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We report on a new electromagnetic phenomenon that emerges in Mott insulators. The phenomenon
manifests as antiferromagnetic ordering due to orbital electric currents which are spontaneously generated
from the coupling between spin currents and an external homogenous magnetic field. This novel spin-
charge-current effect provides the mechanism to measure the so-far elusive spin currents by means of
unpolarized neutron scattering, nuclear magnetic resonance or muon spectroscopy. We illustrate this
mechanism by solving a half-filled Hubbard model on a frustrated ladder.
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Mott insulators are driven by intra-atomic electron-
electron Coulomb interactions, and the half-filled (one
electron per site) Hubbard Hamiltonian is the minimal
model that describes its properties. While electrons are
completely localized in the Wannier orbitals of band in-
sulators, Mott insulators always exhibit a partial electronic
delocalization due to the finitude of the Coulomb repul-
sion, U, relative to the kinetic energy. The combination of
partial delocalization with the Pauli principle leads to the
well known antiferromagnetic exchange, J, between local-
ized spins S;. While this exchange coupling is responsible
for the usual magnetic ordering, (S;) # 0, the combination
of geometric frustration and low space dimensionality may
lead to more exotic thermodynamic phases. The vector and
scalar chiralities

Kjk:SjXSk’ XjklZSjXSk.Sl’ (1)
are examples of observables that lead to exotic order
parameters (k) # 0 or (y;) # 0, in absence of usual
magnetic ordering ((S;) = 0).

Vector chiral ordering, <Kjk> # 0, was reported several
years ago in frustrated quantum spin ladders [1]. As noted
in [2], the weakly coupled ladders should exhibit a window
of finite temperatures in which the vector chiral ordering
exists in absence of usual magnetic ordering. The reason is
that the chiral correlation length is much longer than the
spin correlation length. There are experimental indications
of the existence of such a phase in the quasi-one-
dimensional organic magnet Gd(hfac);NITiPr [3-5].
However, the absence of external physical fields that
couple directly to ;. poses a challenge for measuring
this chiral order parameter [6]. A main purpose of this
Letter is to provide a physical mechanism to detect this
exotic phase by means of unpolarized neutron scattering
(NS), nuclear magnetic resonance (NMR), or muon spec-
troscopy (uSR). We achieve this goal by showing that an
applied magnetic field along the z axis induces a nonzero
scalar chirality that is proportional to the vector chiral
order parameter (X ij+2) % (K§j+1>. As shown in
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Ref. [7], a nonzero scalar spin chirality leads to orbital
electric currents in frustrated geometries. Based on this
result, we will show here that the induced scalar chirality
can be easily measured because it is slaved to a staggered
ordering of orbital magnetic moments, i.e., to orbital
antiferromagnetism.

Consider a Hubbard Hamiltonian on an L-site (0 = j =
L — 1) zigzag ladder (see Fig. 1), with nearest- (next-
nearest-) neighbor hopping amplitudes ¢, (7,), in an applied
magnetic field B = Bz,

H= (t,c},cjvpo +He)+ > (Unjin;- = BS3), (2)

o J

where v = 1,2, 0 = £1, c;fg(cj(,) creates (annihilates) an
electron of spin o at site j, n;, = c;r(,cjg, n; =7y, N, and
s = %Zaﬁc}aazﬂcm are the spin-1/2 operators with o
being the Pauli matrices. We assume periodic boundary
conditions (PBC), i.e., czg = cg(,. The application of the
magnetic field increases the uniform magnetization along
the field direction z. A spontaneous breaking of the U(1)
symmetry of global spin rotation along the z axis is, in this
case, prevented by quantum fluctuations. This implies the
absence of usual magnetic ordering in the x-y plane:
(S 7) = 0 with n = x, y. We will show, however, that non-
zero vector and scalar chiralities are simultaneously in-
duced by the field for large enough values of #,/f,. The

J J, Jj+2 a
y
Jj+1
FIG. 1. Zigzag ladder. The arrows indicate the circulation of

the spin and the electrical orbital currents that emerge in the
ground state for J, > J; and |B| < |Bg,|, with B, the satura-
tion field. The small circles indicate the orientation of the
(staggered) magnetic moments generated by the electric cur-
rents. (See text for notation.)
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vector chiral ordering is a remnant of the classical helical
order <S;’> # 0 that is obtained in the § — oo limit [4]. The
scalar spin chirality results from the spontaneous vector
spin chirality and the field-induced magnetization, (x ;) =
(S; X'Sy) - (S;). This connection between scalar and vector
spin chiralities implies a relation between electric and spin
currents, i.e., a spin-charge-current effect. This novel effect
provides the mechanism to experimentally detect spin
currents and/or chiral orders.

For large U/t, limit, the low-energy spectrum of H is
described by a Heisenberg spin-1/2 Hamiltonian [8],

Jv J

because the electrons are localized near the lattice sites j,
with vector position r;. H is obtained by projecting the
original H into the low-energy subspace S. This is true in
general for any physical quantity, A, whose effective low-
energy operator, A, is a function of the spin operators S;.
The expression for A is obtained by a canonical trans-
formation that follows from standard degenerate perturba-
tion theory. The exchange constants are J, = 4¢2/U > 0.

Two physical quantities are relevant for this work. These

are the charge and spin (z component) current densities in a
bond (jl) (I=j+vand 1, =1,

I = iZ(c;-r(,cl(, -
o

I = iZ(C;-rUc,,,
T

where #; = (r, — r;)/|r, — r;|. Both are Noether currents
for the charge and spin conservation laws associated with
the corresponding U(1) and SU(2) global symmetries of H.
The charge current has a nonzero low-energy effective
operator, I¢ 51> whenever the site j belongs to a loop that is
closed by an odd number of hopping terms [7]. Since the
shortest possible loop is a triangle, ij-l is O(" /U™ 1) with
n odd and n = 3. Therefore, the lowest order contribution
to the effective charge-current density operator is [7]

1t
/[ Z jl lk k/ . (5)

1#j,k

ClyCic) _h £,

“4)
il A
cl(r j(") j rl

Equation (5) establishes a direct correspondence between

the scalar chiral spin ordering, (x;;x) # 0, and the presence

of electric orbital currents. In other words, the scalar spin

ordering is accompanied by the emergence of orbital cur-
rents. The effective spin-current density operator is

2 N

is = % K= it

Jl U iy

This simple expression shows that the spin current is

directly associated to the vector spin chirality. Since I;l
is even under particle-hole transformation (¢;; — —¢;,, S; —
—S;), the prefactor on the right-hand side of Eq. (6) can

only contain even powers of the hopping amplitudes.

with K =8;X8;-2z. (6)

The effective current density operators are necessary to
characterize the ground-state correlations when the mag-
netic field approaches its saturation value By, and t, = t;.
As we will show below, this ground state exhibits long-
range order of spin and charge currents that are roughly
proportional to each other when J, > J|, and |B| < |Bg,|.
To understand the origin of this instability, it is convenient
to write H in terms of new fermionic degrees of freedom f j
by means of the Jordan-Wigner transformation

S; =Kifp, =S8+ (D

= f;rfj and K; = [i<;(1 — 27i;) is the nonlocal
operator that realizes the change in exchange statistics.
The new expression of H can be written as

_
S; =1k

where 71 j

H=H,+H,~BY i,
!

J _ _
H, :EIZ(f?fm T+ A =), (8)
i 1
- —J _ _
H, :TZZ(Kfoﬂ + K K)) T JZZ(nln”z — )
i l

where Kk} = kj, = i(f;rflﬂ - f;rﬂf,). We remark that
the first term of H, is an explicit ferromagnetic interaction
between spin currents on adjacent bonds. However, a state
with net nearest-neighbors spin currents, (kj) # 0, can
only appear when J; # 0, i.e., for a finite coupling between
upper and lower chains (see Fig. 1).

To develop some intuition about the role played by J, it
is convenient to rewrite A in momentum space

H= Z(ek ,u,)akak ZLZU’"’ q+pak pakdg  (9)
kqp

with a] = T 3, e”‘JfJr €, = J, cosk + J, cos2k, u =
B+ J, +J,,and v,, = 2€, — 8J,cos(p + 2q). The first
contribution to v, 2Ep, contains the density-density in-
teractions of H, and H,. The second contribution comes
from a correlated second-nearest-neighbor hopping that is
contained in the first term of H,.

For J, > J, /4, the fermion dispersion €, has two degen-
erate minima at k = +Q, with cosQ = —J,/4J,, that
correspond to opposite values of «j. The saturation field
By = Ji +J, — €9 (—Bg,) corresponds to the critical
value of the chemical potential at which the fermion den-
sity p = (71 j> becomes equal to one (zero). From now on
we will assume that the spin system is close to full polar-
ization. Since the physics is independent of the sign of B
(B — —B under time reversal transformation), we will
choose the negative sign, B = —B,. For the equivalent
fermionic problem, this condition is equivalent to the dilute
density limit, p < 1 or u = €.

For J; = 0, the symmetric and the antisymmetric sectors
generated by the fermionic operators aZ * a;[ 4, are per-
fectly decoupled. In this case the spin currents are
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quenched since «j can only connect states on different
sectors (it is odd under the transformation k — k + 7).
The situation changes dramatically for J,/J, < 1. At
low energies, we can only have fermions a,f near the two
degenerate minima: k = = Q. Since Q is close to 7/2, the
fermions an:Q generate spin currents of nearly maximal
amplitude and opposite signs: Z,K?dllO) = (sink)aZIO).
While the noninteracting part of A favors a ground state
in which both minima are equally populated, the second
term of v, leads to a nearest-neighbor attraction between
fermions with the same chirality (in the same minimum)
and a nearest-neighbor repulsion between fermions with
opposite vector chiralities (different minima). This is also
expected from the first term of H, and it implies the
possibility of a chiral instability similar to the one origi-
nally proposed by Nersesyan and coauthors [1] for XY
zigzag spin chains (see also [9]). In fact, the chiral phase
was recently found for J, > J; and |B| =~ B, [4] by using
the same mean-field decoupling of the bosonized version
of H that was introduced in Ref. [1] for the XY case. A
straightforward mean-field approximation to Eq. (9) over-
estimates the stability of the chiral phase (it gives a wrong
density dependence for the energy of the disordered state).
Since mean-field approximations to interacting quasi-one-
dimensional systems are always subjected to scrutiny, it is
decisive to have a numerical confirmation of this phase. By
using density-matrix renormalization group (DMRG),
Ref. [10] recently found the chiral phase for J, = J;, while
Ref. [11] reported a phase diagram that confirms the ex-
istence of a chiral phase for J, > J, and |B| = Bg,.

We now derive the important physical consequence that
allows to measure the vector chiral order parameter. The
combination of a field-induced magnetization, m, = (S7),
and a net vector spin chirality («;) # 0 leads to a nonzero
mean value of the scalar spin chirality (X; = Xu+11+2)

X1 =m K]+ ki~ Kjgol (10)

This approximation, valid because of the small m, fluctua-
tions, shows that scalar and vector chiralities are propor-
tional to each other, with the uniform magnetization m,
being the proportionality constant. The physical meaning
becomes clear when we look at Egs. (1), (5), and (6): the
field-induced vector chiral order contains orbital electric
currents that are proportional to the spin currents

<. e Littik = ik =g taljc s

~ j o Litliegs Ttk 5,

=rm> [t L+, - I;,]. (11
1#j,k= ‘jk kl Jjl

Figure 1 displays the circulation of electrical orbital cur-
rents (arrows) expected for the chiral-ordered ground state
of the zig-zag chain (J, > J, and |B| < |B,|) according
to Eq. (11). Remarkably, the application of a uniform
magnetic field induces orbital antiferromagnetism via the
Zeeman coupling to the spin moments. The small circles in
Fig. 1 indicate the orientation of the staggered orbital
moments that these currents generate.

To test the validity of Eq. (11) we study the ground-state
properties of both H and H by means of the DMRG method
[12]. We use PBCs [13] to eliminate spurious oscillations
in the correlation functions. The incommensurate nature of
the ordered ground state makes the numerical calculation
quite challenging [14]. In contrast to Ref. [11] we do not
include any infinitesimal bias field, and compute chiral-
chiral correlators (instead of the order parameter (k;)) to
establish chiral long-range order. In the case of the
Hubbard Hamiltonian H, we solve a chain of L = 64 sites
for t,/t; = 1.6, U/t; = 20, 24, and 30. B is chosen such
that 2m, = 0.875. The charge current, C°(r) = (I;If, ),
and the spin current, C*(r) = ([JI3,,), correlation func-
tions are computed directly in the DMRG ground-state
wave function (I}, = I with y = ¢, ).

For the Heisenberg model H, we study chains of lengths
L = 48, 64, and 128 sites. The ratio between the exchange
constants is determined by the ratio between the hopping
amplitudes J,/J, = £3/12 = 2.56, and 2m, = 0.875. We
compute the vector spin chirality two-point correlation
functions: C5,,,,(r) = (KjsnKitri+rim). Figure 2 shows
C3,(r) for different system sizes. The finite-size scaling
clearly indicates the presence of long-range vector spin
chiral order.

According to Eq. (6), the effective spin-current two-
point correlation function is C*(r) = [8£2/UJ*C4,(r). At
long distances, the effective charge-current correla-
tion function is approximated by using Eq. (10)

Co(r) = alxixi+r) = amz[4C3, (r) — 4C5,(r) + Cy(n)],
(12)

with @ = 2304¢{15/U*. Figures 3(a)-3(c) compare the
spin-current two-point correlators computed with the
Heisenberg (H) and the Hubbard (H) models for three
different values of U/t; = 20, 24, and 30.

As expected, the results for the two models show better
agreement as U increases. According to Eq. (12), the long-
range ordered spin-currents (see Fig. 2) must lead to long-
range ordered orbital electric currents. Figures 3(d)-3(f)
show a comparison between C¢(r) = (I{If,,) computed
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FIG. 2 (color online). Two-point vector spin chirality correla-
tor C3,,(r) for J,/J; = 2.56 and 2m, = 2(S%) = 0.875.
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FIG. 3 (color online). (a),(b),(c) Charge-current correlation
function C¢(r) and (d),(e),(f) spin-current correlation function
C*(r) in the case of the Hubbard model H (dashed lines) and the
Heisenberg model H (solid lines). The results are shown for L =
64, ty/t; = 1.6 (J,/J; = 2.56), (s3) = 0.4375.

with H for the same three different values of U, and the
right-hand side of Eq. (12) computed with the Heisenberg
model H. The good agreement between both curves con-
firms that the spin and the electric currents are approxi-
mately proportional to each other, with the proportionality
constant linear in m,. In other words, the ordering of spin
currents is accompanied by ordering of orbital electric
currents for nonzero m, as follows from Eq. (10).

The resulting staggered configuration of orbital mag-
netic moments implies that the ground state is a field-
induced orbital antiferromagnet. This orbital antiferromag-
netism results from the Zeeman coupling to the applied
field in contrast to the case of spinless fermion ladder
systems in which it is induced by the orbital coupling
[15]. We note that the orbital moments are located at the
centers of the triangles (see Fig. 1), while the spin moments
are obviously located at the corners (lattice sites). The
magnitude of the orbital currents are of order 0.01 ez, /h
for U/t; = 20 [see Fig. 3(d)]. The corresponding orbital
magnetic moment is a few percent of a Bohr magneton for
t; ~1eV. In contrast to the spin currents («j), these
orbital magnetic moments can be measured with experi-
mental techniques such as NS, NMR, or uSR. In particu-
lar, the ratio of intensities for the Bragg peaks at wave-
vectors K = 0 and k = (277/a)X (X is a unit vector along
the ladder direction; see Fig. 1) will depend on the chiral
order parameter because the staggered orbital moments
contribute only to the intensity of the second peak while
the ferromagnetic spin component contributes to both. On
the other hand, the orbital moments will split the NMR and
MmSR spectra into two different lines. These are simple
ways of detecting this exotic spin ordering in real materi-
als. Moreover, the magnitude of the magnetic moment
would be much larger if the chiral phase remains stable
in the intermediate coupling regime U = ¢,,.

An externally applied magnetic field can induce an
electric current out of a spontaneously generated spin

current (or vice versa) because both currents have opposite
parity under time reversal and the same parity under spatial
inversion. This symmetry consideration has to be comple-
mented by a microscopic mechanism that determines the
magnitude of the spin-charge-current conversion. In this
work we have derived and quantified such mechanism by
exploiting the proportionality between the orbital current
and the scalar chirality found in [7]. The combination of
Egs. (5) and (10) allows estimation of the order of magni-
tude of the orbital electric current, and corresponding
orbital magnetic moment, for a given spin current. Since
experimental probes (NS, NMR or «SR) can only provide
the magnitude of the orbital magnetic moments, the ob-
tained relationships are essential to design experiments
oriented to measure the spin currents by detection of the
orbital moments. Note that the spin-charge current effect
presented here cannot be associated with a magnetoelectric
response because the spin current does not couple directly
to any electric or magnetic fields.
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