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Gravitational Fixed Points from Perturbation Theory

Max R. Niedermaier

CNRS, Laboratoire de Mathematiques et Physique Theorique, 37000 Tours, France
(Received 11 February 2009; published 4 September 2009)

The fixed point structure of the renormalization flow in higher derivative gravity is investigated in terms
of the background covariant effective action using an operator cutoff that keeps track of powerlike
divergences. Spectral positivity of the gauge fixed Hessian can be satisfied upon expansion in the
asymptotically free higher derivative coupling. At one-loop order in this coupling strictly positive fixed
points are found for the dimensionless Newton constant gy and the cosmological constant A, which are
determined solely by the coefficients of the powerlike divergences. The renormalization flow is asymptoti-
cally safe with respect to this fixed point and settles on a A(gy) trajectory after O(10) units of the

renormalization mass scale to accuracy 1077.
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Higher derivative gravity in four dimensions comes
close to realizing a renormalizable quantum theory of
gravity. Compared to the Einstein-Hilbert action two addi-
tional interaction monomials are added containing the
independent curvature invariants with four derivatives of
the metric tensor. The resulting gravity theory is perturba-
tively renormalizable to all loop orders [1], which is related
to the strong, 1/p* type, falloff of the free propagator at
large momenta. With Euclidean signature the action reads
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Here q,p is the metric entering the functional integral, c?
is the square of its Weyl tensor, and total derivative terms
like V2R and the integrand of the Gauss-Bonnet term have
been omitted. In terms of the cosmological constant A one
has A = 2A/«? and the parameterization of the other co-
efficients by couplings s, w is chosen for later convenience.

Two main issues need to be addressed in order to pro-
mote (1) to a viable theory of quantum gravity. First, since
perturbation theory (PT) presumably captures only a small
part of the physics content of the theory a formulation that
is renormalizable in the Kadanoff-Wilson sense needs to be
found. Second, taken at face value the free propagator is
problematic from the viewpoint of positivity and one needs
to make sure that physical quantities obey the relevant
notion of unitarity. Schematically the 1/p* decay arises
from 1/p? — 1/(p* + s5/«?) and the second term has nega-
tive norm in the conventional Fock space. The asymptotic
safety scenario [2-5] outlines a route to achieving both
goals. Central to it is the existence of a nontrivial fixed
point for the dimensionless Newton constant, gy > 0, and
potentially also for the dimensionless cosmological con-
stant, A, # 0. Here gy = u?k? and A = pw 4gyA/2 =
u~2A, where u is the renormalization scale. In addition
the flow of all four dimensionless couplings gy, A, 5, @
must be asymptotically safe, that is, bounded for all w with
finite limiting values for u — oo. Clearly both properties
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of the flow are parameterization dependent and as stressed
by S. Weinberg [5] one should ultimately define “the
coupling constants as coefficients in a power series expan-
sion of the reaction rates themselves.”

Related recent investigations used the flow equation for
the average effective action I' [6] and upon truncation of
the (highly nonlocal) I" to originally two later three [7] and
four [8,9] terms in (1) obtained “‘hierarchical’” approxima-
tions to the flow which revealed a nontrivial fixed point
[10] for g, and A. This result is commonly attributed to the
not perturbative nature of the technique, which, however,
rests on a number of working hypotheses [2] whose valid-
ity in this context is hard to assess. In particular only after
the ultraviolet renormalization problem is solved does the
functional renormalization flow match PT by construction
[11]. The recently reported nontrivial fixed point for s [9]
lacks such a basis and may be an artifact.

We now want to argue that if (1) indeed has a nontrivial
fixed point for g it should be visible already in PT [2]: any
Wilsonian action of the form S, = [d*x,/gY,= u;(n) X
P,(g) with asymptotically safe couplings and scalar inter-
action monomials P;(g) of mass dimension —d; will for
w — oo depend only on u?q,g, as u;(u) ~ wu;. For the
coefficient of the Ricci scalar in S, this is “as if”
Newton’s constant has picked up an integer anomalous
dimension —2 along the trajectory connecting infrared to
ultraviolet properties. A typical propagator would thus
scale at low energies like 1/p? and at high energies like
1/p*. But the latter is precisely the behavior which is in the
realm of PT for (1). On the other hand an anomalous
dimension —2 goes hand in hand with a nontrivial fixed
point for gy. This can be seen by taking into account gy’s
double role as an inessential parameter (‘‘wave function
renormalization constant’) and as a coupling. The yet-to-
be-determined flow equation will thus naturally be parame-
terized by the anomalous dimension 7 = u ﬁ Ink? [6], in

which case ,uﬁg,v = (2 + m)gy, and gy # 0 if and only
if n = —2[2]. Finally, we note that s and g, are of degree
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1 in the loop counting parameter # while the other cou-
plings are of degree zero. Since s turns out to be asymptoti-
cally free in PT [12,13] one can regard the perturbative
expansion as an expansion in powers of s. Then gy may
occur in degree zero ratios s/gy (and in fact it does) and a
putative nonzero fixed point value for g, is well within the
realm of the expansion.

The goal of the present Letter is to report the results of a
computation augmenting the above heuristic argument.
The nontrivial fixed points turn out to be related to the
coefficients of the powerlike divergences in the one-loop
effective action. To define these coefficients a background
covariant operator regularization will be used [14]. Unlike
dimensional regularization (which sees only logarithmic
divergences) such a regulator in principle also allows one
to make contact to nonperturbative results. We write Ay
for the UV cutoff and parameterize the divergent part of the
one-loop background covariant [15] effective action as

. 1
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Here g,p is the background metric around which g,z is
expanded, q,g = gup + fap, and the functional integral
over f,p has been performed. Keeping track of the grading
by the loop counting parameter {;, &, {4, {5 and Y, Y,,
Y; must be real valued functions of s/gy, A, w. Using the
field equations of (1) one sees that &y, &, {5/A> + 444/A
contain only on-shell information and thus must be inde-
pendent of the choice of gauge and field reparameterization
constants. The coefficient Y, and the combination 4Y, +
Y;/ A have a special status on which we comment later. To
absorb the divergences we use the nonminimal subtraction
ansatz
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and minimal subtraction with only log terms for s and w
with coefficients c¢;; and d;. In principle ay;, by;, ¢y, d;
can be a power series of unit /2 degree of all renormalized
couplings. The field renormalization we parameterize as

3)

qop = ta )2 In(Ayy/m)gnéqap + O,  (4)

where £ can be a function of 5/gy, A, w. Inserting (3) and
(4) into the bare action S, expanding, and requiring that
the divergent terms equals —I'{"V yields the cancellation

conditions which fix ay;, by;, i # 0, and ¢q1, dq; in terms of
the {j, Y;, but leave a,¢, by unconstrained.

So far the bare couplings 3, f\o were only assumed to
be w independent. In a Wilsonian interpretation they
should coincide with the running (‘“‘renormalized”’) cou-
plings at scale s = Ayy. This additional requirement fixes
the subtraction point (3) in uniquely:

kg=Agegn(n=Ayy) iff byg+ by =0,

o 21 ©)
Ao=A¢y <g >(,u Ayy) iffa;g+ap,+a;;=0.
Using (5) and the solution of the cancellation condition the
flow equations are uniquely determined by the coefficients
j» Y; and §&. One recovers the universal s,  flow equa-
tions of [12,13,16] and finds for gy, A:

h
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The above discussion was framed so as to stress that the
system of flow equations for s, w, gy, A can be derived
without knowing the coefficients £, Y explicitly. As a by-
product of the derivation one finds that

R

A A A A
are polynomials in s/(gyA) and that the last three quanti-
ties cannot have constant terms. Anticipating that s is an
asymptotically free coupling [12,13] it follows that {, =
{s = & =0 at the UV fixed point s, = 0 so that the fixed
points of (6) are determined by the Y coefficients only.
This is the main result of the Letter.

While the { coefficients are known in several gauges
[12,13,16-18] the Y coefficients have not previously been
computed. To set up the computational framework a choice
of gauge fixing and of regularization is needed. For the
gauge fixing we use a three parameter harmonic gauge

Yy, Yy, (N

1
S [T Xy = DT

1
YHY = —_[gh'V2 + (b, — 1)VAVY — RH7],
a
1 1+t4w 2(:2
- =21+
b 4oy 1+ b=75(1+a), ®

where the gauge condition 6(y, — 6 u) has been averaged
with a normalized Gaussian of covariance Y*”. The repar-
ameterization of b, b, in terms of ¢, ¢, is such that a =
¢y = ¢, = 1 corresponds to the so-called minimal gauge
where in the gauge fixed Hessian all terms quartic in V,
except (V2)? drop out. The ghost action associated with (8)
has kernel A*” := —g#*"V? — (1 + 2b,)V*V, — R*”,
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In contrast to earlier PT computations we use a back-
ground covariant operator regularization [14] in combina-
tion with the heat kernel. For a (formally self-adjoint)
differential operator A of order 2r our basic prescription
is to replace InA with Fy 5, (A)(x, y) acting as an integral
operator such that its trace is given by (9). Here z —
F A, (2) is a function that depends parametrically on an
infrared cutoff k and an ultraviolet cutoff Ayy. Specifically
we take Fy z  (2) = f(z/A}y) — f(z/K?), for suitable f.
Although conceptually distinct from u we can for the pur-
poses here take 0 < rk = u = Ayy for some r > 0. The
normalization d,F( (z) = 1/z in combination with some
additional properties ensures that functional traces are
properly regularized. In particular TrInA is replaced with

TI'FkV,Ar (A) = [oo thkr AT (t) fdxA(x, X, t), (9)
uv 0 i 00

where A(x, y; 1) is the heat kernel of A and F kAyy 18 the
inverse Laplace transform of F , .. On a flat background
one can also evaluate the operator trace directly in mo-
mentum space
Tr Fye a7, (A) = Zm LA(p),  (10)
where A; are the spectral values of A and m; their multi-
plicities. Eventually, only certain moments of the cutoff

function enter the results for the ¢ and Y coefficients. One
has

(z )4 Foag

00 - 1 00
f dit™"Fyp,, () = =— [ dzz" "' Fy p,,, (2)
0 I'(n) Jo
_ _21nAUv/k, n = O,
—q. (A, — k") 0<n=2
(1D
where the g, are positive constants of O(1).
We define the one-loop effective action by
Ty = 3TtFpe 2 (H) = JTrF p (V) = TrF p,, (A),
(12)

where JH is the Hessian of 2s(S + ng). In a nongravita-
tional context one usually subtracts from (12) a corre-
sponding contribution from a reference operator. The
reference operator is chosen so as to represent the non-
interacting system and, in particular, removes quartic di-
vergences. In gravity such a reference system bears on a
definition of self-energy and it is unlikely that a preferred
choice exists. The Gaussian normalization condition con-
ventionally adopted for the kinematical measure over
“metrics modulo diffeomorphisms”™ [19] amounts to hav-
ing no subtractions in (12). Using this here for the time
being one finds that neither Y, nor4Y, + Y;/A are gauge
independent. A more refined definition of the measure
should render 4Y, + Y;/A gauge independent and we
shall formulate the flow equations in terms of this quantity.

Another modification of (12) would be to add to H its
Vilkovisky—de Witt (VdAW) correction [20]. We verified
that the setting used here correctly reproduces the VdW
form of {5 [17] upon adding the correction, but that it
leaves Y, Y5 unaffected.

The evaluation of the divergent part of (12) now amounts
to the determination of the short time asymptotics for the
heat kernels of the operators H, ¥, and A. Both Y and A
are second order operators with trivial principal part, for
which tabulated heat kernel coefficients are available [21].
In a curved background and in a generic gauge (8) H is a
very complicated operator for which no tabulated results
are available; moreover there is no choice of gauge pa-
rameters for which its principal part is trivial. We thus
resorted to an evaluation on a flat background in a generic
gauge which allows one to determine Y, Y3 (and as a
check {5) in a generic gauge. Finally, Y, can be obtained
by transversal-traceless decomposition of the Hessian on
maximally symmetric backgrounds. As a check we also
evaluated Y, directly on a generic background in minimal
gauge, where the principal part is a nontrivial but constant
matrix.

The evaluation of (12) on a flat background reveals
that—in contrast to the common wisdom about the system
and in contrast to the situation in Einstein gravity—there is
no problem with positivity. The Hessian on a flat back-
ground can be diagonalized exactly and the positivity of
the spectrum can be investigated. There are four spectral
values A;(p), A2(p), A3(p), A4(p), with multiplicities 5, 3,
1, 1, respectively. The last two are nonrational functions of
the momenta with a large p expansion of the form
P *A(p) = m; + O(sp~?) (which also applies to A, Ay,
where the expansion terminates). Spectral positivity is
decided by the signs of the u; and one can show

ni>0 for —1<w<0, c; >1/4, cy/a>0.

(13)

The interval —1 < w <0 is invariant under the renor-
malization flow (6) and contains the known UV fixed
point w, = (7+/6049 — 549)/200 =~ —0.0228 [12,13,18].
Hence, for u sufficiently large no problem with positivity
of the propagator (i.e., the inverse Hessian) ever arises.

As noted before, the nontrivial fixed point of (6) is
determined by the Y coefficients only. Anticipating that
also Y3 is linear in s/(gyA) one sees that (6) has a non-
trivial fixed point at

8N 1 Y
———,  A=-=L, 14
(4m)? Y; 2Y; (14
where Y3 := Ysl,. =0, Y] = Y|, s—0- The scheme de-

pendence enters only through the ¢, of Eq. (11).
Importantly, these fixed points come out as robustly
positive.

The results for Y, Y,, Y5 in a generic gauge are too
bulky to be reported here. For simplicity we present them
here in minimal gauge. First, the fixed point values
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FIG. 1 (color online).
17).

Wilsonian one-loop flow (5), (6), and

Y; = —1.9867q; — 0.09836¢ 2,

(15)
Y: = 5.8114¢, — 6.1026¢,,

where for all cutoffs usually considered ¢g,/g, = 2.
To study the flow (6) itself we now make the choice

§=—4+Y;5/Q2A), (16)

which gives rise to (gy, A) flow equations depending only
on the gauge independent ¢ combination, Y, + Y3/(41)
and Y, without affecting the fixed point (14). One has
Y, =u(w), Yy + Y3/(4)) = up(w) — glﬁua((v), with

2601 9 9 1 4 )
Ml(w):%ﬁ_éh[i"‘gm"'él*‘w) :I,
™ w+2 l+w
)= =g, 301 +w)- 2 -1 ]
_ 87+ 118w + 56w + 16w*
g 7201+ ) :
3w 1+ w)3/2
“3(0)):8/—4——%/2[3_(_W) ] (17)

In combination with the known ¢, &,
[12,13,16—18] this defines the flow (6).
Figure 1 shows the result of a numerical integration after
rescaling gy — (4m)’gy, s (4m)s, with s(1) =1,
w(l) = —1/2, and cutoff f(y) = —In(1 +1/y)+ (1 +

gs H4rg,

y)' 4+ 2711 + y)7? [14] satisfying g, = 3J7/4, ¢, =
1/2, g, = 1/4. The initial data for g, A were varied in the
range [0, 2]. One sees that g, A are initially nonmonotonic
functions of w, monotonic behavior sets in quickly but
nonuniformly in the initial data. At & = 10 the memory of
the initial data is erased to accuracy 10”7 and the merged
trajectory eventually hits the fixed point located at gy =
1.3697, A, = 0.9451, however with 1% deviations even at
w =10

In summary, higher derivative gravity has nontrivial
fixed points for gy and A with respect to which the renor-
malization flow is asymptotically safe. By means of the
improved perturbative framework (3), (5), and (9) they can
be identified already in one-loop PT. A complete diagonal-
ization of the Hessian for flat backgrounds reveals subject
to (13) a strictly positive spectrum, rendering fourth order
gravity a viable candidate for a fundamental field theory of
gravity.

[1] K.S. Stelle, Phys. Rev. D 16, 953 (1977).

[2] M. Niedermaier, Classical Quantum Gravity 24, R171
(2007).

[3] M. Niedermaier and M. Reuter, Living Rev. Relativity 9, 5
(2000).

[4] A. Codello, R. Percacci, and C. Rahmede, Ann. Phys.
(Leipzig) 324, 414 (2009).

[5] S. Weinberg, in General Relativity, an Einstein Centenary
Survey, edited by S. Hawking and W. Israel (Cambridge
University Press, Cambridge, England, 1979).

[6] M. Reuter, Phys. Rev. D 57, 971 (1998).

[7] O. Lauscher and M. Reuter, Phys. Rev. D 66, 025026

(2002).

[8] A. Codello and R. Percacci, Phys. Rev. Lett. 97, 221301
(2006).

[9] D. Benedetti, P. Machado, and F. Saueressig,
arXiv:0902.4630.

[10] W. Souma, Prog. Theor. Phys. 102, 181 (1999).

[11] D. Litim and J. Pawlowski, Phys. Rev. D 66, 025030
(2002).

[12] E. Fradkin and A. Tseytlin, Nucl. Phys. B201, 469 (1982).

[13] 1. Avramidi and A. Barvinsky, Phys. Lett. B 159, 269
(1985).

[14] S. Liao, Phys. Rev. D 53, 2020 (1996).

[15] D. Boulware, Phys. Rev. D 23, 389 (1981).

[16] G. de Berredo-Peixoto and I. Shapiro, Phys. Rev. D 71,
064005 (2005).

[17] 1. Avramidi, Heat Kernel and Quantum Gravity, Lecture
Notes in Physics (Springer, Berlin, 2000).

[18] K. Kazakov and P. Pronin, Phys. Rev. D 59, 064012
(1999).

[19] Z.Bern, E. Mottola, and S. K. Blau, Phys. Rev. D 43, 1212
(1991).

[20] G. Vilkovisky, in The Quantum Theory of Gravity, edited
by S. Christensen (Adam Hilger, Bristol, 1984).

[21] V. Gusynin, E. Gobar, and V. Romankov, Nucl. Phys.
B362, 449 (1991).

101303-4



