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A hadron resonance gas model including all known particles and resonances with masses m< 2 GeV

and an exponentially rising density of Hagedorn states form> 2 GeV is used to obtain an upper bound on

the shear viscosity to entropy density ratio, �=s � 1=ð4�Þ, of hadronic matter near Tc. We found a large

trace anomaly and small speed of sound near Tc, which agree well with recent lattice calculations. We

comment on the bulk viscosity to entropy density ratio close to Tc.
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The large azimuthal asymmetry of low-pT particles and
the strong quenching of high-pT probes measured at the
Relativistic Heavy Ion Collider (RHIC) [1] indicate that
the new state of matter produced in heavy ion collisions is a
strongly interacting quark-gluon plasma [2]. The matter
formed in these collisions behaves almost as a perfect
liquid [3] characterized by a very small value for its shear
viscosity to entropy density ratio, which is in the ballpark
of the lower bound �=s � 1=ð4�Þ [4] derived within the
anti–de Sitter/conformal field theory (AdS/CFT) corre-
spondence [5]. It was further conjectured by Kovtun,
Son, and Starinets (KSS) [6] that this bound holds for all
substances in nature (see, however, Refs. [7,8] for possible
counterexamples involving nonrelativistic systems).

Recent lattice calculations [9] in pure glue SUð3Þ gauge
theory have shown that �=s remains close to the KSS
bound at temperatures not much larger than Tc.
Additionally, calculations within the BAMPS parton cas-
cade [10], which includes inelastic gluonic gg $ ggg
reactions, showed that �=s� 0:13 in a pure gluon gas
[11]. Moreover, it was argued in [12] that this ratio should
have a minimum at (or near) the phase transition in quan-
tum chromodynamics (QCD). This is expected because
�=s increases with decreasing T in the hadronic phase
[13] (because the relevant hadronic cross section decreases
with T) while asymptotic freedom dictates that �=s in-
creases with T in the deconfined phase since in this case the
coupling between the quarks and the gluons (and the
transport cross section) decreases logarithmically [14].
Note, however, that in general perturbative calculations
are not reliable close to Tc (see, however, Ref. [15]).

Thus far, there have been several attempts to compute
�=s in the hadronic phase using hadrons and resonances
[16–18]. However, these studies have not explicitly con-
sidered that the hadronic density of states in QCD is
expected to be � expðm=THÞ for sufficiently large m
[19,20], where TH � 150–200 MeV is the Hagedorn tem-
perature [19] (see [21] for an update on the experimental
verification of this asymptotic behavior). This hypothesis
was originally devised to explain the fact that an increase

in energy in pp and p �p collisions does not lead to an
increase in the average momentum per particle but rather to
production of more particles of different species [19].
Moreover, hadron resonance models that include such
rapidly increasing density of states are known to have a
‘‘limiting’’ temperature, Tmax, beyond which ordinary had-
ronic matter cannot exist [19].
In this Letter, a hadron resonance gas model that in-

cludes all known particles and resonances with masses
m< 2 GeV [22] and also an exponentially increasing
number of Hagedorn states (HS) [23,24] is used to provide
an upper limit on�=s for hadronic matter close to Tc that is
comparable to 1=4�. Additionally, we show that our model
provides a good description of the recent lattice results [25]
for the trace anomaly and also the speed of sound, cs, close
to Tc ¼ 196 MeV. We comment on the effects of including
HS on the bulk viscosity to entropy density ratio, �=s, of
hadronic matter near Tc.
The assumption behind hadron resonance models is the

description of thermodynamic properties of a hadronic
interacting gas by a free gas with these hadrons and their
respective resonances. In [26] the pressure of an interacting
pion gas calculated within the virial expansion nearly
coincides with that of a free gas of pions and � mesons.
There is nearly exact cancellation between the attractive
and repulsive S-wave channels [27]. We assume that at-
tractive interactions can be described by the inclusion of
resonances which for large masses follow a Hagedorn
spectrum. The system’s mass spectrum is assumed [23,24]
to be a sum over discrete and continuous states �ðmÞ ¼
�HGðmÞ þ �HSðmÞ, where �HGðmÞ ¼ PM0

i gi�ðm�miÞ �
�ðM0 �mÞ involves a sum over all the known hadrons [22]
and their respective degeneracy up to M0 < 2 GeV [28]
and for larger masses

�HSðmÞ ¼ A
em=TH

ðm2 þm2
0Þ5=4

; (1)

where we take m0 ¼ 0:5 GeV, A ¼ 0:5 GeV3=2 [23], and
TH ¼ Tc. In general, repulsive interactions among the
hadrons soften the dependence of the pressure on the
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temperature [27,29,30]. Their effects are included using
the excluded-volume approach derived in [30] where the
volume excluded by a hadron equals its energy divided by
4B, where B plays the role of an effective MIT bag con-
stant. The thermodynamic quantities were found using

PðTÞ ¼ PptðT�Þ
1� PptðT�Þ

4B

; T ¼ T�

1� PptðT�Þ
4B

(2)

and the standard thermodynamic identities at zero baryon
chemical potential [30]. Note that the temperature T and
the pressure PðTÞ of the system (after volume corrections)
are defined in terms of the quantities computed in the point
particle (subscript pt) approximation (i.e., no volume cor-
rections). When PptðTcÞ=4B< 1 there is still a limiting

temperature that is larger than Tc [30]. We take B1=4 ¼
0:34 GeV in our calculations, which implies that Tmax >
Tc. We restrict our discussion to T � Tc because at higher
temperatures a description involving quarks and gluons
should be more adequate.

Our results for the trace anomaly are shown in Fig. 1
where the mass of the heavier Hagedorn state was set to be
Mmax ¼ 20 GeV. Note that the inclusion of HS correctly
captures the trend displayed by the lattice data in the
transition region whereas our hadron gas curve does not
[31]. This remains true if other values of B are used. We
checked that our results did not change appreciably in this
temperature range whenMmax is increased to 80 GeV. This
happens because the divergences normally associated with
the limiting temperature only occur in this case at Tmax �
210 MeV. Were TH < Tc, the dependence of the thermo-
dynamic quantities with Mmax would be much more pro-
nounced. In general, a very rapid increase in the number of
particle species (specifically heavier species) around Tc is
expected to strongly reduce the speed of sound c2s ¼
dP=d� at the phase transition. While c2s ! 0 at the tran-
sition would certainly lead to very interesting consequen-

ces for the evolution of the RHIC plasma [32], recent
lattice simulations have found that c2s ’ 0:09 near Tc

[25]. It is shown in Fig. 2 that c2sðT � TcÞ � 0:09 in the
model with HS while for the model without them c2s � 0:25
near the transition. Note that when Mmax ¼ 80 GeV
(dotted-dashed blue curve) c2s is only a bit smaller than
0.09 near the phase transition. Other quantities such as the
total entropy density near Tc are found to agree with lattice
results within the uncertainties present in those calcula-
tions [33].
The total shear viscosity of our multicomponent system

computed within kinetic theory [34] is�tot � �
P

inihpii	i,
where ni is the number density, hpii is the average mo-
mentum, and 	i is the mean free path for discrete states and
HS [��Oð1Þ]. Moreover, 	i ¼ ðPjnj
ijÞ�1 where 
ij is

the scattering cross section. Because of their large mass,
the particle density of HS is much smaller than that of
discrete states. Thus, one can neglect the small contribu-
tion to the mean free path from terms involving the inter-
action between the standard hadrons and the HS. In this
case, �tot ¼ �HG þ �HS where �HG is the shear viscosity
computed using only the interactions between the standard
hadrons while �HS ¼ 1

3

P
inihpii	i includes only the con-

tribution from HS, which move nonrelativistically since
mHS=T � 1. Note that our approximation for �tot provides
an upper bound since the inclusion of the interactions
between HS and hadrons would decrease �tot. Using the
results above,

�
�

s

�
tot

� sHG
sHG þ sHS

��
�

s

�
HG

þ �HS

sHG

�
: (3)

While the entropy dependent prefactor in Eq. (3) can be
easily determined using our model, the detailed calculation
of �HG and �HS requires the knowledge about the mean
free paths of the different particles and resonances in the
thermal medium. In the nonrelativistic approximation, we

can set hpii ¼ mihvii ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8miT=�

p
in Eq. (3). Note that HS

with very large mi’s are more likely to quickly decay. We
assume that 	i ¼ �ihviiwhere �i 	 1=�i ¼ 1=ð0:151mi �
0:0583Þ GeV�1 is the inverse of the decay width of the ith
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FIG. 1 (color online). Comparison between �ðTÞ=T4 ¼ ð��
3PÞ=T4 using our hadron resonance gas model including
Hagedorn states with 2<m< 20 GeV [23] (solid red line)
and our hadron gas model with only known hadrons up to m<
2 GeV (black dashed line). The blue band between the curves
illustrates the effects of HS. Repulsive interactions are included
via an excluded volume approach [30] with B1=4 ¼ 0:34 GeV.
Lattice data for the p4 action with N� ¼ 6 [25] are also shown.
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FIG. 2 (color online). c2s including HS with 2<m< 20 GeV
(solid red line), HS with 2<m< 80 GeV (dotted-dashed blue
curve), for a hadron gas model without HS (dashed black curve),
and for p4 action lattice results with N� ¼ 6 [25] (dotted curve).
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HS obtained from a linear fit to the decay widths of the
known resonances in the particle data book [23,24,35]. Our
choice for 	i gives the largest mean free path associated
with a given state because it neglects any possible colli-
sions that could occur before it decays on its own. Note,
however, that the decay cross section is in general different
than the relevant collision cross section for momentum
transport that contributes to � according to kinetic theory.
Thus, it is not guaranteed a priori that these decay pro-
cesses contribute to � in the usual way. Further studies of
the relationship between HS and � could be done, perhaps,
using the cross sections discussed in [36].

Substituting the results above in we find that �HS ¼
8T

P
ini�i=3�. The remaining ratio ð�=sÞHG has been com-

puted in Refs. [16–18] using different models and approx-
imations. Since our main goal is to understand the effects
of HS on ð�=sÞtot, here we will simply use the values for
ð�=sÞHG obtained in some of these calculations to illustrate
the importance of HS.We chose to obtain ð�=sÞHG for a gas
of pions and nucleons from Fig. 5 in [16] and for a hadron
resonance gas with (constant) excluded volume corrections
from [17]. Note that the results for �=s obtained from the
calculation that included many particles and resonances
[17] are already much smaller than those found in [16]
where only pions and nucleons are considered. A linear
extrapolation of the results in [16,17] was used to obtain
their �=s values at high temperatures. In Fig. 3, ð�=sÞtot
drops significantly around Tc because of HS. This result is
especially interesting because �=s in the hadronic phase is
generally thought to be a few times larger than the string
theory bound. One can see that the contributions from HS
should lower �=s near to the KSS bound close to Tc. Thus,
the drop in �=s due to HS could explain the low shear
viscosity near Tc already in the hadronic phase. We used
Mmax ¼ 20 GeV in Fig. 3 but the results do not change
significantly if Mmax is increased by a factor of 4.

The large value of the trace anomaly near Tc observed on
the lattice has been used as an indication that �=s of QCD
may be large at the phase transition [37,38]. This is very

different than at high temperatures where �=s is predicted
to be small [39]. This may have some interesting phenome-
nological consequences such as the formation of clusters at
freeze-out [40]. Using QCD sum rules in [41], one can
extract the (zero-momentum) Euclidean correlator of the
energy-momentum tensor’s trace, ���:

GEð0;0Þ¼
Z
d4xh���ð�;xÞ�
�ð0;0Þi¼ðT@T�4Þð��3pÞ:

(4)

According to [38], � can be obtained via GE using
��ð!; 0Þ=9! ¼ �!2

0=ð!2 þ!2
0Þ as an ansatz for the small

frequency limit of the h��i spectral density at zero spatial
momentum, �ð!; 0Þ. The parameter !0ðTÞ defines the
energy scale at which perturbation theory is applicable.
The validity of this ansatz has been recently studied in
Ref. [42]. Here we assume that this ansatz can at least
capture the qualitative behavior of � around Tc and we use
it to estimate how HS change the �=s close to Tc. The
results for �=s 	 GEð0Þ=ð9!0sÞ are shown in Fig. 4 where
!0 ¼ 1 GeV. While �=s decreases near Tc for the hadron
gas model, �=s including HS increases close to Tc and this
enhancement does not vary much with Mmax.
In conclusion, a hadron resonance gas model including

all the known particles and resonances with masses m<
2 GeV and also an exponentially rising level density of
Hagedorn states for m> 2 GeV was used to obtain an
upper bound on �=s for hadronic matter near Tc that is
comparable to the KSS bound 1=ð4�Þ. The large trace
anomaly and the small cs near Tc computed within this
model agree well with recent lattice calculations [25].
Moreover, according to the general result that small �=s
implies strong jet quenching [43], our significant reduction
of �=s indicates that hadronic matter near the phase tran-
sition is more opaque to jets than previously thought.
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FIG. 3 (color online). �=s is shown for a gas of �’s and
nucleons [16] (upper dashed black line), for a hadron resonance
gas with excluded volume corrections [17] (lower dashed black
line), and for KSS limit, �=s ¼ 1=4�, [6] (solid black line). An
upper bound from HS on �=s (solid red line) and the effects of
HS (blue band) are shown.
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FIG. 4 (color online). Estimates for �=s 	 GEð0Þ=ð9!0sÞ
(!0 ¼ 1 GeV) for the model that includes HS with 2<m<
20 GeV (solid red line) and 2<m< 80 GeV (dotted-dashed
blue line) and our hadron gas model with m< 2 GeV (black
dashed line).
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