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In this Letter we propose a kinematic model to explain how collisions with a surface and rotational

Brownian motion give rise to accumulation of microswimmers near a surface. In this model, an elongated

microswimmer invariably travels parallel to the surface after hitting it from an oblique angle. It then

swims away from the surface, facilitated by rotational Brownian motion. Simulations based on this model

reproduce the density distributions measured for the small bacteria E. coli and Caulobacter crescentus, as

well as for the much larger bull spermatozoa swimming between two walls.
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Swimming aids the function of microorganisms, such
as enhancing the formation of biofilms on surfaces [1].
Swimming also helps transport sperms toward eggs for
fertilization [2]. The density of cells as a function of
distance from a surface has been measured for swimming
E. coli [3] and bull spermatozoa [4], showing interestingly
in both cases values much higher near the surface than far
away. This near-surface accumulation has mainly been
attributed to the hydrodynamic attraction between the cells
and the surface [4,5]. Recently, Berke et al. [3] combined
the effects of the hydrodynamic attraction and the transla-
tional Brownian motion of the cells to predict the distribu-
tion of E. coli as a function of distance. As noted by the
authors [3], however, this interpretation is not applicable to
cells within 10 �m from the surface, where the cell density
is the highest. The hydrodynamic interaction among the
microswimmers has been shown to be important only at
high cell concentrations [6,7].

In this Letter we present a different account for the near-
surface accumulation. We ignore the hydrodynamic attrac-
tion but emphasize the role of collision with a surface at a
low Reynolds number [8], an interaction that deflects the
swimming direction, and the role of rotational Brownian
motion of individual microswimmers in a confined envi-
ronment. We show that a typical microswimmer with an
elongated shape tends to swim parallel to a surface after
hitting it at an oblique angle and therefore accumulate near
the surface. Rotational Brownian motion [9] then relaxes
the accumulation by randomly changing the swimming
direction so that the cells have chances to swim away
from the surface. In the extreme case of no rotational
Brownian motion, all the cells would end up swimming
in close proximity with the surface. In the opposite extreme
of very fast rotational Brownian motion, the cells will
quickly change to any possible swimming direction and
subsequently would be found anywhere with equal proba-
bility. In reality, a microswimmer randomly changes its
swimming direction with a finite rotational diffusion con-
stant, resulting in a distribution in between the two ex-

tremes, that is, more cells stay near the surface and fewer
far away.
We used the bacterium C. crescentus strain CB15

SB3860 to examine the near-surface swimming and accu-
mulation. Swarmer cells of this mutant swim forward only
and do not follow circular trajectories near a surface [10].
The strains were synchronized with the plate releasing
method [10] to obtain cultures with primarily swimming
cells. The synchronized culture was sealed between a glass
slide and a coverslip with vacuum grease for optical mi-
croscopy observation. Broken coverslip pieces were used
as spacers so that the thickness of the sample chamber is
�200 �m. A 20� objective (Nikon Plan Apo, numerical
aperture of 0.75) was used on a Nikon E800 microscope to
take 5 snap shots of swimming cells at 0.1 s intervals under
darkfield mode using a CoolSnap CCD camera (Princeton
Instruments) and MetaMorph software (Universal
Imaging). The cell density as a function of distance from
the glass surface was measured following the method of
Berke et al. [3]. We noted that although this objective has a
1:4 �m depth of field, cells up to nearly 5 �m off the focal
plane appeared as bright spots. Therefore the measured cell
density was an average over an �10 �m thick layer. The
swimming speed and the rotational diffusion constant were
obtained from the videos taken for cells over 50 �m away
from both surfaces. The average swimming speed was
�45 �m=s. The rotational diffusion constant was mea-
sured from �200 swimming trajectories. The swimming
direction at moment t was taken as the direction from the
position at t to the position at tþ 0:1 s. The change in
direction �’ over time interval �t was obtained and the
rotational diffusion constant Dr was calculated to be
0:12 rad2=s, using the equation h�’2i ¼ 2Dr�t.
With particular interest we examined the 3D trajectories

as the cells approached and swam near a surface, until they
took off. To do so, we focused the objective on the top
surface and recorded the swimming trajectories. Example
trajectories are shown in Fig. 1(a) by overlaying consecu-
tive frames taken at the rate of 10 frames per second. The
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cell body appeared as a sharp bright spot when it was in the
focal plane and as a ring when it was away. Wu et al. [11]
found that the ring size was proportional to the distance of
the cell from the focal plane and therefore could be cali-
brated to determine the distance. Two examples of 3D
trajectories of the cells 1 and 2 in Fig. 1(a) are plotted in
Figs. 1(b) and 1(c). Most cells approached the surface at an
angle and then swam parallel to the surface for some time
before departure. The manner of C. crescentus hitting a
surface is similar to that of E. coli observed with three
dimensional tracking microscopy [12].

We analyzed the force and torque on C. crescentus
swimming near a surface and found that it would invariably
swim parallel to the surface shortly after hitting the sur-
face. As a simple model, we approximated the cell as a
sphere attached with a helical filament of length L pro-
pelled by a longitudinal force Fp. After the cell hits the

surface at an angle �, its velocity component along the
direction normal to the surface [y axis, Fig. 2(a)] becomes
zero. It maintains a swimming speed Vx along the x axis
and a rotation rate � along the z axis (not shown in the
figure). We ignored the increase in hydrodynamic drag on
the cell due to the nearby surface [10,13] and assumed that
the surface only provides a normal force Fs to stop the
swimming along the y axis. The hydrodynamic drag force
on the whole cell (sphere plus helical filament) is split into
components parallel and perpendicular to the long axis, Fk
and F?. The hydrodynamic torque � on the whole cell is

depicted with respect to the sphere center. The forces and
torque are related to the velocity components as
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where Vk ¼ Vx cos� and V? ¼ Vx sin� are the velocity

components along and perpendicular to the helical axis
and A is the friction matrix, for which Aij > 0 and A23 ¼
A32.
At a low Reynolds number, the force balance along x

axis requires Fp cos�þ Fk cos�þ F? sin� ¼ 0 and

torque balance along z direction requires � ¼ 0. Substi-
tuting the hydrodynamic forces and torque with Eq. (1), the
balance equations determine the swimming speed and
rotation rate as

Vx ¼ A33 cos�
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2�þ A22sin

2�Þ � A2
23sin

2�
Fp; (2)

� ¼ A23 sin� cos�
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2�Þ � A2
23sin

2�
Fp: (3)

Since A22A33 > A2
23, the common denominator in the ex-

pressions above is always positive. In the case as shown in
Fig. 2(a), Vx > 0 and �> 0. Therefore the cell swims
toward the right and the filament rotates toward the surface.
We can estimate how fast the cell turns parallel to the

surface as its head glides on the surface. Mathematically,
the cell would take an infinitely long time to become
parallel to the surface, as calculated from Eq. (3). In
practice, however, since the rotational Brownian motion
of C. crescentus varies its orientation by 0.1 rad within less
than 0.1 sec, we estimate instead the time needed for the
cell alignment with the surface to fall below 0.1 rad. The
parameters for a typical C. crescentus [10,14] are A11 ¼
2:2� 10�8 N sm�1, A22 ¼ 2:5� 10�8 N sm�1, A33 ¼
1:9� 10�19 Nm s, and A23 ¼ 5:3� 10�14 N s. The pro-
pulsive force is Fp ¼ A11V � 1� 10�12 N, where V is the

bulk swimming speed. The rotation rate after hitting a
surface is shown in Fig. 2(b), which reaches 9 rad=s at
55�. If a cell hits the surface at an angle �0, the time for it to

become parallel is
R�0
0:1 d�=� [Fig. 2(b)]. This is less than

0.2 s for a typical angle of �0 ¼ 30�, and less than 0.3 s for
an angle as large as 85�. Therefore in the following dis-
cussion we state in a practical sense that a cell becomes
parallel to the surface after a collision.
Now we examine how a swimming microorganism takes

off after hitting a surface. To further simplify the model, we
approximate the elongated swimmer propelled by a longi-
tudinal force as a nonuniform rod [Fig. 3(a)]. This rod
swims forward at speed V in the bulk fluid. The rod has
a rotation center at position O, which is of a distance L1

away from the head and L2 away from the tail. Since the
head has a larger drag per unit length than the tail does,
L1 < L2. Because of its small size, the rod undergoes
constant Brownian motion with a rotational diffusion con-
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FIG. 2. (a) Force and torque analysis of a forward swimming
cell hitting a surface. (b) Required time (solid) for the cell to
become parallel to the surface and the rotation rate (dashed) as
functions of angle �.
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FIG. 1 (color online). Trajectories of Caulobacter swarmer
cells swimming near a glass surface. (a) Overlay of 40 consecu-
tive darkfield images taken at 10 frames per second. (b) and
(c) are 3D plots (red circles) and projections (blue lines) on the
glass surface of the trajectories of cells 1 and 2 in (a). Arrows
indicate the swimming directions.
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stant Dr and translational diffusion constant Dt. Since
A11 � A22, we ignore the angle dependence of Dt.

The change in distance of the rotation center to the
surface, y, is determined by the translational Brownian
motion and the swimming direction, which is constantly
altered by the rotational Brownian motion. Over a time

interval �t, �y ¼ V sin��tþ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Dt�t

p
, and �� ¼

&
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Dr�t

p
, where � and & are random numbers with zero

mean and unit variance. The translational Brownian mo-
tion contributes much less than swimming to the displace-
ment for microorganisms swimming at tens of �m=s.
When near the surface, the changes in distance and angle
are also restricted by the solid surface to satisfy y �
L1 sinð��Þ when the head is closer to the surface and y �
L2 sin� when the tail is closer. Similar restrictions hold
when a cell is near the top surface. KnowingDt andDr, we
can track the distance y and angle � over time. The
distance of the head from the surface h, which is what
was measured in the experiment, is determined by h ¼
yþ L1 sin�. The probability distribution of a cell at dis-
tance h is obtained by tracking a cell swimming between
the two surfaces over 106–107 sec .

We simulated the distance and angle of swimming
C. crescentus between two glass surfaces separated by
200 �m. The cell was treated as a L ¼ L1 þ L2 ¼ 6 �m
rod, with a typical Dt of 0:1 �m2=s and the measured Dr

of 0:12 rad2=s. The rotation center was approximated
at a position where L1 ¼ 0:3L. Figure 3(b) shows ex-
amples of distance [red (gray)] and angle [blue (black)]
varying over time. The cell hits the top and bottom sur-
faces repeatedly as it swims between them. The simulated
distance from the bottom surface was recorded every 0.1 s
and a histogram of distances was made using a bin size of
10 �m. The simulated distribution is plotted in Fig. 4 [blue
(black)] and compared with the measured one for C. cres-
centus (up triangle). The simulation clearly shows higher
densities near the surfaces, with the entire profile in ex-
cellent agreement with the measurements.

This model is also applicable to the distribution of
E. coli and bull spermatozoa between two surfaces. We
took the cell number distribution of E. coli from Ref. [3]

and that of bull spermatozoa from Ref. [4], converted
them to probability density, and plotted them in com-
parison with that of C. crescentus in Fig. 4. E. coli is
similar to C. crescentus in size and it is reasonable that
they have similar distributions. Bull spermatozoa are 10
times larger, yet surprisingly the distribution is similar to
that of bacteria. Nevertheless, this similarity is actually
predicted by our model. To simulate for bull spermatozoa
for comparison, we treated it as a 60 �m long rod swim-
ming at 45 �m=s, the same speed as C. crescentus, with a
Dt of 0:01 �m2=s and a Dr of 10�4 rad2=s, which is
�1000 times smaller than that of C. crescentus. The simu-
lation results show only a small difference in density
distribution between the bull spermatozoa [red (gray)]
and the C. crescentus [blue (black)], despite the large
difference in Dr.
We estimate the density distribution analytically by

treating swimming trajectories as semiflexible polymers.
A swimming trajectory in bulk fluid can be described
equivalently as the contour of a semiflexible polymer
with a persistence length Lp ¼ V=Dr [15]. Our simulation

shows that microswimmers with different V and Dr values
but the same persistence length of swimming trajectories
have the same near-surface distribution (data not shown).
In the simulation we obtained the histogram of distance
using a bin size of 10 �m, which is equivalent to dividing
the fluid between the two glass surfaces into layers of
thickness �h ¼ 10 �m and acquiring the probability of
finding a microswimmer in each layer. The probability of

FIG. 4 (color online). Comparison between simulated density
distributions at rotational diffusion constants 0.12 [blue (black)]
and 0.0001 [red (gray)] rad2=s and the measured distributions of
C. crescentus (up triangles), E. coli (down triangles, Ref. [3]),
and bull spermatozoa (squares, Ref. [4]). Inset compares simu-
lated distribution at rotational diffusion constants of 10 (dia-
monds), 1 (circle), 0.1 (triangles), and 0.0001 (squares) rad2=s at
a swimming speed of 50 �m=s, corresponding to rod lengths of
�1:3, �2:8, �6, and �60 �m, respectively. The dotted lines
indicate the probability density if there is no surface accumu-
lation.
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FIG. 3 (color online). (a) Rod model of a microswimmer near
surface. The black end represents that of the cell body and the
gray end the flagellar filament. (b) An example of simulated
distance h [red (gray)] and angle � [blue (black)] as functions of
time for the microswimmer, using the parameters of C. cres-
centus. The two surfaces are separated by 200 �m.
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finding a microswimmer within a layer is proportional to
the average length of the trajectories in that layer. The
average trajectory length is equivalent to the average con-
tour length of a semiflexible polymer with one end laid on
the wall surface and the other free. The average contour
length before the far end wanders a distance h from the

surface, if h � Lp, is estimated to be Lc � h2=3L1=3
p [16].

Accordingly, the average contour length in the nth layer

from the surface where the polymer originates is Lcn �
½n2=3 � ðn� 1Þ2=3�ð�hÞ2=3L1=3

p . Normalized by that in the
first layer, the relative contour length in the nth layer is

n2=3 � ðn� 1Þ2=3, which is independent of the persistence
length, as long as n�h � Lp. This approximation is ex-

cellent for bull spermatozoa (Lp � 400 mm) and rea-

sonably adequate for C. crescentus (Lp � 400 �m).

Therefore, despite the difference in persistence length by
1000 times, density distributions of these two systems are
similar, as seen in the results of both observation and
simulation. The relative density ratios among the first 5
slices are 1, 0.59, 0.49, 0.44, and 0.40, respectively, drop-
ping sharply when close to the surface and then slowly at a
distance away. The agreement with observation and simu-
lation indicates that the above estimation captures the basic
physical picture, although we have ignored factors such as
the re-entrance of the trajectory into a layer it has left, the
repeated collisions with the wall in the first layer, and the
contribution of polymers started from the other surface.
Note that this estimation is only valid for very large per-
sistence length. The accumulation effect is weaker for
trajectories of shorter persistence length, corresponding
to even smaller microswimmers with larger Dr (inset of
Fig. 4).

In this model we have ignored the hydrodynamic inter-
action between the swimming cell and a nearby surface,
which carries the forward swimming cell towards the
surface. Berke et al. [3] calculated this effect for bacteria
when the cell is>10 �m away from the surface. A simple
estimation shows that this effect is much smaller than the
combined effect of rotational Brownian motion and swim-
ming when the cell is nearly parallel to the surface. For
example, at a distance h ¼ 10 �m and angle � ¼ 0:1 rad,
calculation based on their model yields a reorientation rate
of �0:01 rad=s and a speed of �1 �m=s towards the
surface, while in 1 s the rotational Brownian motion reor-
ients the cell by as much as 0.4 rad on average, resulting in
a change in the component of swimming speed normal to
the surface up to 10 �m=s. When the distance is less than
1 �m, the near-field hydrodynamic interaction tends to tilt
the flagellar filament away from the surface [17]. The tilt
angle is smaller than 0.01 rad for a typical bacterium,
which has negligible effect compared with the extent of
frequent changes in orientation caused by rotational
Brownian motion. The near-field hydrodynamic interac-
tion may prolong the dwell time of the cell near the surface
[13]. This effect on the density distribution, however, is

expected to be limited since the distribution is binned by
10 �m in distance. The hydrodynamic interaction in the
range of 1 to 10 �m is not adequately described theoreti-
cally. Its effect on distribution of cells in this range, how-
ever, proves to be secondary by the good agreement
between the experimental measurements and the simula-
tion results ignoring it. The analysis above also agrees with
recent computations showing that hydrodynamic interac-
tion between microswimmers and the surface does not
qualitatively alter the distribution [8].
In conclusion, we have demonstrated major effects of

collision and rotational Brownian motion on near-surface
accumulation of swimming microorganisms. The collision
with a surface resets the swimming direction to be parallel
to it and the rotational Brownian motion then randomly
alters the swimming direction. The combination of these
two effects leads to the accumulation. An excellent agree-
ment is obtained between the simulations based on this
picture and the experimental results.
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