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Interactions of nanoscale structures with fluids are of current interest both in the elucidation of fluid

dynamics at these small scales, and in determining the ultimate performance of nanoelectromechanical

systems outside of vacuum. We present a comprehensive study of nanomechanical damping in three gases

(He, N2, CO2), and liquid CO2. Resonant dynamics in multiple devices of varying size and frequency is

measured over 10 decades of pressure (1 mPa – 20 MPa) using time-domain stroboscopic optical inter-

ferometry. The wide pressure range allows full exploration of the regions of validity of Newtonian and

non-Newtonian flow damping models. Observing free molecular flow behavior extending above 1 atm, we

find a fluid relaxation time model to be valid throughout, but not beyond, the non-Newtonian regime, and a

Newtonian flow vibrating spheres model to be valid in the viscous limit.
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Nanoelectromechanical systems (NEMS) are poised to
impact a range of fields from medicine and life sciences to
energy and environment to information and communica-
tions technology. Touted for their exquisite sensitivity,
devices have reached incredible milestones (see, e.g.,
Ref. [1], and references therein). However, to fully unlock
the NEMS potential, understanding of their operation in
fluidic environment is needed. Device quality factor Q,
influenced by environment, directly impacts sensitivity
and has emerged as a critical area of study, particularly
for biosensing applications [2] and for operation in hostile
environments [3].

At the same time, NEMS have emerged as an experi-
mental test bed for studying nanoscale fluid dynamics [4–
13]. At larger size scales, the transition from rarified to
continuum flow is known to be manifest as changes in the
damping behavior of mechanically resonant objects typi-
fied by several signature regions in Q vs P plots [4]. An
attempt to build a general theory covering all the regions
[7] was successful only in the limit of thin long beams
[8,14], while the case of rectangular-shaped beams remains
controversial. The most complex and most physically in-
teresting of the damping regimes is the crossover occurring
when the mean free path in the gas �mfp is of order of the

width of the device w (characteristic length scale), that is,
when the Knudsen number, Kn ¼ �mfp=w� 1 [5].

Alternatively, it may be described as when the mechanical
oscillation angular frequency ! ¼ 2�f is approximately
the inverse of some characteristic relaxation time of the
fluid flow �, that is, when the Weissenberg number Wi ¼
!�� 1 [6]. By virtue of their small size, the crossover in
NEMS often occurs at atmospheric pressure or above.
While nanoscale device-fluid interactions have been mea-
sured up to 1 atm [11–13], overpressures combined with
the difficulty of transducing highly damped NEMS signals

have presented a technical challenge to observing experi-
mental data in the upper crossover and viscous pressure
regimes in NEMS devices. Yet such data are crucial, both
for verifying damping behavior for improved device per-
formance and for validating nanoscale oscillatory fluid
models [5,6,8–10]. Stroboscopic optical interferometry of
NEMS devices [15] allows elucidation of highly damped,
and even overdamped device operation. Coupling this
technique with a specially designed high-pressure optical
chamber [16] has allowed us to investigate the crossover
and enter the viscous regime in a broad range of NEMS.
In this Letter, we present a comprehensive study, from

vacuum to 20 MPa, of the room temperature pressure
behavior of NEMS devices with frequencies ranging
from 10 to 250 MHz, in 3 gases (He, N2, and CO2), and
in liquid CO2. We find that the Yakhot-Colosqui theory
(YCT) [6,13] can adequately describe the behavior in the
low P regime up through the crossover (for values of!� *
0:1) but ceases to be effective in the viscous regime. The �
values found by fitting to YCT are larger and vary by gas
differently than expected from fundamental considera-
tions. In the viscous regime, including the liquid state,
the data can be fit by the model of vibrating spheres
(MVS) [9]. Transition between validity of YCT and MVS
models occurs around Kn� 0:05.
The NEMS, cantilevers, and bridges, were made by top-

down patterning of standard silicon-on-insulator wafers.
To facilitate capacitive excitation of oscillations with 50 V
electric pulses between device and substrate, the top sur-
faces were coated with �30 nm of Al [15]. An electron
micrograph of a typical device is shown in the inset in
Fig. 1. Parameters of the devices are summarized in
Table I. Vacuum values of their frequencies f0 matched
the expected values [17]. Figure 1 shows the response of a
resonator to a pulse arriving at time t ¼ 0. The oscillations
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amplitude can be fit by the damped harmonic oscillator
A ¼ A0e

��t=2 sinð2�ftþ�Þ, where A0 and � are the
initial amplitude and phase; � is damping.

The pressure dependence of a sample device, measured
in 3 gases, is shown in Fig. 2. The right inset represents a
canonical expectation for the Q behavior [4,9]. At lowest
pressure, Q is dominated by intrinsic resonator losses and
is constant with P. At moderately low P, Q decreases as
P�1 due to momentum exchange with noninteracting gas
molecules. At high P, Q is determined by losses to a
viscous Newtonian fluid and should reach an asymptote

of P�1=2. The solid curves in the main figure are plots in
free molecular flow (FMF) approximation:

1=Q¼1=Qintrinsicþ1=QFMF; QFMF¼!m=ð2�fUwLÞ;
(1)

where �f is the fluid mass density, U is the root-mean-

square velocity of the molecules, and m is a device mass.
Up to the crossover this parameterless model nicely ex-
plains the data for all three gases (also confirming [11,12],
obtained in N2 only); 1 dB departure of the data from
theory occurs at Kn� 0:2. At the highest pressures, the
N2 case is approaching the expected asymptote, but not yet
the He (on account of lower density) or CO2 data (inter-
rupted by a phase change). Note that the FMF in Fig. 2
continues above 1 atm. In order to shed light on the cross-
over and viscous regime behavior, data well above atmos-
pheric pressure are necessary. The remainder of this Letter
is dedicated to these higher pressure regimes.
Of the two theoretical attempts to unite different pres-

sure regimes, [5] predicts an unphysical discontinuity at
the crossover, so we concentrate on the YCT [6], whose
preliminary tests made on several devices [13] up to
0.13 MPa covered the crossover only partially. Our data
span far beyond the crossover and establish the high-P
limit of YCT validity. Developed from the Boltzmann
equation in the relaxation time approximation, YCT as-
sumes that the gas-device interaction is described byWi ¼
!�, where fluid relaxation time � ¼ �Y=P is determined
by the Yakhot parameter �Y , a gas-specific constant with
viscosity dimensions [6]. The damping is given by

�YC ¼ 2�CS

mð1þ!2�2Þ3=4
�
ð1þ!�Þ cos

�
tan�1!�

2

�

� ð1�!�Þ sin
�
tan�1!�

2

�� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!��f

2

r
; (2)

where � is gas viscosity, m is cantilever mass, S is its top
surface area, and C is an overall scale factor of order unity,
accounting phenomenologically for effective surface area
and mass. Rescaling the measured damping �m (after

TABLE I. List of investigated samples.

No. Typea w� dSi � L ð�mÞb h ð�mÞ f0 (MHz)c

1 c 0:25� 0:147� 2:00 0.139 42.8

2 c 0:25� 0:147� 1:75 0.139 54.1

3 c 0:25� 0:147� 1:50 0.139 73.5

4 c 0:25� 0:147� 1:25 0.139 101.2

5 c 0:25� 0:147� 1:00 0.139 161.8

6 b 0:25� 0:147� 3:00 0.139 106.1

7 b 0:25� 0:147� 2:75 0.139 131.7

8 c 0:15� 0:147� 2:00 0.139 41.4

9 c 0:15� 0:147� 1:80 0.139 51.2

10 c 0:15� 0:147� 1:60 0.139 64.3

11 c 0:15� 0:147� 1:40 0.139 82.2

12 c 0:15� 0:147� 1:20 0.139 112.8

13 c 0:15� 0:147� 1:00 0.139 157.6

14 c 0:15� 0:147� 0:90 0.139 191.1

15 b 0:15� 0:147� 5:00 0.139 41.0

16 b 0:15� 0:147� 4:00 0.139 62.4

17 b 0:15� 0:147� 3:00 0.139 116.9

18 b 0:15� 0:147� 2:00 0.139 248.5

19 b 1:00� 0:188� 12:0 0.372 11.5

aCantilever (c) or bridge (b).
bWidth� Si thickness� length
cMeasured in vacuum.
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FIG. 2 (color online). Q vs P for cantilever 1 in three gases;
solid lines show theoretical Q in FMF assumption [Eq. (1)]. The
right inset is a schematic of different damping regimes. The left
inset is a magnified data fragment. The error is as shown, or less
than the symbol size.
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FIG. 1 (color online). Real time free ring down of cantilever 2;
circles show measured data, line represents a damped harmonic
oscillator fit to experiment. The inset shows the scanning elec-
tron micrograph of this device.
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subtraction of the intrinsic dissipation) by m=S
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!��f

p
allows us to plot simultaneously the results for all 19
devices, as a function of!=P (Fig. 3). Squeeze film effects
[10] are found to be appreciable only for the resonator
number 19 (Table I) [18] and neglected in this plot. In this
form, the normalized curve should be maximal when!��
1. This allows a fit of the YCT to the data en masse, using
two parameters, �Y (determining peak location) and C

(thick solid line in Fig. 3). For N2 we find �N2

Y � 0:6 ms �
Pa and CN2 � 2:7 (the same C value found in [13]). To

illustrate the possible error in �N2
Y , Fig. 3 also shows fits

using values of 0:25 ms � Pa (thin solid line), matching that
suggested earlier [13] of 1850 ns � torr, and 1:0 ms � Pa
(thin dotted line). Similarly, the values of �He

Y ¼ 1:5 ms �
Pa with CHe ¼ 3:3� 0:8 and �CO2

Y ¼ 0:4 ms � Pa with

CCO2 ¼ 2:2� 0:5 were found to be the best fits to the
data in He and CO2, respectively. In all cases, the model
satisfactorily describes the low P (high !�) FMF regime,
and the crossover occurring at !�� 1, however, stops
working at !� & 0:1, when the pressure becomes high
and viscous added mass cannot be neglected (arrows in
Fig. 3). An interesting trend is that the factor C seems to
become smaller as frequency is increased (the higher fre-
quency devices tend to sit lower on the universal plot).
Additionally, for shorter devices in He the YCT deviates
from the data at somewhat higher values of !� than for
longer ones. These effects will be explored in future work.

Deconstructing in terms of Q vs P, the �1=2 slope on
the right-hand side of Fig. 3 corresponds to Q� P�1

behavior as expected for FMF [19]. This can be confirmed
on consideration of the P dependence contained in the

ordinate and abscissa (P�1=2 and P�1, respectively). The

Q� P�1=2 behavior at high P would correspond to zero
slope near the left-hand edge of the graph, except for that!

itself depends on P at higher pressures. The added mass in
a viscous boundary layer shifts ! to lower values at higher
pressures, in our case, by as much as 30%. This has the
effect of making the exponent of pressure dependence in
the abscissa between �1 and �1:5 (depending on the
amount of added mass compared to resonator mass) and

Q� P�1=2 dependence would manifest with some positive
slope on the left edge of Fig. 3, which is observed in the
data. This can explain why the YCT ceases to be valid as it
underestimates the extra mass and its effect on!. It may be
conceivable that the theory’s validity could be extended
into the viscous regime by accounting for the effects of
added boundary layer mass.
We now turn to the meaning of �Y . The inverse pres-

sure dependence of � is expected from proportional-
ity to the molecular collision time in a gas �c [20]. �Y

essentially ‘‘counts’’ gas molecular collisions until ther-
malization at a given pressure. Setting � ¼ ��c means
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FIG. 3 (color online). Rescaled gas damping for all 19 samples
in N2 as a function of !=P. The thick solid line shows the best
YCT fit [Eq. (2)] with �N2

Y ¼ 0:6 ms � Pa. To demonstrate the

spread in �Y , the fit was repeated with �Y ¼ 0:25 ms � Pa (thin
solid line); and with �Y ¼ 1:0 ms � Pa (thin dotted line).
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FIG. 4 (color online). Comparison of experiment with theo-
retical models for Q vs P of cantilevers 1–5 (symbols). Dotted
lines show YCT fit [Eq. (2)], solid lines are MVS fits [Eq. (3)].
For clarity, the neighboring curves are offset by 3 dB; the offset
between the different gases is 6 dB. The measurement errors are
as marked or less than the size of the symbols. Straight solid
lines at the high-P end of the device 1 data in all gases are to
show the P�1=2 asymptote.
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�Y ¼ �kB
ffiffiffiffiffiffiffiffi
TM

p
=ð4D2 ffiffiffiffiffiffiffiffiffiffi

�Rg

p Þ whereM andD are the mass

and diameter of the gas molecule; kB and Rg are the

Boltzmann and universal gas constants. Working from
the measured Yakhot parameters, this gives a characteristic
collision number � for the 3 gases of 117, 42, and 33 for
He, N2, and CO2, respectively. These numbers are surpris-
ingly high; a priori, one might expect thermalization
within the order of 10 collisions. Additionally, the reasons
for gas dependency are not obvious. Without further data,
we can only conjecture that a differing number of internal
degrees of freedom might come into play.

Going back toQ vs P in all fluids, the listed above values
for �Y and C allowed us to fit Q for all devices in the P
range from vacuum to the beginning of the viscous regime,
where !� & 0:1 (dotted lines in Fig. 4).

To test the validity of Newtonian fluid models at the
NEMS scale, we compare to a model known to be suc-
cessful at larger sizes. Of the approaches that could be
considered, the physical assumptions for MVS [9] are in
the closest match to our case. According to MVS, a reso-
nator can be substituted by a set of spheres whose radius R
is an adjustable parameter with value close to the device
width. Then, the device Q factor can be presented as

Q ¼ m!

6��Rþ 1:5�R2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2��f!

p : (3)

The solid lines in Fig. 4 show examples of fitting with
MVS, using Eq. (3). It is remarkable that the viscous
regime performance of all devices of the same width in
all fluids was well approximated using the same value of
parameter R: the widths 150, 250, and 1000 nm corre-
sponded to R of 137� 8, 179� 10, and 620� 50 nm,
respectively. Amazingly, the same R value remained valid
in liquid CO2 as well. Assuming linear relationship, one
can phenomenologically write R � 0:75ð�0:15Þw. Fitting
both YCT and MVS on the same plot also allows direct
observation of the validity regimes of each theory. Indeed
as might be expected the transition to the viscous regime,
and the theory validity changeover, appears to be at Kn�
0:05 for most cases.

In summary, we investigated a number of NEMS reso-
nators with varying linear dimensions in a widely varying
pressurized fluid (He, N2, CO2) environment. The FMF
regime extended to atmospheric pressure and above for
these submicron devices. From vacuum to the start of the
viscous regime (at pressures well above atmospheric), the
YCTworked well for all cases; once in the viscous regime,
the MVS Newtonian approach was most effective. The
transition between the two was identified to occur at !��
0:1 and Kn� 0:05.
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