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Nonlocal effects occur in many nonequilibrium interfaces, due to diverse physical mechanisms like

diffusive, ballistic, or anomalous transport, with examples from flame fronts to thin films. While dimen-

sional analysis describes stable nonlocal interfaces, we show the morphologically unstable condition to be

nontrivial. This is the case for a family of stochastic equations of experimental relevance, paradigmatically

including the Michelson-Sivashinsky system. For a whole parameter range, the asymptotic dynamics is

scale invariant with dimension-independent exponents reflecting a hidden Galilean symmetry. The usual

Kardar-Parisi-Zhang nonlinearity, albeit irrelevant in that parameter range, plays a key role in this

behavior.
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The interface dynamics of many nonequilibrium sys-
tems arises from the interplay between nonlocal interac-
tions and morphological instabilities. Examples range from
flame front propagation to thin film growth [1]. Often,
although the basic physical interactions are short-ranged
and local, the evolution is driven by nonlocal effects im-
plicitly (via projection of the overall dynamics on the
interface) or explicitly (as in elastic media or viscous
flow) [1]. These nonlocalities appear in many fields,
diffusion-limited growth being a prominent example.
Here, although diffusion events of aggregating units are
local, the morphology of a growing cluster is dominated by
shadowing of the most prominent surface features over less
exposed ones. Hence, the local growth velocity depends on
the global surface shape. This moreover leads to the classic
Mullins-Sekerka (MS) morphological instability [1],
whereby prominent features grow faster. Still, nonlocality
and morphological stability are independent properties.
Thus, we may consider diffusion-limited erosion (DLE)
[2,3], qualitatively relevant to experiments on, e.g., ion
irradiation smoothing [4]. Here the most exposed surface
features are eroded faster, leading to nonlocal stable inter-
face evolution in which differences in surface height are
smoothed out.

Often [3], the nonequilibrium dynamics of these inter-
faces can be cast into a stochastic equation for the surface
height hðr; tÞ at time t and point r on a d-dimensional
substrate. Assuming translational and rotational symmetry,
we propose the following equation (after space Fourier
transform F )

@thkðtÞ ¼ ð��k� �Kkm �N knÞhkðtÞ þ �

2
F ½ðrhÞ2�

þ �kðtÞ: (1)

Here,�,m, n,K, andN are positive constants (0<� �
2, m � 2, and n > m; see below), the linear dispersion

relation !k � ��k� �Kkm �N kn [5] providing the
amplification rate for periodic disturbances (with wave
vector k) of a planar interface. The term proportional to
� is the Kardar-Parisi-Zhang (KPZ) nonlinearity, generi-
cally expected whenever the interface evolves in the ab-
sence of conservation laws [3], while �kðtÞ is Gaussian
uncorrelated noise. Indeed, equations like (1) have been
derived from constitutive laws, and from symmetry argu-
ments, as weakly nonlinear, long wavelength (k ¼ jkj �
1) descriptions of a variety of systems [1,3,6]. Locality
holds whenever !k is a polynomial in k2, as for the
celebrated Kuramoto-Sivashinsky (KS) equation [6] (� ¼
2, m ¼ 4). In contrast, nonlocality is associated with odd
or, generically, noninteger powers of k, Eq. (1), depending
on slowly decaying kernels in real space [7]. Important
examples are the MS or Saffman-Taylor instabilities (� ¼
1, m ¼ 3) [8] and also the Darrieus-Landau instability
occurring in the propagation of a premixed laminar flame
[9], for which the gas expansion produced by heat induces
wrinkles on the flame front, and � ¼ 1, m ¼ 2 [10].
Remarkably, growing interfaces controlled by ballistic
transport are described by an identical dispersion relation
[11]. In all these cases, the instability is induced by the
��k�hkðtÞ term. In general, the unstable (� < 0) nonlocal
Eq. (1) has been proposed as a universal description of
systems in which long-range interactions persist at the
level of amplitude descriptions [7], while its stable (� >
0) counterpart, studied in the context of kinetic roughen-
ing for the � ¼ 0 case [3], has been proposed [12] as a de-
scription of surface growth mediated by long-range surface
hopping mechanisms like Lévy flights. Indeed, k�hkðtÞ is a
fractional power of the Laplacian operator, employed to
describe anomalous diffusion [13]. Moreover, unstable
dispersion relations of the same form as in Eq. (1) have
been seen to describe effectively (for 0<�<2, m ¼ 2)
experiments of surface growth by electrodeposition [14].
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While the stable version of Eq. (1) leads to scale invari-
ant interfaces whose critical exponents follow from dimen-
sional analysis for � ¼ 1 [2], and can be obtained
analytically for generic � [15], the behavior for the un-
stable cases has remained poorly understood. In this work,
we show that they are novel and unexpected, having a
number of remarkable features. While, as in the KS sys-
tem, the KPZ nonlinearity stabilizes the short time insta-
bility, now it does not control the asymptotic scaling for a
whole parameter range. This is, rather, controlled by the
��k�hkðtÞ term, and differs from that of the stable (DLE-
type) case because (i) it does not follow from dimensional
analysis, (ii) it is d-independent, and (iii) associated with a
Galilean invariance that is hidden (nonexplicit) in Eq. (1).

In order to be specific, we will consider the cases for
which m ¼ 2, and 0<� � 2. We have checked that the
long-distance properties are unmodified for stabilizing
terms with m> 2 and for nonzero N . Note that, while
the � ¼ 2 limit of Eq. (1) (in the unstable case) is the
(noisy) KS equation, cases with �< 2 correspond to
superdiffusive surface relaxation. A conspicuous instance
is � ¼ 1, for which relaxation is ballistic, with Eq. (1)
becoming a stochastic generalization of the Michelson-
Sivashinsky (SMS) equation, derived, e.g., for reactive
infiltration in porous media [16]. In the deterministic
case (� ¼ 0), it was obtained [10] for premixed laminar
flames near instability onset. Now !k incorporates the

Darrieus-Landau instability, with K being related with
the Markstein length in the combustion problem [9].
We can thus gain insight into the dynamics described by

Eq. (1) by first considering the � ¼ 1 SMS case. For
convenience, notice that, for N ¼ 0, Eq. (1) depends on
a single independent parameter after appropriate rescaling
of h, k, and t; we choose it to be the noise amplitudeD. We
show in Fig. 1 the evolution of the global surface roughness
WðtÞ (root mean square fluctuation of the surface height) as
computed from a numerical integration of Eq. (1) with
� ¼ 1, using the pseudospectral method described in
[8,17]. As we see [inset of Fig. 1(a)], in the unstable case
an initial transient is followed by a fast increase of W due
to the linear instability, that is followed by power law
growth of the form WðtÞ � t� with � ¼ 1:14.
Qualitatively, and similarly to the KS system, nonlinear
effects stabilize the morphological instability, although
they do not operate in exactly the same fashion, as sug-
gested by the noiseless limits: while nonlinear cell inter-
action leads to spatiotemporal chaos in the KS case [3,6],
the (long time) nonlinear shape reached for the MS equa-
tion is a giant cusp that responds to noisy perturba-
tions by creation or annihilation of smaller cusps [18].
Quantitatively, the value of � signals very fast growth in
the context of surface kinetic roughening [3], but Fig. 1
proves it to be associated with genuine surface scale in-
variant behavior. The power spectral density or surface
height structure factor Sðk; tÞ ¼ hjhðk; tÞj2i is shown in
Fig. 1(a) for different times (two-color set of curves).
While short times are dominated by the peak associated
with the linear instability, for longer times the Sðk; tÞ
curves actually fulfill the Family-Vicsek scaling ansatz
[3], leading to asymptotic scaling of the form Sðk; t !
1Þ � 1=k2�þd with a value of the roughness exponent
that we estimate from data collapse [3] as � ¼
1:05� 0:05. Likewise we estimate a dynamic exponent
value z ¼ 0:92� 0:05. These values contrast strongly
with those of the stable case [2,3], � ¼ 0 and z ¼ 1,
implying � ¼ �=z ¼ 0, namely, logarithmic increase of
the roughness; see the upper curve in the inset of Fig. 1(a).
Numerically, for the unstable condition we obtain ex-

ponent values compatible with �þ z ¼ 2, and z ¼ �.
Moreover, these equalities hold in higher dimensions, as
can be checked in [19] for the (� ¼ 1) (2þ 1)-
dimensional case, where we obtain � ¼ 1:10� 0:05, z ¼
0:90� 0:05. In general, the large value of the roughness
exponent implies a strong persistence in the height fluctu-
ations, leading to suppression of small surface features.
Actually, for � ¼ 1 the surface height field is a self-similar
(rather than self-affine) fractal, related with the disordered
but somehow hierarchical morphologies (small cusp mo-
tion [18]) that are produced [20]. On the other hand, z ¼ 1
relates with the ballistic nature of the surface relaxation
mechanism implied by the ��khkðtÞ term in the evolution
equation. Experimental realizations of these scaling rela-
tions are available, e.g., for plasma-etched Si(100) inter-
faces � ¼ 0:96 and z ¼ 1:05 [21].
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FIG. 1 (color online). Sðk; tÞ curves for Eq. (1) (d ¼ 1) with
� ¼ 1 (times between t ¼ 200 and t ¼ 2000, bottom to top) (a),
and � ¼ 1=2 (times between t ¼ 20 and t ¼ 100) (b). In each
panel the stable case is the (single color) lower set of curves and
the unstable case is the (two-color) upper set. Insets provideWðtÞ
vs t for the unstable (lower curve, lower right axes) and stable
(upper curve, upper left axes) conditions. Parameters are j�j ¼
K ¼ � ¼ 1 and D ¼ 10�2 (a) and 10�4 (b) (D ¼ 1 for the
stable conditions). System size is L ¼ 214, except for the un-
stable cases L ¼ 210 (a) and 213=5 (b). All axes are in arbitrary
units. In each case kmax ¼ �=�x with �x the space discretiza-
tion unit.
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We have also studied Eq. (1) for other values of �, both
for (1þ 1)- and (2þ 1)-dimensional systems. Results are
shown in Fig. 1(b) and [19] for � ¼ 1=2< 1, that corre-
sponds to an unexplored (to our knowledge) instance of
unstable superballistic (Lévy flight type) interface relaxa-
tion [12]. As we see in the figures, the qualitative behavior
is similar to the SMS (� ¼ 1) case, especially at large
length scales. Quantitatively, we obtain � ¼ 1:52� 0:03,
z ¼ 0:44� 0:03 in d ¼ 1 and � ¼ 1:55� 0:05, z ¼
0:45� 0:05 in d ¼ 2. As a reflection of the strong relaxa-
tion mechanism note, however, how Sðk; tÞ increasingly
approaches for long times and high k the power law that
sets in at large distances, leading eventually to a single
power law describing the whole range of scales in the
system. This contrasts markedly with the time evolution
of the power spectrum for local interfaces (even in the
unstable case) displaying crossover phenomena [3], and
even with the SMS behavior. On the other hand, the rough-
ness and dynamic exponents change quantitatively as com-
pared with the latter, albeit still fulfilling the d-independent
scaling relations z ¼ � and �þ z ¼ 2. In our simulations
this seems to be the case for all values 0<�< zKPZðdÞ,
where zKPZðdÞ is the dynamic exponent of the KPZ equa-
tion for d-dimensional substrates (3=2 for d ¼ 1, 1.61 for
d ¼ 2 [22]). At each dð¼ 1; 2Þ, we obtain � and z expo-
nents that take (d-dependent) KPZ values for zKPZðdÞ �
� � 2 [23]. Note that � ! 2� is not a well-defined limit
for fixed m ¼ 2, N ¼ 0. In this case, we allow, e.g., for
N � 0 with n ¼ 4 [5], the � ¼ 2 limit becoming the
stochastic KS equation. In the noisy case, the scaling
properties are indeed expected to be those of the KPZ
equation [24,25].

Note that the exponent relation�þ z ¼ 2 is well known
to be associated with the Galilean invariance of the KPZ
equation [3,26]. In our case it comes as a surprise since
power counting arguments [2,3] suggest the irrelevance of

the KPZ nonlinearity. Indeed, if we rescale ~hðr; tÞ ¼
b��hðbr; bztÞ with b>1, then ~h satisfies Eq. (1) with
modified parameters ~� ¼ bz���, ~K ¼ bz�2K, ~� ¼
b�þz�2�, and ~D ¼ bz�2��dD. Since � is the most relevant
parameter, scale invariance is expected with z ¼ � and
z ¼ 2�þ d. The latter relation is hyperscaling, associated
with nonrenormalization of the noise amplitude, given that
the K ¼ N ¼ � ¼ 0 limit of Eq. (1) is variational and
has (in the stable case) the asymptotic height distribution
P fhg / exp½ð��=2ÞR k�jhkj2dk�. Indeed, all these prop-

erties are fulfilled for � > 0, e.g., the ensuing negative
values of � ¼ ð�� dÞ=2 for small enough � signalling
flat interfaces for d � 1 (see insets of Fig. 1 and [19])
[2,12,15]. Moreover, these results for the morphologically
stable condition suggest that Eq. (1) is not Galilean invari-
ant [8], as confirmed through the usual tilt transformation
[3].

In order to account for the scaling properties of the
unstable condition we thus need to improve on the previous
dimensional analysis. To this end, we perform a dynamic

renormalization group (DRG) study of Eq. (1) for m ¼ 2
andN ¼ 0. Following the standard procedure [26,27], we
arrive at the following one loop RG parameter flow for
arbitrary d:

d�

dl
¼ �½z���; d�

dl
¼ �½�þ z� 2�; (2)

dK
dl

¼K
�
z�2��2DKd

4d

ðd�2ÞKþðd��Þ�
KðKþ�Þ3

�
; (3)

dD

dl
¼ D

�
z� 2�� dþ �2DKd

4ðKþ �Þ3
�
; (4)

where the coarse graining is performed in an infinitesimal
shell k 2 ½�ð1� dlÞ;�� within the band of linearly stable
(large) wave vector values, we fix the lattice cutoff,� ¼ 1,

and Kd ¼ 2=½ð4�Þd=2�ðd=2Þ�. Naturally, Eqs. (2)–(4) gen-
eralize the KPZ flow for nonzero � and inherit the known
analytical limitations of the latter [3,27]. Still, they carry
valuable information. Thus, a detailed analysis yields the
same fixed point structure as for the KPZ equation, with the
addition of two new nontrivial fixed points. One is asso-
ciated with hyperscaling (z ¼ �, z ¼ 2�þ d) and corre-
sponds to the stable interfaces, while the second one
implements Galilean invariance (z ¼ �, �þ z ¼ 2), and
is the one found in our simulations for the morphologically
unstable condition. For d ¼ 1 and increasing �, this fixed
point merges with the KPZ one at exactly � ¼ zKPZð1Þ,
losing stability in favor of the latter for larger values
zKPZð1Þ � � � 2, justifying our numerical observation of
KPZ scaling in this range of �. For d ¼ 2, as it is well
known, the KPZ fixed point is at infinity while the Galilean
fixed point remains finite only up to � ¼ 4=3< zKPZð2Þ.
Our simulations indicate KPZ scaling for zKPZð2Þ<� �
2. In general for d ¼ 1; 2, the competition between the
noise and the nonlinear terms [28] induces the KPZ value
for the roughness exponent which, combined with Galilean
invariance, yields � irrelevant for � � zKPZðdÞ (albeit still
without � renormalization, at variance with the KS case

FIG. 2 (color online). Summary of scaling properties of Eq. (1)
for � 2 ð0; 2�, extrapolated to general d. MS KPZ has � ¼ 1,
m ¼ 3 [8], being asymptotically equivalent to the SMS equation.
KS denotes the noisy KS equation. 3=2 � zKPZðdÞ increases for
increasing d � 1 [22].
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[3]). Given that zKPZðdÞ � 2 all the way up to the upper
critical dimension [3], we hypothesize that, for Eq. (1),
KPZ scaling occurs for zKPZðdÞ � � � 2. We summarize
the asymptotic properties of the family of unstable non-
local equations (1) for 0<� � 2 in Fig. 2, marking cases
for which simulations are provided.

Although the fixed point structure of the RG flow agrees
with our numerical simulations, several questions arise. On
one hand, there is the interference [3] between the typical
length scale set in by the morphological instability and the
analytical structure of the flow [the pole of Eqs. (3) and (4)
forKþ � ¼ 0] [24,25]. On the other hand, the role of the
KPZ nonlinearity in Eq. (1) is very special. Thus, while
here it does not control the scaling properties for all
parameter values, in marked contrast with the KS case
(at least for d ¼ 1) [3], it is definitely required as in the
latter in order to stabilize the system dynamically for
intermediate to long times. In the RG language, as long
as�< zKPZðdÞ, the KPZ nonlinearity needs to renormalize
somehow to zero in infinite RG flow ‘‘time.’’ This may be
related with the peculiar fact that � is a singular perturba-
tion to the linear equation in (1), and while the exponents
are not those of the KPZ universality class for these �
values, they do satisfy its Galilean invariance, even though
the dynamical equation does not. Notice that such a sym-
metry allows one, through Eq. (2), to have a nonzero � at
the fixed point. Thus, in some way the asymptotic dynam-
ics preserves the nonlinearity required for dynamical
stability. The ensuing Galilean scaling relation, combined
with the one originating in power counting (the condition
for nonzero � at the fixed point), allows our RG flow to
succeed in describing the results of the numerical simula-
tions, in a way that is reminiscent of the ‘‘accidental’’
success of the DRG for the d ¼ 1 KPZ equation [27]. In
any case, one may think of the Galilean symmetry as
hidden: even though the underlying equation does not
have it, the hydrodynamic behavior displays it. Explicit
Galilean invariance of the dynamical equation seems suf-
ficient but not necessary for it to be a feature of the large-
scale properties.

Beyond their role as realistic descriptions of experimen-
tal interfaces (additional examples exist for electrodeposi-
tion [14] and for unstable flame propagation [29]), these
equations are interesting for their combination of nonlo-
cality and fluctuations, having remained poorly understood
to date [7]. Moreover, they may account for similarities
between diffusive and ballistic surface growth [8,11].
Finally, still several theoretical puzzles (as, e.g., the d
independence of the exponents in the small � range)
remain as a challenge for future research.
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