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We investigate a fundamental limitation occurring in vacuum ultraviolet and extreme ultraviolet seeded

free electron lasers (FELs). For a given electron beam and undulator configuration, an increase of the FEL

output energy at saturation can be obtained via an increase of the seed pulse duration. We put in evidence a

complex spatiotemporal deformation of the amplified pulse, leading ultimately to a pulse splitting effect.

Numerical studies of the Colson–Bonifacio FEL equations reveal that slippage length and seed laser pulse

wings are core ingredients of the dynamics.
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Short duration, short wavelength, and high power elec-
tromagnetic radiation enables the investigation of ultrafast
phenomena at the atomic scale. Nowadays, x-ray sources
can be provided by synchrotron light sources [1], harmonic
generation in gas [2], and on solid targets [3,4] or Thomson
scattering [5], for example. One of the most powerful and
promising devices is the single pass free electron laser
(FEL) [6,7]. In a FEL system, a relativistic electron beam
wiggles on an oscillating trajectory forced by the periodic
magnetic field of an undulator, and interacts with optical
radiation which can be provided either by the electron
beam spontaneous emission [6] or a coherent external
source [8] referred as a seed. The seeded FEL offers the
highest temporal coherence. In such a system, the dynami-
cal regime determines output radiation pulse character-
istics [9]. For instance, in the steady-state regime, the

FEL power saturates after scaling as z4=3, with z the
distance in the undulator, while in the superradiant regime
[10–12], the FEL power does not saturate and scales as z2.

In this Letter, we theoretically evidence a new spatio-
temporal regime, for which the emitted FEL pulse splits
into two subpulses. This dynamical behavior occurs in
seeded FEL with long seed pulse duration and may be
relevant for the next generation short wavelength seeded
FELs such as ARC-EN-CIEL [13], FERMI [14], and
SPARX [15]. The understanding and control of these re-
gimes is essential for the optimization of the FEL sources
in terms of output power and optical quality since both are
demanded by users communities. Using the Colson-
Bonifacio model [6,16], we evidence the behaviors of the
seeded FEL and provide further insight on the pulse split-
ted regime, which is interpreted in terms of gain saturation.

The radiation amplification mechanism in FELs is com-
monly analyzed in three steps [7]: energy modulation (also
referred as lethargy [6]), exponential growth, and satura-
tion. During the first evolution step, i.e., along the first

periods of the undulator, energy exchange is performed
between the electrons and the radiation, leading to an
energy modulation and further to a density modulation
(microbunching) of the electrons at the resonant wave-

length �R ¼ �0

2�2 ð1þ K2=2Þ. �R is fixed by the electron

beam normalized energy � and the undulator period �0

and deflection parameter K. The seed wavelength should
be adjusted to �R. Microbunching induces coherent emis-
sion of the electron beam. In addition, the use of a coherent
seed to initiate the process enables us to lock in phase the
microbunches and therefore to achieve a much better tem-
poral coherence. The FEL then enters into the second
evolution step: radiation amplitude increases exponentially
to the detriment of the electron beam kinetic energy. The
strong energy losses, corresponding to a redshift of the
resonant wavelength �R, end up disabling the electron-
optical field interaction. In the steady-state approximation,
the FEL reaches a maximum power and saturates. Its final
characteristics (power, duration, spectral width) only de-
pend on the undulator field and electron beam properties.
Taking time into account, i.e., considering the beams
propagation velocity, makes the FEL dynamics more com-
plex. Since the electron wiggles at a relativistic velocity
vz < c, the optical pulse slips forward with respect to the
electron bunch by one wavelength � per undulator period
(see Fig. 1), resulting in the so-called slippage defined as

FIG. 1. Schematic of the seeded FEL initial parameters. �z is
the longitudinal coordinate along the undulator. Le is the elec-
tron bunch length and � the slippage.
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� ¼ N�, i.e., the displacement of the optical pulse with
respect to the electron beam at the end of the N periods of
the undulator. The present quest of compact and short
wavelength devices tends to reduce it. The possible slip-
page configurations are represented schematically in
Fig. 1. In (a), a short seed pulse with respect to the bunch
length is injected and slips within the undulator distance
over the whole electron bunch. In (b), the slippage is
shorter than the electron bunch length, which limits the
interaction region. This is the operating area of several
existing FELs, such as SCSS test accelerator [17],
SPARC [18,19], and sFLASH [20]. We will see that using
a longer seed pulse [case (c)] enables us to increase the
interaction region but also eventually leads to complex
spatiotemporal deformation of the optical pulse such as
pulse splitting.

In universal scaling [9], the FEL dynamics can be de-
scribed by the one-dimensional Colson-Bonifacio [6,16]
model:

@�j

@�z
¼ pj; (1a)

@pj

@�z
¼ �½Að �z; �Þei�j þ c:c:�; (1b)

�
@

@�z
þ @

@�

�
Að�z; �Þ ¼ �ð�Þbð�z; �Þ: (1c)

Each particle j, j ¼ 1 . . .Ne with Ne the total number of
electrons, in the optical field A, is followed in the phase
space using �j, the particle relative phase, and pj, the

particle relative energy both normalized to the reference
particle. The variables �j, pj, and A are functions of the

longitudinal coordinates � along the electron bunch and �z
along the undulator. � is defined within 0< �< Le, with
Le the electron bunch length, and �z is defined within 0<
�z < Lu, with Lu the undulator length. All dimensions are in
cooperation length [10,21] units: lc ¼ �

4�� , with � the

Pierce fundamental scaling parameter [6] characterizing
the gain of the FEL. � is the macroscopic electronic
density normalized to 1 and bð�z; �Þ is the bunching coeffi-
cient: bð�z; �Þ ¼ 1=Ne

P
e�i�j . Equations (1a) and (1b)

describe the particle dynamics while Eq. (1c) includes
the pulse propagation.

The initial conditions required for the various regimes
can be defined more precisely using Se comparing the
slippage length to the electron bunch length, and Sseed
comparing the slippage length to the seed pulse duration.
In the scaled units, with Lseed the seed pulse duration, the
slippage length corresponds to the final �z ¼ 4��N, so that

Se ¼ 4��N

Le

and Sseed ¼ 4��N

Lseed

: (2)

In the short electron bunch limit, i.e., Se � 1, the FEL
evolves in the weak superradiant regime [10]: the strong

slippage enables the development of a narrow spike in the
leading edge of the electron bunch which rapidly escapes
of the electron bunch. Because of the limited interaction
time, the final output power remains lower than the satu-
ration power defined in the steady-state approximation. In
the present seeded FEL context, Se tends to decrease via
the reduction of �R for the short wavelength operation and
of N for the shortening of the undulators. SPARC [18]
(Se � 0:2) and SCSS test accelerator [17] (Se � 0:3)
seeded FELs already fall in the Se < 1 area, illustrated in
Figs. 1(b) and 1(c).
The FEL evolution is simulated with Eq. (1) in the long

electron bunch limit, i.e., Se � 1, for various Sseed values.
The dynamics of the FEL pulse is illustrated in Fig. 2 using
2D diagrams with the longitudinal coordinate along the

FIG. 2 (color online). Evolution of the FEL longitudinal nor-
malized optical field intensity jAj2ð�Þ along the undulator ac-
cording to Eq. (1). Seed parameters: (a) Sseed ¼ 0:25 (with
hyper-Gaussian shape, 	seed ¼ 40), (b) Sseed ¼ 10 (with
Gaussian shape, 	seed ¼ 1), and (c) Sseed ¼ 2 (with Gaussian
shape, 	seed ¼ 5), (continuous line) calculation of �zsat according
to Eq. (5). (d)–(h) Phase space of the electron beam at locations
indicated on (a)–(c). Maximum seed field amplitude at �z ¼ 0:
A0 ¼ 0:15. Electron bunch discretized along the � axis. Phase
space consisting of 200� 200 particles associated to each
� coordinate. Initially: 
j uniformly distributed within

½��;þ�� and pj following a normal distribution centered

around zero with standard deviation 0.2%-RMS. Electron
beam profile: flat top using super Gaussian of parameter m ¼
4 and Le ¼ 40, corresponding to Se ¼ 0:25.
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electron bunch � in the horizontal axis and the coordinate
along the undulator �z in the vertical axis. Figure 2(a), with
Sseed < 1, represents the standard evolution of the seeded
FEL which can be also obtained in the steady-state model
[9]. The seed electric field first performs energy modula-
tion of the electron bunch and slips along the electron
bunch at a speed vg close to the light velocity. Along the

undulator, the energy modulation is converted into a den-
sity modulation and the particles rotate in the phase space
[see Fig. 2(d)]. The optical field is then exponentially
amplified to the detriment of the particles kinetic energy
and slows down by the electronic medium (vg < c). At the

end of the exponential growth (�z � 4), the FEL saturates
and the optical pulse no longer interacts with electrons and
slips ahead of the bunch at the light velocity. A typical
saturated phase space is presented in Fig. 2(e). For Sseed >
1 [see Fig. 2(b)], the FEL evolves into the strong super-
radiant regime [10–12]. At the end of the exponential
growth, the optical pulse slips as in the exponential regime
ahead of the electron bunch at the light velocity but no
longer saturates [see Fig. 2(f)]. Considering typical designs
of compact facilities in the vuv range with N � 500 and
�R � 10 nm, the range Sseed > 1 corresponds to a 1 fs seed
pulse duration, which can be only achieved to the detriment
of the charge [22]. In the case of Fig. 2(c), Sseed � 1 and
the development of two subpulses at the output of the
exponential growth is clearly visible. At a given position
in the undulator shortly after the pulse splitting location,
the particle distribution in the phase space is much strongly
over modulated where the splitting occurred [Fig. 2(g)]
than on the tail [Fig. 2(h)]. Since overmodulation is a
signature of local saturation, the bunch slices initially
under the center of the seed distribution, modulated with
higher optical field, reach saturation within a shorter
distance in the undulator than edges slices modulated
with the lower optical power of the seed wings. This
delayed arrival to saturation is responsible for the genera-
tion of two pulses on the edges. Since the electrons carry on
their rotation in the phase space within the optical pulse
electric field, the process repeats after one cycle: additional
subpulses, still generated at the center of the distribution,
appear further down in the undulator. These pulses remain
at a weak intensity since most of the available electrons
kinetic energy has already been transferred to the first two
subpulses.

Figure 3 illustrates the evolution of the FEL power
(integrated over the whole pulse) along the undulator in
the three cases of Fig. 2. It confirms that whatever Sseed, the
FEL power first exponentially increases. For (a) Sseed < 1,
the FEL then reaches its maximum power and saturates.
For (b) Sseed > 1, in the case of strong superradiance, the
FEL does not saturate: it carries on its amplification,
following a z2 evolution [12]. Indeed, the slippage enables
us to push forward the pulse into the ‘‘fresh’’ unmodulated
electron bunch region which maintains the feeding of the

pulse. Finally, in the new pulse splitting regime of case
(c) Sseed � 1, the FEL thus with two pulses, saturates.
To investigate the origin of the pulse splitting, we study

the evolution of the gain, as commonly done in conven-
tional laser physics. Indeed, gain inhomogeneities (either
spatial, polarization, or frequency hole-burning [23]) are
known to be responsible for multimode emission in lasers.
In the case of FELs, the gain medium consists of relativ-
istic electrons and the gain is defined as for conventional
lasers as the strength of the optical field amplification. Its
expression can be derived from Eq. (1c):

Gð�z; �Þ ¼ Re

�
�ð�Þbð�z; �Þ
Að�z; �Þ

�
: (3)

It is related to the bunching of the particles in the phase
space. Figure 4 presents the evolution of the FEL gain
along the undulator in the pulse splitting regime case of
Fig. 2(b). The evolution of the gain at the center of the
electron beam (� ¼ 20) corresponds to maximum seed
initial intensity. The local gain exhibits an evolution with
oscillations: positive in a first step, negative around �z � 4,
positive again after �z � 6:5, and finally negative at the end
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FIG. 3 (color online). Evolution of the FEL pulse intensity
along the undulator calculated with Eq. (1). Intensity integrated
over the whole pulse and normalized with the value at z ¼ 0. (a),
(b),(c) plots correspond to the (a),(b),(c) cases of Fig. 2.
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FIG. 4 (color online). Local gain and optical field intensity
along the undulator. jAj2ð�z; � ¼ 10Þ line and jAj2ð�z; � ¼ 20Þ bold
line calculated with Eq. (1). Gð�z; � ¼ 10Þ dashed and Gð�z; � ¼
20Þ bold dashed line. Electron beam shape: gate with Le ¼ 40.
�5< �< 50. Seed shape: Gaussian with 	seed ¼ 10, jAjð�z ¼
0; � ¼ 20Þ ¼ 0:15, jAjð�z ¼ 0; � ¼ 0Þ ¼ 0:0025.
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of the undulator. Positive gain allows an amplification
while a negative gain results in a reduction of the optical
field. In addition, since the electron beam yields energy to
the radiation, the oscillation amplitude of the gain de-
creases along the undulator. Figure 4 also presents the
evolution of the gain on the tail of the electron beam (� ¼
10) corresponding to a lower initial seed intensity. As at
� ¼ 20, the gain oscillates with a decreasing amplitude
along the undulator. Nevertheless, the oscillations are
shifted in position along the undulator with respect to the
� ¼ 20 case: maximum gain is reached after a longer travel
in the undulator. The analysis of Fig. 4 shows that, in the
case of the pulse splitting regime, the gain saturates at a
different location within the undulator depending on the
longitudinal position along the electron beam, i.e., depend-
ing on the initial seed intensity. Saturation is first reached at
the maximum seed intensity location. The nonuniform
seed intensity profile drives inhomogeneous saturation of
the gain and seems to result in pulse splitting behaviors, as
in conventional laser multimode behaviors stem from in-
homogeneous gain.

In the conditions of pulse splitting, Se < 1 and Sseed � 1,
the slippage @A

@� can be neglected, which allows us to solve

Eq. (1) in the linear approximation and to give an analytical
expression of the optical field for �z > 1 [24]:

jAj2ð�z; �Þ � 1
9 exp½

ffiffiffi
3

p
�z�jAj20ð�Þ (4)

with jAj0ð�Þ the seeded optical field. Since the saturation is
reached for jAj2ð�zsat; �Þ ¼ Oð1Þ ffi 1:4 [24], the �zsat co-
ordinate of the saturation as a function of the longitudi-
nal coordinate � along the electron bunch is derived from
Eq. (4):

�z satð�Þ ¼ 1ffiffiffi
3

p ln

�
9� 1:4

jAj0ð�Þ2
�
: (5)

Equation (5) provides a simple expression of the location
and further trajectory of the subpulses along the undulator.
It also reveals that the shape of the pulse splitting phe-
nomenon can be easily controlled via seed shaping. Indeed,
�zsat is a map of the longitudinal seed distribution jAj0ð�Þ. In
Fig. 2(c), analytical calculation according to Eq. (5) of the
pulse splitting was added (continuous line) to the full
simulation and found in good agreement with it. In addi-
tion, the figure confirms that the trajectory of the subpulses
can be driven by the seed shape: using even more peaked
seed shape would lead to a smaller angular aperture be-
tween the two trajectories of the subpulses.

In conclusion, depending on the initial conditions (elec-
tron beam, undulator, and seed laser parameters), the
seeded FEL can be driven in different evolution regimes

at the end of the common exponential growth step. In the
context of compact vuv seeded FELs, a new regime has
been addressed in which the FEL pulse splits within two
subpulses. This splitting results from the nonhomogeneous
saturation of the gain by the optical field copropagating
with the electron beam.While the pulse power at saturation
is preserved, such a phenomenon spoils the temporal pro-
file of the radiation. Even though pulse splitting can be
avoided by increasing the gain length, further analysis is
being done to suppress the entire regime and force the FEL
into the superradiant regime only by monitoring the seed
laser shape.
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