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Proper Scaling of the Anomalous Hall Effect

Yuan Tian, Li Ye, and Xiaofeng Jin*

Surface Physics Laboratory and Physics Department, Fudan University, Shanghai 200433, China
(Received 30 March 2009; published 21 August 2009)

Working with epitaxial films of Fe, we succeeded in independent control of different scattering
processes in the anomalous Hall effect. The result clearly exposed the fundamental flaws of the
conventional scaling p,y = f(p,.) between the anomalous Hall resistivity and longitudinal resistivity.
A new scaling pag = f(p.0, Pxr) that also involves the residual resistivity has been established which
helps identify the intrinsic and extrinsic mechanisms of the anomalous Hall effect.
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While the ordinary Hall effect has been well understood
as a result of the Lorentz force deflecting the charge
carriers, the mechanism of the anomalous Hall effect
(AHE) [1] has remained controversial despite the long
history of research, because its rich phenomenology defies
the standard classification methodology, prompting con-
flicting reports claiming the dominance of various pro-
cesses [2—-13].

Experimentally, a unified scaling describing the AHE
resistivity p oy in terms of the longitudinal resistivity p,, is
still missing, while four different types of pay = f(pyy)
were claimed in various materials: (a) bp2, (e.g., Fe) [14—
17], (b) ap,, (e.g., ultrapure Ni at low temperature) [18],
(©) ap,, + bp2, (e.g., Co) [19,20], and (d) bp2, (e.g., Ni)
with 1 < @ <2 [21]. Theoretically, Karplus and Luttinger
first proposed that the spin-orbit interaction together with
the interband mixing resulted in an intrinsic anomalous
velocity in the direction transverse to the electric field [2],
which gave p;, « p2,. However, Smit suggested that the
extrinsic skew scattering at impurities was responsible for
the AHE, which gave pgy = p,, [3]. Berger further pro-
posed that the extrinsic side jump at impurities could
account for the pg o p2,. relation [5]. In contrast, the
Karplus-Luttinger mechanism was recently revived in the
language of Berry phase [10—12], and it was thought again
to play the dominant role in the AHE [19,22-24]; mean-
while, a real space Berry phase theory was also developed
to account for the AHE [13]. Despite the controversies, it is
generally accepted that the total anomalous Hall conduc-
tivity (o ap) consists of three terms: ooy = Ty + Oy T
o, where ayy, is the intrinsic Karplus-Luttinger term, oy
is the extrinsic skew scattering, and o the generalized
extrinsic side jump [9,25]. It has been a great experimental
challenge to separate the intrinsic from extrinsic
contributions.

In this work we have developed a new experimental
strategy that goes beyond the existing paradigms. Usually
the longitudinal resistivity is taken as a quantity character-
istic only of the material, so traditionally besides tempera-
ture, p,, was varied only by changing the impurity
concentration of the material. However, such an approach
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has the deficiency that it could modify not only the extrin-
sic but also the intrinsic contributions in the AHE, often
complicating the interpretation of the experimental results.
Instead, we are tuning the resistivity p,, by varying the
thickness of Fe film, an idea similar to the control of the
coefficient of viscosity for fluid in thin tube by varying its
diameter. It is this novel approach that leads to the true
scaling of the AHE, by which we develop a strategy that
can possibly separate out the intrinsic from extrinsic
contributions.

Fe films of thickness ranging from 1.5 to 93 nm were
epitaxially grown on undoped GaAs(001) at 300 K by mo-
lecular beam epitaxy with its orientations relative to the
substrate, Fe[001] || GaAs[001] and Fe[100] || GaAs[100],
then capped with a 4 nm thick MgO to prevent oxidation in
air; the experimental details were described elsewhere
[26,27]. The films were patterned into the form of a stan-
dard Hall bar along [110] with the magnetic field along
[001]. The transport measurements were carried out in a
physical property measurement system (Quantum Design
PPMS-9T system). The magnetoresistance in Fe films at
5 T is smaller than 0.5%, and the magnetization in Fe films
thicker than 1 nm reaches its bulk value and changes little
within the temperature range of 5-320 K. Figure 1(a)
shows several representative sets of p., vs H curves mea-
sured between 5 and 320 K for a 6.5 nm thick Fe film.
pan(T) is then obtained as the zero field extrapolation of
the high field data as shown in the figure, and is displayed
in Fig. 1(b). p,(T) was measured simultaneously and is
shown in Fig. 1(c). From Figs. 1(b) and 1(c), the py
versus p,, curve for the 6.5 nm Fe film can be deduced
and is displayed in Fig. 1(d), together with representative
data for other thicknesses varying between 1.5 and 93 nm.

The set of data in Fig. 1(d) provides an opportunity to
unveil the phonon contribution to the AHE—a long-
standing controversial issue [3,6,28]. Following the obser-
vation in bulk Fe reported in Refs. [14,15], we used bp2, to
fit the data in Fig. 1(d), but found a significant deviation
from the dashed lines as the Fe films were thinner than
6.5 nm. This means that other terms must be considered in
Fe thin films although they may be neglected in the bulk.
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FIG. 1 (color online). (a) p,, vs B curves for 6.5 nm film. (b),
(¢) pang and p,, as functions of temperature for 6.5 nm film,
respectively. (d) pay and p,, for various film thicknesses. The
dashed blue line and the solid black line are fitting results with
PAH = b,pix and PAH = alpxxo + bp%x’ respectively.

To include the role of the skew scattering, a linear term
Psk = ap,, is conventionally introduced [17,19,20,24],
which implies pgy = ap,,o + ap.r according to the
Matthiessen rule, where p,,, and p,.r are the residual
and phonon-induced resistivity, respectively. Thus the con-
tributions to p oy from phonons and defects are treated on
the equal footings, which is not justified. Theoretically it
was already pointed out that phonons should have a much
smaller effect on skew scattering [28]. To clarify this, we
first treat them as two independent sources, i.e., pg =
a'po + ap,r , then determine the values of a’ and a”
by fitting pay = @'pyo + @’ per + bp2, to the data in
Fig. 1(d) using the experimentally measured pap, Pix0»
Por, and p,.. for different film thicknesses. The fitting
parameters of a’, @, and b coming out from the best fits
are presented in Fig. 2(a), from which it is evident that a’
and a” are indeed distinctly different, and a” =~ 0. After
putting a” = 0, we show in black solid lines in Fig. 1(d)
the good fittings by pay = a@’p.xo + bp2,, and in Fig. 2(a)
the corresponding new set of a’ and b. The fact that o’ = 0
is the first experimental evidence that phonon contribu-
tion to the skew scattering in the anomalous Hall resis-
tivity is negligibly small. In addition, as noted in Fig. 2(a),
a' is actually not a constant but exhibits strong thickness or
P.o dependence. This dependence is further analyzed in
Fig. 2(b) and can be described by a simple function of a’ =

P o (MQ CM)

FIG. 2 (color online). (a) Solid red, blue, and green dots
represent the parameters a’, a”, and b (marked by the arrows),
respectively; red and green triangles are the set of a’ and b after
taking a” = 0. Solid curves are guide to the eye. (b) Red
triangles are a’ (after taking a’ = 0) versus p,,q for films above
4 nm. Black line is the linear description by @’ = a + Bp..0-

a + Bp,o, Where a and B are real constants. It should be
mentioned here that in this Letter we focus our attention
only on films thicker than 4 nm where b = 1.1 X
10> O 'cem™! is almost constant; the results in the ultra-
thin regime where b is decreasing deserve a separate dis-
cussion elsewhere.

To demonstrate the superiority of the new scaling
(pan = @' po + bp2,) over the commonly held old one
(Pan = APy + bp2,) [17,19,20,24], we compare them
side by side in Fig. 3, using the same set of experimental
raw data without involving any complicated data fitting.
Accordingly, a linear relationship would be expected from
Par/ Py VS Py, for the old scaling [Figs. 3(a)-3(c)], but
Pan VS p2, for the new one [Figs. 3(d)-3(f)], respectively.
The comparisons show unambiguously that the new scal-
ing works much better, especially in the thin limit where
the old scaling deviates the most. It becomes clear now that
a proper scaling for the AHE should involve not only p,,
but also p .o, i.€., pag = f(Prr0, Pxr)—an important fact
that has long been hidden. With experimental tuning of the
film thickness, we have discovered an empirical relation
for the AHE in Fe:

pan = (@p.o + Bpiy) + bpi, (1)
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FIG. 3 (color online). Black squares are experimental raw
data. The gray (red) lines are linear plots for (a)—(¢c) pau/Pxx
Vs Py and (d)—=(F) pap Vs pis-

oan = —(@o g+ Bo 5ot — b, (2)
where o, = 1/p,, is the residual conductivity, while
pan and o,y are related by pay = — o agp2, in the limit
Pan K P [well justified as seen in Fig. 1(b) and 1(c)].
Next we attempt to determine more accurately all the
relevant parameters «, 3, and b without resorting to fitting
(Fig. 2). Figure 4(a) presents a plot of —o,yg (residual
anomalous Hall conductivity) versus o, as shown by the
dots, using the experimental raw data measured at 5 K for
different film thicknesses. At 5 K, both o,y and o, reach
their residual values, so we have o,y = 0 s and o, =
040, then Eq. (2) becomes o apg = —ao o — (B8 + b);
the experimental data can be well described by this equa-
tion using the black line in the figure, and the corre-
sponding constants are extracted as a = —3.7 X
1073, (B+b)=18x%X10> Q 'cm™!; therefore, B =
0.7 x10° Q 'em™ 1.

To gain further insight into the physical meaning of the
new scaling, we wish to relate it to the various microscopic
mechanisms of AHE. Up to now, theoretical interpretation
of the scaling of the AHE has been based on a weak
scattering expansion in which only a single scattering
mechanism dominates both the transverse and longitudinal
resistivities [25]. Such studies seem to show that the in-
trinsic Karplus-Luttinger and extrinsic side-jump contribu-
tions are inseparable because the latter are independent of

FIG. 4 (color online). (a) —oapg VS 0, measured at 5 K,
where colors and shapes are the same as in (b). Black line is the
linear description by —o s = @00 + (B + b) (b) —oay Vs
o2, for various film thicknesses. The black lines are description
by Eq. (2) for various film thicknesses. The red (upper) dashed
line and the blue (lower) dashed line correspond to the —opg
values measured from iron whisker [15] and calculated from the
Berry curvature [23], respectively.

the strength and density of the scatters. In the low (high)
temperature limit where phonon (impurity) scattering is
irrelevant, it is true that the side jump () appears together
with the intrinsic contribution (), as seen in Fig. 4(a) at
5 K. However, in a mixed regime where both phonon and
impurity scatterings contribute, if the impurity scattering
dominates in the transverse resistivity over the phonon
contribution even though it is negligible in the longitudinal
resistivity, it is then possible to separate out the intrinsic
Karplus-Luttinger (b term) from the side-jump (S term) as
well as the skew-scattering (« term) contributions.

We plot the experimental raw data in Fig. 4(b) according
to Eq. (2), in which each curve corresponds to a specific
film thickness with the temperature ranging from 5 to
290 K. As o2, goes to zero, the anomalous Hall conduc-
tivity oy for various film thicknesses with different re-
sidual resistivity converges nicely to a common value
b= 1.1X10> O 'cm™! that is almost identical to the b
value in poy = bp?2, obtained from bulk Fe whisker mea-
sured at room temperature [15], as marked by the upper
(red) dashed line. This nontrivial universality must reflect
the intrinsic nature of the material in the b term in Eq. (1),
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which was verified to come mostly from the Karplus-
Luttinger intrinsic contribution [23]. On the other hand,
the ap o term in Eq. (1) is only the conventional extrinsic
skew scattering.

However, the interpretation of the Bp?2 , term in Eq. (1)
is less obvious. One possibility is that it comes from the
second-order contribution of the extrinsic skew scattering
as predicted in [28]. Yet its magnitude compared to the
first-order term (Bpixo/ apo =~ 0.7-3.7 for films with
4 < d <93 nm) is much too large for the weak-scattering
limit, arguing unfavorably although not completely ruling
out this possibility. The fact that the Bo 302, term in
Eq. (2) behaves the same as the skew scattering as a
function of temperature (via o2,) implies that the former
is also a kind of impurity originated term. Unfortunately
the calculation of impurity and phonon contributions to the
side jump remains a big theoretical challenge [25], thereby
preventing us from making a definite conclusion about
their relative strengths. However, the new scaling revealed
by the present experiment suggests that this B term is
presumably the long sought after extrinsic side jump if
the phonon contribution to the side jump is not relevant;
this finding should stimulate further theoretical investiga-
tions on the role of phonons in the AHE. Within this
scenario it becomes clear in Fig. 4(b) that o,y is increas-
ingly dominated by the intrinsic Karplus-Luttinger mecha-
nism as other extrinsic processes decay progressively, i.e.,
oan = (Oiy + 0y + o) = oy as 0, — 0. This corre-
sponds to a process in which the extrinsic terms (g + o)
attributed to the impurity scattering ought to be washed
out, thereby shrinking to zero; in the meantime, the intrin-
sic one o;,, which originated from the electronic band
structure of the material, should be the only robust one
that is known to be less sensitive to the temperature.

It should be pointed out that although a simple pay =
bp2, relation can well describe the AHE in bulk Fe whis-
ker measured at room temperature [15], it is evident that
at low temperatures both the skew scattering and side
jump are important and thus cannot be neglected when
comparing with the Karplus-Luttinger intrinsic term;
e.g., in the 6.5 nm film case at 5 K, the skew scattering
Pk = AP0 = —42X 1072 uQcm, and the side jump
psi = Bpio=89X 1072 uQcm, are significant com-
pared with the Karplus-Luttinger intrinsic p;, =
— P2 = 1.4 X 107! uQcm. Even in the bulklike
93 nm film case, the extrinsic contributions at 5 K are by
no means small: pg = —1.4 X 1072 uQ cm, ps = 9.4 X
1073 uQcm, and p;, = 1.5 X 1072 wQ cm. In addition,
the negative sign of « indicates that the skew scattering
contributes to the AHE in Fe in the opposite way as the side
jump as well as the Karplus-Luttinger terms do. Therefore,
in principle the former could exceed the latter and takes
over at low temperature in purer samples with larger o,
or smaller p,. This offers an explanation to a long-

standing striking puzzle that the AHE in Fe changes the
sign simply as the temperature was lowered [15].

At last, our unified physical picture may encompass all
aforementioned diverse possibilities outlined in the intro-
duction. First, it is likely that type (a) corresponds to
situations in which either the material dependent parame-
ters a and B happen to be very small or the measurements
were carried out at temperatures where p.0 << Py,
Second, type (b) actually belongs to a special case of
Eq. (1) where the temperature was fixed very low (so p,, =
Pr0)» and the sample was ultrapure (so pﬁxo terms <<
Poo term), so the equation becomes pag = AP, 0-
Third, we have reanalyzed the raw data of type (c) and
found that the new scaling Eq. (1) can indeed better de-
scribe the experiments. Fourth, type (d) presumably corre-

sponds to a nontrivial case of Eq. (1), where b = — oy,
itself is sensitive to temperature in the range of inter-
est [22].
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