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We find that the spin resonance mode mediator scenario can explain important anomalies observed in

the superconducting (SC) high-Tc cuprates: the famous low energy nodal kink with its doping depen-

dence, the U-shaped form of the SC gap angular dependence, the anomalous form of electron density of

states, the high absolute value of the SC gap, and some other unconventional properties.

DOI: 10.1103/PhysRevLett.102.207003 PACS numbers: 74.20.Rp, 74.20.Mn, 74.72.�h

After 20 years of intense research the mechanism of
superconductivity in the high-Tc cuprates is still unknown.
The observed structure of the low energy electron spectrum
is often considered as a signature of a strong electron
coupling to some boson, which then is suspected to be a
mediator of the SC pairing. If so, possible candidate bosons
should be submitted to the following tests: First, an explicit
relation between the electron spectrum anomalies (such as
the nodal kink [1–4] position, the tunneling density of
states (DOS) anomaly [5–7] positions,. . .) and the boson
characteristics should be established. Second, the candi-
date boson should provide the features of the SC pairing
known from experiment: the order-parameter symmetry
(nodes, sign change in the Brillouin zone (BZ)), the devia-
tion from the d-wave form in the SC gap angular depen-
dence (the so called U-shaped form [8–10]), its high
absolute value. Third, the same scenario should be able
to explain other unconventional properties of the high-Tc

cuprates, or at least some of them. Here we consider the
famous spin resonance mode (SRM) as a candidate boson.
We ask the following questions: Would features of the
mediated SC state have something similar to the anomalies
observed in the high-Tc cuprates? If so we will submit the
spin resonance mode to the tests formulated above. The
results are discussed in the end of the Letter.

Strong antiferromagnetic spin fluctuations in the super-
conducting cuprates have been discovered quite early.
Their most prominent and intense feature is the resonance
peak, seen by neutron at wave vector Q ¼ ð�;�Þ [11,12].
A possible theoretical explanation was provided early in
[13,14]. Later on it was shown [15] that more generally a
resonance collective mode with a slight downward disper-
sion!p should develop in the d-wave type SC state. Such a

mode indeed was observed experimentally, first in [16] and
later in a number of neutron experiments. Its properties are
imposed by its nature [15]: Being a bound state exciton
mode it develops inside the gap in the electron-hole con-
tinuum. Since this gap area is limited not only in energy but
also in momentum, the mode is characterized by the ending
wave vector qend, where it approaches the electron-hole
continuum and its intensity becomes negligible. The mode
should be coupled strongly to the electron system since its

existence in itself is a signature of strong electron-spin
coupling. From a microscopic point of view, such a cou-
pling is present in the t-J model, the most adequate model
for the low energy physics of the CuO2 plane. Despite the
presence of this microscopic background, we will stay on a
more phenomenological level using in the calculations the
characteristics observed experimentally for SRM and a
phenomenological parameter for its interaction with elec-
trons. For bare electrons corresponding effectively to the
CuO2 plane, the spectrum is �0k� ¼ �2tðcoskx þ coskyÞ �
4t0 coskx cosky �� with a saddle point (SP) at k ¼ ð0; �Þ.
Overview of the formalism.—In the SC state the electron

Green function Ĝ is a 2� 2 matrix with the diagonal
(Normal) component GN describing off-condensate elec-
trons and the off-diagonal (Anomalous) component GA

describing pairing correlations. The Dyson equation relates
them to the self-energies �N , �A:

GNðk;�Þ ¼ �þ ekð��Þ
Dðk;�Þ ; GAðk;�Þ ¼ �A

kð�Þ
Dðk;�Þ ;

Dðk;�Þ ¼ ½�� ekð�Þ�½�þ ekð��Þ� � j�A
kð�Þj2;

(1)

ekð�Þ ¼ �0k þ �N
k ð�Þ. The self-energy due to electron-

spin exchange is given by �̂ ¼ �̂0Ĝ K̂ �̂ (where K̂, �̂ and

�̂0 are the spin Green function, full and bare vertices) or
explicitly for its components by

�N;A
k ð�Þ ¼ � 3~g2

4N

X
p

ZZ d!

�

d�

�
ImGN;Aðpþ k; �Þ

� ImKðp; !Þ cothð!=2TÞ þ tanhð�=2TÞ
!þ ���� sgnð�Þi� ; (2)

where we introduced the effective interaction ~g2Î ¼ �̂�̂0.
The boson propagator is taken in the form chosen to best
reproduce the SRM properties, ImKðq; !Þ ¼ aq�ð!�
!qÞ, aq ¼ A½1� bðq2x þ q2yÞ��ðq� � q�endÞ, q ¼ Q� p,

qend ¼ q�endn, � ¼ 0 stands for the direction (1,0), we

neglect the SRM weak dispersion, !q ¼ !r. The spin-

electron coupling is characterized by � ¼ 1
N

3~g2

2!r

P
qaq.
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Equations (1) and (2) represent a couple of nonlinear
integral equations that is difficult to resolve. The often
used simplification consisting to neglect the self-energy
momentum dependence (or to impose a momentum-energy
factorization keeping the same energy form for all wave
vectors), see, for example, [17] being justified in the case
of isotropic electrons and s-wave pairing is not justified for
the cuprates given the high anisotropy of the observed
electron Fermi surface (FS) and of the SC gap. Another
simplification, the linearization of the equations (suppos-
ing the SC gap, � ! 0) is relevant only near Tc. Such
approximation was used in [18], where spin fluctuations
were probed for SC pairing in the cuprates for the first time.
The fluctuations themselves were taken of relaxation type
that is also relevant only near Tc. The equations similar to
(1) and (2) with a resonance spin propagator were consid-
ered in [19]. But they were not solved self-consistently and
the problem of SC pairing was not treated.

We solve the equations on the real axis using the pa-
rameters: For electrons: t0=t ¼ �0:3, �0ð0;�Þ ¼ �0:4t (to

get the FS similar to that observed by ARPES). For
SRM: The ImK 2D q-distribution is taken of diamond

form [15,20], q�end ¼ qendðcos�þ sin�Þ�1. The energy is

taken!r ¼ 0:12t (the observed!r � 30–40 meV depend-
ing on doping and t� 300 meV). For qend we probe two
values, low and intermediate, giving a qualitatively differ-
ent electronic behavior as we will see (qend ¼ 0:22 if not
specified). The interaction is taken ~g ¼ 4t.

The obtained self energies (important examples are
presented in Fig. 1) allow calculation of different ob-
servable properties: For example the renormalized elec-

tron spectrum is given by Eq. � ¼ �Ekð�Þ �
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~�2kð�Þ þ�2

kð�Þ
q

when quasiparticles are well defined

[~�kð�Þ ¼ ð�0k þ�þ
k�Þ=Zkð�Þ, the energy dependent SC

gap is �kð�Þ ¼ j�A
kð�Þj=Zkð�Þ, the renormalization fac-

tor is Zkð�Þ ¼ 1� ��
k�=�, ��

k� ¼ ð�N
k ð�Þ �

�N
k ð��ÞÞ=2]. Otherwise, the electron ‘‘spectrum’’ is de-

termined by peaks of the spectral functions Aðk;�Þ ¼
jImGNðk;�Þj as a function of � for fixed k [energy
distribution curves (EDC’s)]. The electron DOS is deter-
mined by Nð�Þ ¼ 1

N�kjImGNðk;�Þj. The SC gap in the

direction� is given by�� � ��
kF
ð� ¼ ��

kF
Þ, the spectrum

by Ek � Ekð� ¼ EkÞ, ~�k � ~�kð� ¼ ~�kÞ. In a close vi-
cinity of �F one can present ~�k ¼ v�

Fðk� k�FÞ=ð1þ 	�Þ,
the form that introduces the dimensionless electron-spin
coupling 	� ¼ Zk�F

ð0Þ � 1, similar to the electron-phonon

case but angle dependent (the azimuthal angle � is deter-
mined in the inset of Fig. 1).
Renormalized electron spectrum.—Its most important

feature is a fractionalization whatever is the direction in
the BZ. [The typical spectrum looks like in Fig. 2(a).] The
fractionalization appears already in the unpaired electron
spectrum ~~�k obtained when calculating Aðk;�Þ with
�A ¼ 0, black lines. [In the paired electron spectrum a
splitting of the low energy branch occurs in addition (red
lines).] To understand the effect let us remind that in the
self consistent calculations the renormalized spectrum is
determined by the self-energies that in turn are determined
by this spectrum. The low energy part of the spectrum
given by Ek with ~�k ¼ v�

Fðk� k�FÞ=ð1þ 	�Þ and ��,
produces sharp peaks in Re�N;A and Im�N;A near � ¼
��1 ¼ �ð!r þ ��Þ; see Figs. 1(a)–1(c). As a result, the
energies ��1 turn out to be ending points in the low
energy coherent electron spectrum: the branch n ¼ 1 is
formed. The pseudogap above the branch n ¼ 1 appears
being related to the high value of jIm�N;Aj. Above the
pseudogap, coherent electrons reappear forming second
branch (n ¼ 2 satellite). This branch forms high energy
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FIG. 1 (color online). Self-energies for different �k ¼ k=� in
the antinodal (a), (b), and nodal (c), (d) regions. Solid lines
correspond to tRe�N;A, dashed lines to�jtIm�N;Aj, blue lines in
(a) to the non-self-consistent �N

ð0;�Þ calculated with imposed

d-wave gap. In (c) qend ¼ 0:32. Note that the form of �
dependences depends much on k and qend, compare (a) and
(c), (c) and (d). Inset shows the schematical FS.
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FIG. 2 (color online). Electron spectrum near (0, �) (a) and
electron DOS (b). In (a) black lines correspond to unpaired
electron spectrum ~~�k; for the paired electron spectrum, the
branch n ¼ 1 (black dashed line) splits into two (red lines),
the high energy branches are practically unchanged. Calculated
	�¼0 ¼ 1:2. Blue lines correspond to the bare spectrum in (a)
and to the BCS DOS in (b). Inset shows tunneling data [5].
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maxima in jIm�N;Aj, jRe�N;Aj, which in turn produce new
pseudogaps and so on. The satellite intensity decreases
with increasing n. Stronger is the coupling and closer is
the direction to the antinodal one, higher is the number of
visible satellites. The satellites and pseudogaps are located
approximately within the energy bands m!r þ �� <
j�j< ðmþ 1Þ!r þ �� with m ¼ 2; 4; . . . and m ¼
1; 3; . . . respectively. We emphasize the difference with
the non self-consistent calculations in which only splitting
into two branches occurs: for the parameters we use, the
high energy branch corresponds approximately to the n ¼
4 branch in Fig. 2(a), the low energy branches n ¼ 2, 3 are
missing.

Nodal direction.—In the case of intermediate qend value,
the spectrum exhibits the common for any direction fea-
tures, see in Fig. 3(a) the fractionalized branches and
pseudogaps separated by the lines j�j ¼ m!r þ�� with
�� � �max � ��¼0. We found, however, a surprisingly
different behavior [Fig. 3(b)] for a slightly lower qend
value: there is no pseudogap above j�j ¼ !r, but a pro-
nounced kink at � ¼ �2!r. The reason for this is a very
different behavior of the corresponding self-energies [see
Figs. 1(c) and 1(d)], namely, the absence of the main
peak at ���1 ¼ �!r in the case qend ¼ 0:22. The
analysis shows that the behavior in Fig. 1(c) [and therefore

that in Fig. 3(a)] takes place when q�¼�=4
end > jq�¼�=4

m j þ
!r=v

�¼�=4
F (where �q�¼�=4

m ¼ Q� 2k�¼�=4
F ) and the be-

havior in Figs. 1(d) and 3(b) does it in the opposite case.
The reason is the absence in the latter case of the effective
interaction between the FS electrons and electrons with
wave vectors corresponding to the presumed pseudogap.
As a consequence the satellite peak at���2!r becomes
a dominant feature in Re�N [Fig. 1(d)]. Note that if the
spin mode has a purely itinerant origin and corresponds to
the resonance mode below the electron-hole continuum,

then necessarily q�¼�=4
end < jq�¼�=4

m j þ!r=v
�¼�=4
F and the

scenario corresponding to Fig. 3(b) takes place. This sce-
nario corresponds well to the experimental data for
YBa2Cu3O6þx (YBCO); compare the kink energies ob-
served by ARPES [4], �kink ¼ 66� 7 meV, 78�
5 meV for Tc ¼ 61, 90 K, respectively, and the SRM en-

ergies observed by neutron,!r ¼ 34 [20], 41 meV [11] for
Tc ¼ 63, 91 K, respectively. For Bi2Sr2CaCu2O8þ�

(BSCO) the situation is less clear: the spin dynamics is
much less studied (neutron data exist only for over- and
optimal doping giving !r � 43 meV [21]) and there is no
consensus on the kink position in ARPES: �kink ¼ 43 [2],
50 [1], and 54 mev [3] (all the data are for optimal doping).
Still, there is qualitative agreement with our results since
the observed mode is quite large in momentum [21] (twice
with respect to YBCO) and therefore it is rather the sce-
nario corresponding to Fig. 3(a) that should take place, i.e.,
the kink should be located slightly above j�j ¼ !r. For
La2�xSrxCuO4 (LSCO) the spin dynamics is rather differ-
ent [22] while the similar kink is observed in ARPES [1].
There is, however, no contradiction and the kink is well
explained by the spin mode scenario [23].
Antinodal direction—The spectrum exhibits an addi-

tional feature: the low energy branch possesses a SP at
(0, �). Its spectral weight ~zð0;�Þ is much lower and its

energy is heavily renormalized with respect to the bare
spectrum, ~zð0;�Þ � z0ð0;�Þ, ~�ð0;�Þ � �0ð0;�Þ. In fact due to the

constraint jEð0;�Þj �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð~�ð0;�ÞÞ2 þ j�ð0;�Þj2

q
<!r þ�max

(where �max 	 �ð0;�Þ) the renormalized j~�ð0;�Þj is of the

order of!r and therefore is quite small whatever is the bare
j�0ð0;�Þj. The effect is well seen in the self-energies, com-

pare the strength and the position of the ‘‘logarithmic
singularity’’ in Im�N;A at j�j ¼ j�2j ¼ jEð0;�Þj þ!r for

the self consistent (red) and non self consistent (blue)
curves in Fig. 1(a), both due to the SP, in the renormalized
and bare spectrum, respectively.
Electron DOS.—There is the same effect in the electron

DOS [Fig. 2(b)] which features for j�j> �max are domi-
nated by the antinodal spectrum: Because of the smallness
of j~�ð0;�Þj, two peaks, at j�j ¼ �max due to SC gap and at

j�j ¼ jEð0;�Þj due to SP, are always located nearby what-

ever is the SP energy of noninteracting electrons. More-
over, the latter peak [Van-Hove singularity (VHS) peak] is
hardly seen as a result of weakness of ~zð0;�Þ. This explains
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FIG. 3 (color online). Electron spectra in the nodal direction.
qend ¼ 0:32 in (a), 0.22 in (b). Calculated 	�¼�=4 ¼ 1:1 in (a),
0.65 in (b). Red lines in (a) correspond to momentum distribution
curves (MDC’s). Inset shows ARPES data for YBCO [4].
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FIG. 4 (color online). SC gap �� along the renormalized FS.
In (a) qend ¼ 0:32, in (b), (c) 0.22. Dashed lines correspond to the
d-wave gap, �k ¼ �ðcoskx � coskyÞ=2. [When calculating we

added a small next-next-nearest-neighbor hopping t00=t ¼ 0:015
to better reproduce the experimental FS]. The insets shows
ARPES data: [25] (a), [9] (b), [10] (c).
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well the tunneling spectroscopy observation (non under-
stood until now) concerning a very weak signature of the
VHS in the experimental DOS whatever is doping. Other
features at j�j> �max, the valley corresponding to the
pseudogap, the following peak corresponding to the n ¼
2 satellite and the inflexion point in the part growing
towards the satellite peak (at � ¼ �I), are also very close
to the experimental ones. Note, however, that this 2D
anisotropic theory inflexion point being extremely similar
to the ‘‘point of maximal slope’’ in [6] is not located at
j�j ¼ �1 ¼ !r þ�max as supposed in [6] based on the
isotropic SC theories of 60th but around 2!r þ �max. As to
the low energy DOS, it departs from the d-wave form as a
consequence of the SC gap specific dependence on azimu-
thal angle that we discuss below.

SC pairing characteristics.—The SC order parameter
changes sign across the main diagonal and vanishes at it
due to the symmetry imposed by Eq. (2) and given the
electron FS form and the SRM propagator momentum
structure. The SC gap decreases from the antinodal to
nodal direction while the form of its angular dependence
deviates from the d-wave one; see Fig. 4. The details of this
deviation depend on details of the spin mode character-
istics, most importantly on the relation between qend and

2kF. When q�¼�=4
end > jq�¼�=4

m j, the gap is linear as a

function of ( coskx � cosky) except for a vicinity of the

antinodal point where it increases more rapidly [Fig. 4(a)].

When q�¼�=4
end < jq�¼�=4

m j, the gap is underlinear in the

near-nodal region [Fig. 4(b)] that gives the U-shaped
form when the gap is plotted as a function of angle
[Fig. 4(c)], the form very close to that observed experi-

mentally [8–10]. Higher is jq�=4
m � q�=4

end j, stronger is the

deviation from the pure d-wave behavior and larger is the
near-nodal region with the reduced gap. Note that both
behaviors presented in Figs. 4(a) and 4(b) are observed
experimentally in different cuprates, see insets. Both can
be considered as a two gap (nodal, antinodal) behavior, the
problem discussed intensively in relation with recent
Raman and ARPES observations [24,25].

Concluding remarks.—The found features of the SRM
mediated SC state are close to those observed experimen-
tally in the cuprates: The SC order parameter changes sign
through the main diagonal in the BZ while the SC gap
angular dependence is characterized by the U-shaped form
as in experiment (the feature not understood until now).
The gap value is high: �max � 0:1t (t� 300 meV) found
for relatively low values of electron-spin coupling, 	�¼0 �
1:2 and 	�¼�=4 � 0:65. The electron spectrum is close to
that observed experimentally, both in the antinodal and the
nodal regions. In the latter case we deal with an important
issue in the high-Tc field since the low energy nodal kink
represents the lowest energy scale in the electron dynamics
except for the SC gap itself and its origin is presently one of
the most controversial point in the debate. We obtain that,
quite nontrivially, the kink energy does not necessarily
correspond to the mediating boson energy as it is usually

supposed. Its position depends on details in the boson
momentum structure. We are able to obtain practically
exact positions of the nodal kink energy observed by
ARPES in YBCO as a function of doping [4] when input-
ting the SRM energy observed by neutron in YBCO. The
electron DOS of the SRM mediated state has an overall
form very close to that observed experimentally with mul-
tiple peak structure and inflexion point. As in experiment it
is characterized by a close location of the gap- and VHS-
peaks whatever high is the noninteracting electron SP
energy (whatever is doping in experiment) and by the latter
peak hardly resolved. The unusual low energy DOS be-
havior showing up two different gaps, the low- and the
high-energy ones, being not seen by tunneling for the
moment [except in the data presented in Fig. 2(b)] corre-
sponds well to the observation of two different gaps by
other techniques [24,25]. All these results obtained within
unified theory constitute an important argument in a favor
of the spin mode mediated superconductivity in the
high-Tc cuprates.
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