
Conical Third-Harmonic Generation in Normally Dispersive Media
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It is shown, both theoretically and experimentally, that in normally dispersive media under tight-

focusing conditions third harmonic is generated by six-wave mixing rather than via common third-order

frequency tripling. Though far-field pattern of third-harmonic signal was an axially symmetric ring for a

wide range of the material wave vector mismatch and laser beam focusing conditions, in some cases the

generation of more complex beams has been found possible. Results of simulations of the proposed model

qualitatively correspond well with experimental data for the calculated values of third- and fifth-order

nonlinear susceptibilities of sodium.
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Third-harmonic generation (THG) in gases using third-
order nonlinearity is an important source of coherent UV
and vacuum ultraviolet (VUV) radiation. Usually, in order
to increase the efficiency of THG focused laser beams are
used. Unfortunately, in isotropic normally dispersive ma-
terials light generated prior to the focus destructively in-
terferes with that generated beyond the focus and the total
THG efficiency becomes negligible under the tight-
focusing condition [1]. Thus, the tunability of such light
sources is limited to comparably narrow spectral regions of
negative material dispersion. However, for sufficiently in-
tense incident optical fields the higher-order polarizations
can be comparable to or larger than the lower-order ones.
Therefore, THG is also possible through six-wave mixing,
which is feasible both for normally and negatively disper-
sive media. Moreover, the tight focusing of the pump beam
should increase the signal of the six-wave mixing and
reduce the efficiency of the common THG in normally
dispersive media (Fig. 1). However, though the far-field
intensity distribution of radiation generated by this process
in normally dispersive media was believed to be a circu-
larly symmetric ring pattern [2,3], no experimental evi-
dence has been provided to support this theoretical
prediction. Note that various conical structures have been
extensively studied previously in liquids and gases in order
to elucidate the nature of so-called conical emission (see,
for example, [4–6] and references therein), supercontin-
uum generation [7] as well as generation of conical or
X waves [8,9].

Though ring-shaped third-harmonic patterns were regis-
tered in a number of experiments with air [9–12], argon
[13], and some other gases [14], conical THG has never
been interpreted as the result of six-wave mixing. On the
other hand, there were many reports of unusual dependence
of the third-harmonic generation efficiency on the intensity
of incident beam [15–18], but this phenomenon has been
explained mainly as a consequence of nonlinear phase
shifts of interacting fields induced by the optical Kerr
effect. Only in a few papers [3,19] laser frequency tripling

was explained as being induced by a six-wave mixing
rather than by third-order process, but conical THG has
not been observed during these experiments. However, for
example, in helium the ratio of fifth- and third-order non-

linear susceptibilities �ð5Þ=�ð3Þ is approximately
10�10 cm3=erg [20] and fifth-order polarization becomes
comparable to the third-order one for the laser intensity of
I ¼ 5� 1012 W=cm2. Such laser intensity levels were
used in a number of experiments with gases. Assuming

the same or even lower ratio of �ð5Þ=�ð3Þ for atmospheric

air and noble gases (�ð5Þ � 10�29 � 10�28 esu for argon
and xenon [21,22]) one may expect at least non-negligible
contribution to THG from six-wave mixing under the
typical conditions of filamented Ti:sapphire laser pulses
(typical filamentary structures of beam waist diameter
2w� 100 �m, 1 mJ energy and peak intensities of
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FIG. 1. Wave vector diagrams illustrating common THG (a)
and six-wave mixing (b)–(e) in normally dispersive media for the
collinear (a),(b) and focused (c)–(e) pump. In the collinear case
both processes are not phase matched and thus inefficient. The
pump beam focusing further increases phase mismatch �k for
the common THG but allows the noncollinear phase matching of
six-wave mixing (c)–(e). Since the intensity of the off-axis light
of the focused Gaussian beam is always lower than that on-axis
only the most efficient cases of conical six-wave mixing with a
few off-axis wave vectors involved are shown (c)–(e).
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1013–1014 W=cm2) [23,24]. Therefore, even at moderate
pump intensities six-wave mixing should be taken into
account as a source of laser frequency tripling or at least
as a seed for the four-wave processes producing conical
and/or highly divergent THG which has been registered in
a number of experiments with air and other gases exposed
to intense femtosecond laser pulses [9–13,18].

In this Letter we present the results of both the theoreti-
cal analysis and experiment demonstrating conical THG in
normally dispersive medium (sodium vapor). We have
shown that in such media third-harmonic is generated
mainly by six-wave mixing for a wide range of material
wave vector mismatch and laser beam focusing conditions.
In addition, we have demonstrated that, though far-field
pattern of such THG signal is mainly an axially symmetric
ring, in some cases generation of more complex third-
harmonic beams is possible.

For the theoretical description of THG we used the same
notation as in [25], i.e., the real electric field amplitude
Eð!Þ is given by the following expression: Eð!Þ ¼ ~Eð!Þ�
expð�i!tÞ þ c:c: ¼ Að!Þ expðikz� i!tÞ þ c:c: The

third- and fifth-order polarizations Pð3Þ and Pð5Þ (source
of THG) are given by (here and further !3 ¼ 3!1)

Pð3Þð!3Þ ¼ "0D
ð3Þ�ð3Þ ~E3ð!1Þ; (1)

Pð5Þð!3Þ ¼ "0D
ð5Þ�ð5Þ ~E4ð!1Þ ~E�ð!1Þ; (2)

where Dð3Þ ¼ 1 and Dð5Þ ¼ 5 are degeneracy factors of the
considered fields. Assuming third-harmonic generation
being a week process, a wave propagation equation for
the slowly varying third-harmonic (TH) pulse complex
field envelope A3 under the nondepleted pump approxima-
tion is given by

@A3

@z
� i

2k3
�?A3 � 1

u3

@A3

@t
¼ ið�ð3Þ þ �ð5ÞjA1j2ÞA3

1e
i�kz;

(3)

where the subscripts 1 and 3 denote the fundamental and
TH pulses, respectively, and �k ¼ 3k1 � k3 is phase mis-

match. The nonlinear coefficients �ðjÞ (j ¼ 3, 5) are linked
to the third- and fifth-order nonlinear optical susceptibili-

ties �ð3Þ and �ð5Þ by the relations

�ð3Þ ¼ k3
2n23

Dð3Þ�ð3Þð�!3;!1; !1; !1Þ; (4)

�ð5Þ ¼ k3
2n23

Dð5Þ�ð5Þð�!3;!1; !1; !1; !1;�!1Þ: (5)

We also assume that the spatial profile of incident pulse is
TEM00 Gaussian mode optimally focused into a positively
dispersive medium at z ¼ 0, i.e.,

A1 ¼ A10

s
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�
t� z
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�
2
�
; (6)

where s ¼ 1þ iz=Ld with w and Ld ¼ k1w
2=2 being the

radius of the pump beam waist and Rayleigh length, re-
spectively. k1 ¼ !1n1=c represents the wave number,
where n1 is the refraction index of the medium, while �
and u1 denote the pulse width and its group velocity. It is
worthwhile to note that the theoretical model does not take
into account higher-order dispersion effects such as group
velocity dispersion, as well as other types of nonlinear
interactions such as self-modulation of the pump pulse. It
was found that all of these effects have an indistinguishable
influence under the conditions of our experiment.
The experimentally observed far-field intensity distribu-

tion of TH radiation is proportional to
R jS3j2dt, where S3

is a spatial Fourier transform of A3. As this intensity
distribution possesses circular symmetry it is convenient
to represent it in terms of its angular spectrum. Denoting

angle � ¼ k?=k3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2x þ k2y

q
=k3 one can show that the

far-field intensity distribution of TH is proportional to
dimensionless function

S ð�Þ ¼ 1

�

Z 1

�1
jM3ð�; tÞ þ �M5ð�; tÞj2dt; (7)

where � ¼ �ð5ÞA2
10=�

ð3Þ, andM3;5 are dimensionless func-

tions determined from the equation �ð3ÞM3 þ �ð5ÞM5 ¼
jS3j=ðLd�w

2A3
10Þ. It follows from Eq. (7) that when � <

1 third-harmonic radiation is generated mainly by the �ð3Þ

process, while for � > 1 the �ð5Þ process quickly becomes
dominant. In Fig. 2 the dependencies of normalizedR jM5ð�; tÞj2dt on the propagation angle for various values
of the pump beam waist radius w and mismatch �k are
presented. One can see that in many cases the far-field
intensity distribution of generated radiation is a ring
pattern, symmetric to the optical axis of the laser beam
[Fig. 2(a) curves 3,4; Fig. 2(b) curve 2]. However, for a
wide range of w and �k (�k < 0) TH beam structure is
different: it may consist of a single axial component or of a
mixture of axial and conical parts [Fig. 2(a) curves 1,2, and
Fig. 2(b) curves 1,3,4]. In addition, when the pump focus-
ing is not so tight and � < 1, the impact of third-order
nonlinear polarization becomes non-negligible, causing
generation of conical TH beam with a lower intensity ratio
between its axial and conical parts. It is interesting to note
that a conical TH beam component can be present even
when �k ¼ 0, i.e., when phase-matching conditions are
fully satisfied [see Fig. 2(b), curve 1]. This result, however,
is related with group velocity dispersion and valid only for
the case of short pump pulses.
To test the results of these calculations, we have per-

formed a proof-of-principle experiment of third-harmonic
generation in sodium vapor excited by femtosecond laser
pulses. As a light source an optical parametric generator
(OPG) pumped by a femtosecond Ti:sapphire laser (central
wavelength 800 nm, pulse duration 120 fs (FWHM), pulse
energy 0.5 mJ) has been used. Single-pulse energy of IR
femtosecond pulses produced by the OPG was 4–6 �J.
The beam having the diameter 2w0 of about 10 mm
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(FWHM) was focused into the center of the sodium cell
using lenses of various focal lengths. The length of the
heated section of the cell was 15–20 cm and its tempera-
ture was monitored with thermocouples. The pressure of
the Ar buffer gas was about 10 Torr at room temperature of
the heated section.

Conical THG has been observed for sodium vapor den-
sities ranging from 5� 1013 to 2� 1016 cm�3 and for the
pump wavelength tuned between 1770 and 2200 nm. In
this spectral region�k < 0 since sodium vapor is normally
dispersive medium for the wavelengths longer than
589.5 nm. The typical experimentally obtained far-field
third-harmonic pattern is presented in Fig. 3 (inset). The
cone angle of third-harmonic emission increased with the
power of the pump focusing lens [see Fig. 4(a)] and/or
sodium vapor density. The distinct feature of this conical
radiation is the large angular spread (��=�0 > 1, Fig. 3),
which well corresponds to the theoretical predictions and is
typical for the difference frequency mixing in isotropic
media [26,27].

The nonlinear optical susceptibilities of sodium were
calculated based on quantum-mechanical perturbation the-
ory of the atomic wave function using values of the dipole
matrix elements of lowest 12 energy levels [28]. Thus for
the pump wavelength �1 ¼ 1:98 �m and sodium vapor

density N ¼ 3� 1015 cm�3 we have estimated that �ð3Þ �
2:5� 10�26 ðm=VÞ2 (or 1:8� 10�18 esu), and �ð5Þ �
2:1� 10�45 ðm=VÞ4 (or 1:4� 10�28 esu). The amplitude

of the pump beam given by Eq. (6) is determined by

expression A2
10 ¼ ð2=�Þ1=2ð"0cn1Þ�1E1=ð�w2�Þ, where

E1 is the fundamental pulse energy. Under typical condi-
tions of experiment (E1 ¼ 4–7 �J, � ¼ 140 fs, w ¼
60 �m) one estimate that the ratio � ¼ �ð5ÞA2

10=�
3 � 1.
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FIG. 3 (color online). Typical far-field pattern (inset) and
angular spectrum of conical TH for the pump wavelength of
1980 nm and sodium vapor density of 3� 1015 cm�3. The
power of focusing lens was 2 diopters.
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FIG. 4 (color online). Dependencies of third-harmonic cone
angle 2� (a) and generation efficiency 	 (b) on the power of
focusing lens 1=F for sodium vapor density of 3� 1015 cm�3.
The pump wavelength was 1980 nm (a) and 1900 nm (b). The
points are experimentally obtained data, solid lines represent the
results of theoretical calculations, obtained for E1 ¼ 4 �J, � ¼
140 fs, w0 ¼ 5 mm, and length of nonlinear medium L ¼
10 cm. Line denoted by �ð3Þ and �ð5Þ presents the total efficiency
of THG, while the relative contribution of the cubic nonlinearity
is denoted as �ð3Þ.
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FIG. 2. Dependence of
R1
�1 jM5ð�; tÞj2dt on � for various

focusing and mismatching conditions: (a) �k ¼ �0:4 cm�1

and (1) w ¼ 630 �m, (2) w ¼ 210 �m, (3) w ¼ 130 �m, (4)
w ¼ 90 �m; (b) w ¼ 90 �m and (1) �k ¼ 0 cm�1, (2) �k ¼
�3 cm�1, (3) �k ¼ �7 cm�1, (4) �k ¼ �9 cm�1.
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This means that the impact of the �ð5Þ process into TH

generation is indeed of the same order as that of the �ð3Þ
process. However, as it was mentioned above, the effi-
ciency of frequency tripling through third-order nonlinear-
ity is negligibly small under tight-focusing conditions,
while there is no such limitation for six-wave mixing.
Moreover, even when the process of six-wave mixing is
phase mismatched for collinear interacting waves, the
vectorial phase matching still can be satisfied since the
focused fundamental beam contains some angular spread
of its components.

Third-harmonic conversion efficiency 	 can be repre-
sented as

	 ¼ E3

E1

¼
�
2

�

�
1=2ðk3LdwA

2
10�

ð3ÞÞ2
Z 1

0
Sð�Þ�d�: (8)

As it follows from this expression, 	 sharply increases as
beam waist radius w decreases [w ¼ F�=ðw0�nÞ], in
agreement with the experimental results (Fig. 4). Some
discrepancies at large focusing lens powers can be ex-
plained by the influence of higher-order optical nonline-
arities on the self-focusing of pump pulses [24], which has
not been taken into account in our model. It is worthwhile

to note that the contribution of �ð3Þ nonlinearity to the total
TH conversion efficiency sharply decreases with the pump
focusing lens power, in agreement with the theory [1].

Note that the conical third-harmonic generation in nor-
mally dispersive media is also possible through the use of
seventh-order nonlinearity, when six pump photons are
annihilated to create two third-harmonic photons [29].
However, this process is genuinely parametric [30], and
therefore is far less efficient than the six-wave mixing
proposed in this Letter. Indeed, for the parametric process

AðparamÞ
3 � �ð7ÞA6

1A
�
3, while for the six-wave mixing

AðmixÞ
3 � �ð5ÞA4

1A
�
1. Thus, even assuming that �ð7ÞA4

1 �
�ð5ÞA2

1 one obtains��������
A
ðparamÞ
3

AðmixÞ
3

��������¼
��������
ð�ð5ÞA2

1ÞA2
1A

�
3

�ð5ÞA4
1A

�
1

��������¼
��������
A�
3

A�
1

��������� 1 (9)

according to our experimental data [see Fig. 4(b)].
In conclusion, we have shown, both theoretically and

experimentally, that in normally dispersive media under
tight-focusing conditions of femtosecond laser pulses the
dominant mechanism of THG can be the process of six-
wave mixing. To the best of our knowledge, conical TH has
been generated and explained as a result of six-wave mix-
ing for the first time. Though conical THG has been
demonstrated in a simple atomic system, obtained results
indicate that this phenomenon can also take place in other
normally dispersive media, such as air and noble gases. In
addition, we have shown that in some cases apart from
conical THG produced by six-wave mixing generation of
more complex TH beams is possible.
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