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The structure and flow of water inside 75 and 150 nm-long carbon nanotubes with diameters ranging

from 0.83 to 1.66 nm are examined using molecular dynamics simulation. The flow rate enhancement,

defined as the ratio of the observed flow rate to that predicted from the no-slip Poiseuille relation, is

calculated for each tube and the liquid structure is examined using an axial distribution function. The

relationship between the intermolecular water structure and water flow is quantified and differences

between continuum and subcontinuum flow are discussed.
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An important step towards understanding liquid flow in
nanoscale systems is to predict the transition from contin-
uum to subcontinuum transport as the flow area decreases.
In a continuum system, the behavior of a liquid can be
described in terms of infinitesimal volumetric elements
that are small compared to the flow domain but have well-
defined thermophysical properties. Applying Newton’s
second law to a system of volumetric elements gives rise
to the Cauchy and Navier-Stokes equations, which can be
used to derive the Poiseuille and other continuum-level
flow relations [1]. In a system where the size of a liquid
molecule is comparable to the size of the flow domain,
however, the notion of a representative volumetric ele-
ment is invalid and the applicability of continuum-based
relations is questionable. Within such ‘‘subcontinuum’’
systems, the movement of individual molecules must
be considered when predicting mass and momentum trans-
port [2].

In this Letter, we use molecular dynamics (MD) simu-
lation to examine pressure-driven water flow through car-
bon nanotubes (CNTs) with diameters ranging from 0.83 to
1.66 nm, where a transition from continuum to subcontin-
uum flow with decreasing CNT diameter is expected [3,4].
We examine flow through 75 and 150 nm-long CNTs,
which are much longer than the 1–3 nm-long CNTs exam-
ined in a previous investigation [4]. We begin by quantify-
ing the relationship between pressure gradient and average
flow velocity for each CNT and then identify the transition
to subcontinuum water flow. Next, we predict the liquid
structure inside each CNT and correlate the structure to
molecular transport. For subcontinuum systems we find
that the liquid structure relaxation time, which we define
as the time required for a water molecule to become
uncorrelated from an initial structural arrangement, ex-
ceeds a time scale characteristic of the flow. This behavior
leads to coordinated molecular transport inside the CNT
and a nonmonotonic relationship between CNT diameter
and average flow velocity. We find that the water structure
is long-ranged, and discuss how the relationship between

pressure gradient and flow velocity will depend on tube
length for CNT fragments shorter than 10 nm.
The average flow velocity �v of an incompressible, creep-

ing liquid (Reynolds number much less than one) inside a
tube with a uniform cross-sectional area is given by the

Darcy law, �v ¼ �ð�PL Þ, where�P is the pressure difference

across the tube, L is its length, and � is the hydraulic
conductivity [1]. Although the Darcy law is an empirical
expression, the hydraulic conductivity of a Newtonian
liquid in a circular tube subject to the no-slip boundary
condition, �no-slip, can be found directly from the no-slip

Poiseuille relation, �no-slip ¼ D2

32� , where D is the tube

diameter and � is the liquid viscosity [3].
Liquid slip at the solid-liquid boundary, confinement-

induced reductions in the liquid viscosity, and subcontin-
uum changes to the liquid structure can all cause the actual
hydraulic conductivity (�actual, as measured from experi-
ment or predicted from MD simulation) to exceed that
calculated from the Poiseuille relation [2]. This increase
in � has led to the definition of a flow enhancement factor,
", given by " ¼ �actual=�no-slip [3]. For CNTs with diam-

eters larger than 1.6 nm, the variation in " with CNT
diameter can be understood in terms of slip at the water-
CNT boundary and diameter-related changes to the water
viscosity [3]. In CNTs with smaller diameters, however,
water molecules have been shown to assemble into
diameter-dependent one-dimensional structures for which
neither the slip length nor the effective viscosity is well
defined [2]. This confinement-induced change to the liquid
structure necessitates a subcontinuum description of the
liquid [5,6].
We simulate pressure-driven water flow through 0.83,

0.97, 1.10, 1.25, 1.39, and 1.66 nm-diameter single-walled
armchair CNTs. A snapshot from a typical simulation,
which consists of a water-filled CNT fragment connected
to two water-filled reservoirs, is presented in Fig. 1. All
simulations are performed in the NVT ensemble (constant
number of particles, volume, and temperature) at a tem-
perature of 298 K and flow is driven by a reflecting particle
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membrane placed between the reservoirs [7]. We use the
TIP5P potential to model interactions between water mole-
cules [8], the Lennard-Jones potential of Werder et al. to
model the interactions between water molecules and car-
bon atoms [9], and keep the carbon atoms fixed. We main-
tain the temperature of the system by applying a Berendsen
thermostat to the velocity components transverse to the
flow direction [10]. We note that applying the thermostat to
all three directions does not affect the flow predictions.

We find that fixing the carbon atoms has no effect on the
structure of water molecules inside the CNT. The number
of molecules in the system is chosen such that the water
density in the reservoirs is 1000 kg=m3 and the average
number of water molecules in the CNT fragment is con-
stant. As presented in Fig. 2(a), the CNT diameters exam-
ined here have water structures corresponding to single-file
molecular chains (0.83 nm), tilted pentagonal rings
(0.97 nm), stacked pentagonal rings (1.10 nm), stacked
hexagonal rings (1.25 nm), and disordered bulklike water
(1.39 and 1.66 nm). The water structure and density we
predict for each CNTare unaffected by flow and consistent
with previous MD simulation results [11].

In Fig. 3(a), we plot �v vs �P=L for the 75 nm-long
CNTs. Each point in Fig. 3(a) is the average of at least four
independent 1 ns simulations. Consistent with the Darcy
law, the average flow velocity for each CNT increases with
increasing pressure gradient. For a fixed value of �P=L,
however, the average flow velocity does not increase
monotonically with CNT diameter, as would be predicted
from the Poiseuille relation. Instead, when subject to the
same pressure gradient, the average velocity decreases
from the 0.83 nm CNT to the 1.10 nm CNT, is similar in
the 1.10 and 1.25 nm CNTs, and then increases from the
1.25 nm CNT to the 1.66 nm CNT.

The nonlinear relationship between �v and �P=L is the
result of inertial losses (i.e., minor losses) at the two CNT-
reservior boundaries. Inertial losses are velocity-dependent

and caused by sudden expansions, contractions, and other
obstacles in the flow field. The penalty associated with
such losses, �Pmð �vÞ, can be incorporated into the Darcy

law: �v ¼ �½�P��PmðvÞ
L � [1]. Given that the inertial losses

are unknown, the hydraulic conductivity can be extracted
from this modified form of the Darcy law as follows:
Consider a long CNT with length Ll, and a shorter CNT
with length Ls, with identical diameters and connected to
identical reservoirs. Let the ratio of length to diameter for
both tubes be large such that the entrance and exit effects
are decoupled. If both systems have the same average flow
velocity, the inertial losses in each system will be the same.
However, due to additional frictional flow resistance in the
longer CNT, the total pressure drop across it, �Pl, will
exceed that across the short CNT, �Ps. Applying the
modified Darcy law to both systems and eliminating
�Pmð �vÞ gives � ¼ �v½ðLl � LsÞ=ð�Pl � �PsÞ�. For the
1.66 nm-diameter CNT, the hydraulic conductivity calcu-
lated for the systems investigated here is within 17% of the
value we predicted in our previous work, which was free of

FIG. 2 (color online). (a) Water structures inside the 0.83–
1.66 nm-diameter CNTs. Carbon atoms are removed for clarity
and the chirality vector for each CNT is provided. (b) Axial
distribution function (ADF), structure relaxation time �, and
extent of the ADF, Lt, for each CNT. (c) Pðn; tcÞ, the probability
that n molecules cross the system midplane over the character-
istic flow time tc. The CNT permeability � is provided for
�P=L ¼ 4� 1014 Pa=m.

FIG. 1 (color online). Snapshot from a typical flow simulation
for the 0.83 nm-diameter CNT. A constant pressure difference is
established between the reservoirs using a reflecting particle
membrane. After a 0.25 ns initialization period, the mean pres-
sure in each reservoir remains constant over the duration of the
ensuing data collection period and flow through the tube is
steady. Periodic boundary conditions are imposed in the flow
direction. The number of molecules inside the CNT ranges from
310� 5 for the 75 nm-long, 0.83 nm-diameter CNT to 3676�
20 for the 150 nm-long, 1.66 nm-diameter CNT.
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reservoirs and had no inertial losses. We estimate the
uncertainty in � (and thus �) to be �25% from the mea-
sured variances in �v and �Pl ��Ps. We find that, within
this prediction uncertainly, � is invariant over the flow
velocities considered for a given CNT diameter.

In Fig. 3(b), we present the variation of " with CNT
diameter. We also include the enhancement values for the
1.66–to 3.33 nm-diameter CNTs we reported previously
[3]. In CNTs with diameters larger than 1.66 nm, where a
continuum description of water flow is valid, we found that
" increased monotonically with decreasing CNT diameter.
Here, we find that this trend extends to the 1.39 nm-
diameter CNT. The abrupt reduction in flow enhancement
between the 1.39 and 1.25 nm-diameter CNTs suggests a
transition to subcontinuum transport, which is consistent
with the change from disordered bulklike water to one-
dimensional structures with decreasing CNT diameter [see
Fig. 2(a)]. The variation in flow enhancement within CNTs
with diameters smaller than 1.25 nm cannot be described
using continuum relations and, as we will show, is related
to the water structure.

In Fig. 2(c), we provide the molecular permeability � of
each CNT corresponding to a pressure gradient of 4�
1014 Pa=m. Despite the decrease in flow velocity from
the 0.83 to the 1.10 nm-diameter CNT, the permeability
(which incorporates the effects of diameter-related changes
to the flow area, water density, and velocity) increases
monotonically with CNT diameter for all tubes. This trend
arises from the fact that the cross-sectional flow area
increases faster with diameter than the structure-related
reductions in the flow velocity.

To quantify the variation in liquid structure with tube
diameter, in Fig. 2(b) we present the axial distribution

function (ADF) for water molecules inside each CNT.

We define the ADF, aðzÞ, by Rz¼�L
z¼0 aðzÞ �D2

4 dz ¼ Nt � 1 ’
Nt, where Nt is the number of water molecules between
z ¼ �L. In CNTs with diameters greater than 1.66 nm, the
ADF has a small peak at z ¼ 0:3 nm and is invariant with
CNT diameter. The position of this peak is similar to the
position of the first peak in the radial distribution function
of bulk water. The ADF inside the 1.39 nm-diameter CNT
is comparable to that of larger tubes, suggesting that
confinement-induced changes to the liquid structure are
insignificant in this CNT [12]. Inside the 1.25–0.83 nm-
diameter CNTs, where the layered and single-file molecu-
lar structures are present, the axial positions of the water
molecules are strongly correlated and oscillations in the
ADF extend 4–10 nm from the origin molecule. Such long-
range positional correlation, which is not present in bulk
water, is a distinguishing feature of subcontinuum liquids
[2]. We find no difference between the ADFs in the 75 and
150 nm-long CNTs.
In CNTs with diameters less than 1.39 nm and lengths

shorter than about 10 nm, all the water molecules inside the
tube will have correlated positions. Although the distinc-
tion between solid phase water and liquid phase water is
unclear for such systems, we expect that the solidlike
molecular structure will limit the mobility of individual
molecules and lower the average flow velocity of water
inside such short CNTs. This hypothesis is supported by
the MD simulation data of Corry [4], who investigated
pressure-driven water flow through CNT membranes with
diameters similar to those investigated here, but with
lengths of 1.3 and 2.6 nm. The positions and movement
of water molecules inside the short CNTs were indeed
correlated, and transport through the tubes occurred via
collective bursts. Moreover, the flow enhancement factors
we calculate from the Corry data are 1–10, a range lower
than the 100–1000 range we predict here for 75 and
150 nm-long CNTs. This result suggests that as the CNT
length decreases below 10 nm and the molecules at the
tube inlet become increasingly coupled to those at the tube
outlet, mass transport will become less like flow through a
pipe and more like coordinated diffusion through a two-
dimensional pore. This transition will reduce the flow rate
through the tube and cause a reduction in the flow enhance-
ment factor.
Although the CNTs investigated here are longer than the

oscillations in their ADFs, the local liquid structure in each
tube still governs the molecular transport through it. This
coupling between structure and flow can be elucidated by
examining the cumulative midplane mass flux nðtÞ. In
Fig. 2(c), we present the probability Pðn; tcÞ that n mole-
cules cross the CNT midplane over a characteristic flow

time tc. We define tc from tc ¼ Lc

�v , where Lc is a character-

istic length scale. We set Lc equal to the location of the first
peak in the ADF and calculate Pðn; tcÞ for each flow
simulation. Since the liquid structure does not vary with
flow velocity (over the range considered here), Pðn; tcÞ for

FIG. 3 (color online). (a) Relationship between average flow
velocity �v and applied pressure gradient �P=L for the 75 nm-
long CNTs. A similar relationship exists for the 150 nm-long
CNTs. We note that �v is well below the molecular thermal
velocity (340 m=s at T ¼ 298 K). For each data point, the
standard deviation in �v and �P=L is 0:5 m=s and 2�
1013 Pa=m, leading to a �25% uncertainty in ". Guide lines
are added to highlight the trends. (b) Variation in flow enhance-
ment factor " with CNT diameter D. The dashed line between
D ¼ 1:25 nm and D ¼ 1:39 nm delineates continuum and sub-
continuum flow regimes. The line in the continuum regime is a
model we developed previously [3].
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each CNT collapses onto a velocity-independent distribu-
tion. We note that with Lc � 0:17–0:3 nm and �v�
1–7 m=s, tc is Oð100 psÞ.

Inside the 1.66 nm-diameter CNT (where flow can be
modeled using continuum-based relations) Pðn; tcÞ is non-
zero over a large range of n. This large range is accessible
because the structure relaxation time, which we estimate to
be 0.3 ps from the decay of the velocity autocorrelation
function, is very small compared to tc. The flow is there-
fore independent of liquid structure and a random number
of molecules, subject to the distribution of Pðn; tcÞ, can
cross the midplane during tc. Although the accessible
range of n increases with CNT diameter, we find that the
shape of the Pðn; tcÞ distribution in larger CNTs is similar
to what we report here for the 1.66 nm diameter tube and
find no appreciable change in the structure relaxation time.
This smooth distribution of Pðn; tcÞ is also present in the
1.39 nm-diameter CNT, further suggesting that the flow in
this tube is independent of structure and a continuum
description of mass flow will be appropriate.

Inside the 1.25 nm-diameter CNT, Pðn; tcÞ exhibits
peaks at n ¼ 6 and 12. A similar distribution is present
inside the 1.10 nm-diameter CNT, where Pðn; tcÞ exhibits
peaks at n ¼ 5 and 10. These peaks, which are related to
the stacked hexagonal and pentagonal rings in the tubes,
indicate a coupling between structure and flow. The re-
laxation time of the layered water structure inside these
CNTs, as estimated fromMD simulation, isOð10 nsÞ [5,6],
indicating that water molecules may travel from the tube
inlet to the tube outlet as members of a single layer. Unlike
bulklike systems, where water molecules can move inde-
pendently, the transport of molecules in these structured
subcontinuum systems is conditional upon the movement
of nearby layers. A layer of water molecules that fills an
energetically stable CNT surface site can therefore impede
the movement of other layers. Such localized limitations
on transport will reduce �v and lower the overall flow
enhancement (see Fig. 3). This hypothesis is consistent
with the findings of Mamontov et al., who demonstrate
from neutron scattering experiments and MD simulation
that the water molecules in layered structures have, on
average, less mobility than the molecules in bulklike
water [12].

Between the 1.10 and 0.83 nm-diameter CNTs, the
liquid structure transitions from stacked pentagonal
rings to tilted pentagonal rings and finally to a single-file
molecular chain. With decreasing CNT diameter, we find
that the effects of layer-by-layer transport become less
prominent, the spatial extent of the ADF decreases [see
Fig. 2(b)], and the average flow velocity increases for a
given pressure gradient [see Fig. 3(a)]. Although the mass
transport mechanisms within these tubes are not yet clear,
in a previous work we found that water molecules become
less coupled to the CNT surface with decreasing CNT

diameter [3]. This effect will reduce flow friction in smaller
CNTs and may contribute to the increase in flow velocity
with decreasing diameter. In the 0.83 nm-diameter CNT,
where the single-file water structure relaxation time has
been estimated to be Oð0:1 sÞ [13], the probability of two
or more molecules crossing the midplane in either the
positive or negative direction is 0.6. This behavior is the
result of coordinated molecular motion inside the CNT. It
confirms that, although the tube inlet and tube outlet are
decoupled in our system, localized bursting still governs
mass transport inside long-length, small-diameter CNTs.
Although this work is focused on water flow through

CNTs, several trends can be extrapolated to the more
general field of subcontinuum liquid transport. First, unlike
predictions from continuum mechanics, the flow enhance-
ment in subcontinuum systems may not increase mono-
tonically with decreasing flow area. Instead, when the flow
area is comparable to the size of the liquid molecules,
confinement-induced changes to the liquid structure may
reduce the flow enhancement and must be considered.
Second, if the system length is comparable to the correla-
tion length, the liquid inlet and outlet are not independent
and the hydraulic conductivity may depend on system
length. Within short systems, transport may therefore be
less like flow through a pipe and more like coordinated
diffusion through a two-dimensional pore. Third, liquid
structure and liquid flow are independent in systems where
the characteristic flow time scale is much longer than the
structure relaxation time. These scales must be considered
when comparing results from different flow investigations
and examining flow-structure interactions.
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