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We present a new physical model resolving a long-standing mystery of the power-law distributions of

the blinking times in single colloidal quantum dot fluorescence. The model considers the nonradiative

relaxation of the exciton through multiple recombination centers. Each center is allowed to switch

between two quasistationary states. We point out that the conventional threshold analysis method used to

extract the exponents of the distributions for the on times and off times has a serious flaw: the qualitative

properties of the distributions strongly depend on the threshold value chosen for separating the on and off

states. Our new model explains naturally this threshold dependence, as well as other key experimental

features of the single quantum dot fluorescence trajectories, such as the power-law power spectrum

(1=f noise).
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Substantial progress has been made recently in the study
of long range correlations in the fluctuations of emission
intensity (blinking) in single colloidal semiconductor
nanocrystals (QD) [1–5], nanorods [6], nanowires [7] and
some organic molecules [8]. By introducing an intensity
threshold level to separate bright (on) and dark (off) states,
Kuno et al. [2] found that the on- and off-time distributions
in QDs exhibit a spectacular power-law dependence over
5–6 orders of magnitude in time.

pon=offðtÞ � t�m (1)

As discovered later by Shimizu et al. [3], the power-law
on-time distribution is cut off at times ranging from a few
seconds to 100 s, depending on the dot and its environment.
During the past eight years or so the truncated power-law
form of the blinking on-time distributions was confirmed
by many experimental groups (see [4,5,9,10] and referen-
ces therein), but its microscopic origin remains a mystery.
Remarkably, there are no ‘‘set’’ values for the on-time and
off-time exponents. They are scattered in the region from
1.2 to 2.0. Similar on- and off-time distributions were
found recently for the other blinking systems mentioned
above: semiconductor nanorods (NRs) [6,11], nanowires
(NWs) [7] and organic dyes [8]. The generality of the
phenomenon is rather intriguing. We argued that there
must be a common underlying mechanism responsible
for the long time correlated fluorescence intermittency
detected in all these systems [12]. Most theoretical explan-
ations of the QD blinking [2,3,13–15] are based on the
Efros-Rosen charging mechanism [16]. The mechanism
attributes on and off states to a neutral and a charged
QD, respectively. The light-induced electronic excitation
in the charged QD is quenched by a fast Auger recombi-
nation process. A number of experimental results indicate,
however, that there are no unique bright (on) and dark (off)
states of the QD, but a continuous set of emission inten-
sities [17–19]. One can therefore suggest an alternative

mechanism of the blinking, assuming slow fluctuations in
the nonradiative recombination rate of the excited state
[20–22].
In order to gain further insight into the possible blinking

mechanism, we performed an extensive analysis of the on
and off distributions of actual single QD fluorescence
trajectories. Our procedure is different from the conven-
tional ones, as we applied the maximum likelihood esti-
mator (MLE) method to find the best gamma distribution
pðtÞ � t�m expð�t=TÞ fit for the set of on and off dura-
tions. The MLE approach [23] gives an unbiased estima-
tion for the parameters of the power-law distribution with
minimal statistical error. These properties are crucial and
allow for the investigation of a single trajectory. Our
approach, in contrast with procedure used by
Hoogenboom et al. [23], allows us to find optimal values
for not only for m, but for the truncation time T as well.
The fluorescence trajectories we investigated were ob-
tained by Protasenko and Kuno and have already been
analyzed by others [24,25].
Our fitting procedure is performed repeatedly for a

number of threshold values for each trajectory. In all the
cases the off-time distribution truncation time is found too
long to be detected. Also, the threshold dependence of the
distributions was all but ignored until now. The only ex-
ception is the recent observation made on nanorods (not
QDs) by Drndic and her co-workers [11]. In any case, the
fundamental nature of this dependence was not revealed
until now. An example of the threshold dependency of the
power-law exponent (slope on log scale) and on-truncation
time for a singe QD trajectory is presented in Fig. 1. While
we investigated a large number of trajectories, we have
deliberately chosen for this Letter one with clearly visible
telegraph noise–like features and well-defined on and off
maxima in the intensity histogram [see inset in Fig. 1(b)].
As it is evident from Fig. 1, even for this apparently ideal
case, the distribution parameters are strongly threshold
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dependent. While the majority of the analyzed trajectories
are not like telegraph noise, we mention that all show
similar threshold dependence. The on-time truncation
time decreases monotonically with increasing of the
threshold. This trend is the same for most single QD
fluorescence trajectories we analyzed. The scaling of the
slope as a function of the threshold is more complicated.
The exponent of the off-time distribution shows several
extrema, whereas the on-time exponent has a minimum as
the threshold value is varied. We wish to emphasize that
dependence of on- and off-time exponents on threshold can
qualitatively change from one trajectory to another.

We interpret this strong dependence on threshold as a
clear indication that the standard trajectory analysis—
based on the separation between on and off events with a
somewhat arbitrary threshold—is not quite adequate, and
the trajectories should be analyzed over the full range of
threshold parameter. It also explains wide distribution of
the exponents found by different groups. As shown below,
one of the key results of this Letter is to exploit the
threshold dependence of the trajectory parameters to re-
trieve important information about the physical mecha-
nism of the fluctuations.

The power spectrum of the fluorescence trajectory of a
single QD has a power-law form [26,27] SIð!Þ �!�l

where l is close to 1. Therefore, we can consider the QD
blinking process as an example of single particle 1=f
(flicker) noise. The generally accepted phenomenological
model for the electrical 1=f noise generation in solids is
that of electrical transport in the presence of an environ-
ment consisting of multiple stochastic two-level systems
(TLS) [28,29]. In the case of QD blinking we suggest a
similar physical model based on a TLS environment [30].

In our model the nonradiative relaxation of the QD
excitation occurs via trapping of holes to one of the N
quenching centers, followed by a nonradiative recombina-
tion with the remaining electron. Each of these quenching
centers could be dynamically switched between inactive
and active conformations. The two conformational states

differ in their ability to trap holes: the hole trapping rate is
much larger in the active conformation than it is in the
inactive state. Recent studies of trapping rates in the single
QDs [32] showed that the number of hole traps on the
surface and on the core-shell interface is in order of 10.
Interestingly, we find that we only need a similar number of
recombination centers in order to reproduce the basic
features of the fluorescence trajectories. A possible micro-
scopic origin of the conformation change in the recombi-
nation center could be due to the light-induced jumps of the
surface or interface atom between two quasistable posi-
tions. The surface atoms in such a small object as colloidal
QD can be found in a variety of local crystal configura-
tions. Consequently, we can expect a wide distribution of
switching rates. The nonradiative trapping rate in our
model can therefore be expressed as

ktðtÞ ¼
XN
i¼1

ki�iðtÞ þ k0: (2)

For each TLS the stochastic variable �iðtÞ randomly jumps
between two values 0 and 1, corresponding to inactive and
active conformations, respectively. Furthermore, ki is the
trapping rate in the active configuration, and k0 is the
background nonradiative relaxation rate. The time distri-
bution functions for the �i ¼ 0 ! 1 transitions and �i ¼
1 ! 0 transitions for the ith TLS are exponential and can
be characterized by the transition rates �þ

i and ��
i , respec-

tively. While in the simplest model the transition rates for
the individual TLS are constants (noninteracting TLSs), we
will show that a more general case of the interacting TLS
systems must also be considered. The power spectral den-
sity of the process (2) within the noninteracting TLS model
is a sum of Lorentzians

Skð!Þ ¼ 1

�

XN
i¼1

�þ
i �

�
i

�þ
i þ ��

i

k2i
!2 þ ð�þ

i þ ��
i Þ2

: (3)

The number of parameters in the above expression can be
drastically reduced if the experimental constraint of 1=f
noise spectrum is imposed. Indeed, after choosing ki ¼ k
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FIG. 1 (color online). The threshold dependence of the on-time (red squares) and off-time (blue circles) distribution exponents (a)
and on-time distribution truncation time (b) obtained from the experimentally measured single QD fluorescence trajectory. Error bars
show the standard deviation values. Inset (b): a part of the trajectory and an intensity histogram.
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and �þ
i ¼ ��

i ¼ �i � �0a
i, where a � 1, one can effec-

tively fit the spectrum in Eq. (3) with 1=! in the frequency
region �N � ! � �1 [28]. Assuming low excitation in-
tensities and steady-state conditions for the fermionic de-
grees of freedom, the quantum yield YðtÞ is given by [20]

YðtÞ ¼ kr
kr þ ktðtÞ ; (4)

where kr is the radiative relaxation rate.
Let us now show that our suggested model of fluores-

cence fluctuations exhibits strong threshold dependence of
the on- and off-time distribution parameters. The problem
of finding these distributions for the stochastic process YðtÞ
with known properties and threshold value y is equivalent
to the well-known crossing problem [33]. There are only
few cases when this problem can be solved exactly [34].
Fortunately, our present model can be reduced to such an
exactly solvable case. The system at any moment t could
be completely described by the configuration � ¼
f�1; . . . ; �Ng. Clearly, there are 2N different configurations.
A random walk in the given configuration space is a

Markovian stochastic process. The vector ~P containing
probabilities of all configurations P� satisfies the Master
equation

d

dt
~PðtÞ ¼ Ŵ ~PðtÞ; (5)

where the transition matrix Ŵ contains the following non-
zero elements:

W�þ
i �

�
i
¼ �þ

i ; W��
i �

þ
i
¼ ��

i ; W�� ¼� X
�0��

W�0�;

where ��
i ¼ f�1; . . . ; �i ¼ 0; . . . ; �Ng and �þ

i ¼
f�1; . . . ; �i ¼ 1; . . . ; �Ng for each given �. The nonradia-
tive relaxation rate for given configuration � can be ex-
pressed by Eq. (2), which allows us to find the
corresponding emission intensity level Y� from Eq. (4).
Let us introduce a threshold value for the quantum yield y.

By definition, the QD is in the bright (on) state if YðtÞ � y
and dark (off) state otherwise. For each threshold level y
all configurations can be separated to a bright group,
satisfying a condition Y� � y and a dark group. The vector
of probabilities can be presented in the form

~P ¼ ~Pb
~Pd

 !
;

where vectors ~Pb and ~Pd contain probabilities of bright and
dark configurations, respectively. The transition matrix can
be recast in block form

Ŵ ¼ Ŵbb Ŵbd

Ŵdb Ŵdd

 !
:

The expressions for the normalized on-time and off-time
distribution functions in this notations are well known [35]

ponðtÞ ¼ h~1; Ŵdb expðŴbbtÞŴbd
~Peih~1; Ŵbd

~Pei�1;

poffðtÞ ¼ h~1; Ŵbd expðŴddtÞŴdb
~Peih~1; Ŵdb

~Pei�1;
(6)

where h ~a; ~bi denotes the scalar product, ~1 is the unity

vector, and ~Pe is the equilibrium probabilities vector,

satisfying a stationary condition Ŵ ~Pe ¼ 0. We found that
the on-time and off-time distributions generated by
Eqs. (6) can be fitted by a power-law function (1) [see
the inset in Fig. 2(a)]. Beyond a certain off- and on-time
value the power-law behavior sharply changes to exponen-
tial asymptotic behavior expð�t=TÞ. In our analysis, this
value of T is defined as a truncation time. We performed
simulations of on-time and off-time distributions for the
model system of noninteracting TLS. This relatively sim-
ple model reproduces the general trend seen experimen-
tally in the truncation times: the on-time truncation
decreases and the off-time truncation increases when the
threshold value goes up.
While this simple, noninteracting TLS model is useful in

illustrating our procedure, it cannot reproduce the thresh-
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FIG. 2 (color online). The theoretical threshold dependence of the on-time (red squares) and off-time (blue circles) distribution
exponents (a) and truncation times (b) for the interacting TLS model (7). Inset (a): the on- and off-time distribution functions at the
threshold value y ¼ 0:25. Insert (b): probability distribution function (PDF) of the quantum yield.

PRL 103, 207402 (2009) P HY S I CA L R EV I EW LE T T E R S
week ending

13 NOVEMBER 2009

207402-3



old dependence of the exponents. The slope of the on-time
distribution monotonically increases with the threshold
value, when the off-time exponent has an opposite trend.
In order to make our model more realistic, we introduce
interaction between TLS in the simplest mean-field form
(similar to Ref. [31]). The interaction is characterized by
the parameter �, whereas the bias for an individual TLS is
parametrized by �:

��
i ¼ �i exp

�
��

XN
i¼1

ð�i � 1=2Þ � �

�
: (7)

Figure 2 provides the numerical calculation results for the
interacting model with the following parameters: N ¼ 10,

�1 ¼ 1, a ¼ 10�1=2, kr=k ¼ 1, k0 ¼ 0, � ¼ 0:27, and
� ¼ �0:13. As seen from this figure, the threshold depen-
dence of the truncation times keep the same trend as for the
noninteracting case. In contrast, the slopes now show a
nonmonotonic threshold dependence reproducing qualita-
tively the experimental behavior shown in Fig. 1(a). The
inset in Fig. 2(b) shows that the interacting TLS model is
capable of generating the two-maximum intensity distri-
bution seen in Fig. 1(b). The relative ease with which our
simple phenomenological model captured the experimen-
tal trend gives us hope that the model can be used to extract
interaction parameters for the TLS environment. These
parameters could provide useful experimental constraints
on futuremicroscopicmodels for the TLS environment of a
variety of systems showing fluorescence intermittency. The
model proposed here also explains recent observations of
the nonblinking dots. Furthermore, a similar model can be
constructed for the fluorescence intermittency seen in
quantum wires. The details for these results will be pub-
lished elsewhere.

In conclusion, the phenomenological model we pro-
posed in this Letter succeeds in qualitatively explaining
the key experimental facts characterizing long-correlated
fluorescence intensity fluctuations of the single colloidal
quantum dots: (1) the truncated power-law distributions for
on and off times obtained by the commonly used threshold
procedure; (2) the strong threshold dependence of the
distribution parameters m and T and wide range of the
extracted exponents; (3) the 1=f noise form of the power
spectrum of the intensity fluctuations; (4) the continuous
distribution of emission intensities and excitation life-
times; (5) the weak temperature dependence of the fluo-
rescence intermittency due to the light-driven character of
the TLS switching process.
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