. To
identify the origin of each saturation point, either the
random source or the seed was neglected in the equations.
It was found that the first point at 1.0 mm corresponds to
the seeded component, and the next one at 3.2 mm to ASE.
Saturation of the coherent component appears first because
the seed pulse is much stronger than the SE starting at the
amplifier entrance and dominates the interaction in early
propagation stages.

Such a pulse structure also has important implication on
the polarization of the output radiation. Figure 4 shows the
dependence of the degree of polarization (DOP) on the
propagation length for seeding in the presence of SE,
seeding in the absence of SE, and pure ASE. Seeding
together with SE gives a DOP very close to 1.0 (reproduc-
ing the linear polarization of the seed) over the propagation
distance up to 3 mm. After that, the ASE signal begins to be
comparable to the coherent part, and the DOP starts to be
reduced. This reduction is attributed to the influence of the
noticeable ASE signal.

DOP lowering with the increase in the ASE signal has
two facets. The DOP of a pure ASE is lower than that of a
pure coherent echo due to the stochastic nature of the SE,
as shown in Fig. 4. Consequently, the increased contribu-
tion of the ASE component reduces the DOP calculated
from the whole pulse. In addition, the preceding ASE
component degrades the following coherent part in the
way described above; the low-level oscillation of jEy=Exj
in the inset of Fig. 2 is the signature of the depolarization in
the coherent part.
From the results given above, it is concluded that the

ASE level should be kept as low as possible to obtain well-
defined polarization of the output pulse reproducing that of
the seed. To achieve this, the medium length has to be
limited (here 3 mm). In this case, however, the pulse
energy is significantly reduced from 1007 nJ to 311 nJ,
as shown in Fig. 3. A better solution is to adjust the
injection time of the seed pulse to make the coherent part
the dominating one. In the previous considerations, the
seed pulse was incident at the moment of maximum gain
(10 ps). Figure 5 shows the variation of the energy and
DOP with the adjustment of the injection time for a 5-mm
medium. When the injection time is 7 ps, i.e., 3 ps before
the gain peak, the DOP is kept nearly 1.0. Moreover, the
energy has the maximum value of 1127 nJ, exceeding that
obtained without adjusting the injection time. With this
optimum value of the injection time, energy extraction
from the lasing medium is mostly through coherent inter-
action. Consequently, the polarization of the seed pulse is
mostly conserved. When the injection is either too early
(earlier than 4 ps) or too late (later than 16 ps), the ASE
becomes dominant over the coherent part because the latter
is ineffectively induced in the small gain areas. In these
cases, the energy and DOP have values close to those of the
ASE-XRLs.
When the numerical results obtained above are com-

pared with the experimental results, the one-dimensional
nature of the model should be taken into account; the

FIG. 3 (color online). Pulse energy (solid line) and 2nd-order
derivative of the pulse energy (with respect to the propagation
length) (dashed line) as a function of propagation length. The
values were obtained by averaging over 24 different realizations
of random number sequences.

FIG. 4 (color online). Degree of polarization (or correlation
between EL and ER) as a function of propagation length for
seeding in the presence of spontaneous emission (SE) (solid
line), seeding in the absence of SE (dashed line), and pure ASE
(dotted line). The values were obtained by averaging over 24
different realizations of random number sequences.
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numerical results can be considered to pertain to a single
ray. In the experimental conditions, the inhomogeneity of
the active medium modifies the features observed above.
For example, the characteristic pulse structure may be
smeared due to the overlapping of the differently delayed
or bent rays, and the DOP of ASE may be reduced further
because the SE sources have no spatial correlation.
Moreover, other properties like spatial coherence and di-
vergence cannot be investigated properly with the current
one-dimensional model in principle. In spite of this, the
improvement of these properties is expected because the
coherent parts of the bunch of rays are induced by the same
seed pulse, and it may increase the spatial correlation along
transverse directions. The improvement of spatial coher-
ence and divergence was experimentally observed [5].

In conclusion, we have numerically investigated various
output pulse characteristics such as pulse shape, energy,
and DOP. They were explained by considering the pulse
structure consisting of the randomly polarized ASE and the
coherent part well reproducing the polarization of the
seeding pulse. It was found that the ASE component of
the output pulse obstructs the inheritance of the superb
phase properties of the input seeding pulse. These obser-
vations provide important implications both for the funda-
mental physics of laser amplifiers and for the experimental
realization of an x-ray/extreme ultraviolet (XUV) source
with outstanding properties. The characteristic features
presented above are expected to be present over a broad
range of gain values because they depend mostly on the
predominance of the HH intensity over the ASE intensity,
which is the usual case in the experiments. As the gain
increases (decreases), all the dynamics features are ob-
served within a shorter (longer) medium.

The energy extraction of the seeded high-gain medium
(XRL) is not very much improved in comparison to that of
the conventional ASE-XRLs—it is just doubled. However,
due to the spike formed at the beginning of the coherent

part, the intensity can be enhanced by an order of magni-
tude, and the pulse duration as short as 170 fs can be
obtained. To conserve the linear polarization, excellent
spatial coherence, and low divergence of the seed, the
ASE level should be reduced, e.g., by adjusting injection
time of the seed. To realize the initial dream of a mJ short-
wavelength source with good properties [4], a very long
amplifier or multiple amplifying stages might be necessary.
In such a case, the deteriorating effect of ASE will be
eventually unavoidable even if the injection time is ad-
justed. Injection of multiple seed pulses may mitigate this
problem because the coherent interaction may be adjusted
to prevail over the whole gain duration.
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FIG. 5 (color online). Pulse energy (circle) and degree of
polarization (square) at 5 mm as a function of the seed injection
time. The normalized gain (dashed line) is also shown. The
values were obtained by averaging over 24 different realizations
of random number sequences.
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