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Collisions involving 112Sn and 124Sn nuclei have been simulated with the improved quantum molecular

dynamics transport model. The results of the calculations reproduce isospin diffusion data from two

different observables and the ratios of neutron and proton spectra. By comparing these data to calculations

performed over a range of symmetry energies at saturation density and different representations of the

density dependence of the symmetry energy, constraints on the density dependence of the symmetry

energy at subnormal density are obtained. The results from the present work are compared to constraints

put forward in other recent analyses.
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The nuclear symmetry energy, which describes the dif-
ference between the binding energy of symmetric matter,
with equal proton (Z) and neutron (N) numbers, and that of
pure-neutron matter, governs important properties of nu-
clei and neutron stars [1,2]. In nuclei, the symmetry energy
and the Coulomb energy define the binding energy mini-
mum where nuclei are stable against beta decay [3,4]. In
neutron stars, the symmetry energy and its density depen-
dence influence strongly the nature and stability of the
phases within the star [5], the feasibility of direct URCA
cooling processes within its interior [6], the composition
[5] and the thickness of its inner crust, the frequencies of its
crustal vibrations, as well as its radius [7].

The symmetry energy contribution to the energy per
nucleon in uniform matter can be written as E� ¼
Sð�Þ�2, where the asymmetry � ¼ ð�n � �pÞ=� and �n,

�p and � are the neutron, proton and nucleon densities, and

Sð�Þ describes the density dependence of E�. Summing the
contributions from the symmetry energy and the energy per
nucleon of symmetric matter, Eð�; �Þ ¼ E0ð�; � ¼
0Þ þ E�, provides the total energy per nucleon [i.e., the
equation of state (EOS)] of cold matter. Both symmetry
and total binding energy in the nuclear semiempirical
binding energy formulas reflect averages of E� over the
densities of nuclei [3]. The values of surface and volume
symmetry energy terms obtained over fits of such a formula
to measured masses provide some sensitivity to the density
dependence of Sð�Þ near saturation density [3,4]. Giant
dipole resonances, low-lying electric dipole excitations,
charge exchange spin-dipole excitations and the difference
between neutron and proton matter radii may also provide
sensitivity to the density dependence of Sð�Þ down to
around 0:1 fm�3 [8–13].

Nuclear collisions can produce large transient density
variations. Significant constraints on the symmetric matter

equation of state at 1 � �=�0 � 4:5 have been obtained
from measurements of collective flow [14] and kaon pro-
duction [15]. More recently, the symmetry energy has been
probed at subsaturation densities (0:4 � �=�0 � 1:2) in
collisions via measurements of isospin diffusion [16,17],
and of double ratios involving neutron and proton energy
spectra [18]. These two observables largely reflect the
transport of nucleons under the influence of nuclear mean
fields and of the collisions induced by the residual inter-
actions, both of which can be described by transport theory.
Using a Boltzmann-Uehling-Uhlenbeck (BUU) transport
model, IBUU04, a reasonable description of isospin diffu-
sion data with a symmetry energy of approximate form
Sð�Þ � 31:6ð�=�0Þ� with � ¼ 0:69–1:1, has been ob-
tained [19]. The double ratios of neutron and proton energy
spectra [18], however, have not been adequately described
by the IBUU04 model [20].
In this Letter, we show that both the isospin diffusion

and neutron to proton ratios observables can be described
by the improved quantum molecular dynamics (ImQMD)
transport model. Detailed description of the model and its
application to the double ratio data can be found in
Ref. [21]. For brevity, we limit our discussion here to the
parameterization of the symmetry energy used in our cal-
culations, which is of the form

Sð�Þ ¼ Cs;k

2

�
�

�0

�
2=3 þ Cs;p

2

�
�

�0

�
�i

; (1)

Unless indicated otherwise, the kinetic and potential pa-
rameters are Cs;k ¼ 25 MeV, Cs;p ¼ 35:2 MeV and the

symmetry energy at saturation density, S0 ¼ 30:1 MeV.
Both the QMD and BUU models calculate the trajecto-

ries of nucleons, taking into account the influence of self-
consistent mean fields and nucleon-nucleon collisions via
the residual interaction. The two models have been shown
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to provide similar predictions for one body observables
[22]. However, fluctuations are averaged out by the parallel
calculations in BUU involving test particles. In the QMD
approach, the N-body equations for nucleons are solved
event by event. This enhances the importance of fluctua-
tions and correlations in QMD and provides a mechanism
to calculate the production of complex nuclei. At incident
energies of E=A ¼ 50 MeV where the present studies are
conducted, cross-sections for production of complex nuclei
are significant and the influence of cluster production
cannot be neglected [21]. This makes direct comparisons
of data to QMD models more straightforward than for
BUU models.

We first turn our attention to the interpretation of neu-
tron/proton double ratio data within the ImQMD model
[21]. This observable derives its sensitivity to the symme-
try energy directly from the opposite sign of the symmetry
potential for neutrons as compared to protons [23]. First
experimental comparisons of neutron to proton spectra in
Ref. [18] used a double ratio in order to reduce sensitivity
to uncertainties in the neutron detection efficiencies and
sensitivity to relative uncertainties in energy calibrations of
neutrons and protons. This double ratio,

DR ðYðnÞ=YðpÞÞ ¼ Rn=pðAÞ=Rn=pðBÞ

¼ dMnðAÞ=dEc:m:

dMpðAÞ=dEc:m:

� dMpðBÞ=dEc:m:

dMnðBÞ=dEc:m:

;

(2)

is constructed from the ratios of energy spectra, dM=dEc:m:

of neutrons and protons for two systems A and B charac-
terized by different isospin asymmetries. The star symbols
in the left panel of Fig. 1 show the neutron-proton double
ratios measured at 70� � �c:m: � 110� as a function of
center-of-mass (c.m.) energy of nucleons emitted from
the central collisions of 124Snþ 124Sn and 112Snþ 112Sn
[18].

We have performed calculations for two systems: A ¼
124Snþ 124Sn and B ¼ 112Snþ 112Sn. About 60 000
events have been simulated for each impact parameter.
Within the statistical uncertainties, the double ratio observ-
able, DRðYðnÞ=YðpÞÞ, is nearly independent of impact
parameter over a range of 1 fm � b � 5 fm. The lines in
the left panel of Fig. 1 show double ratios vs the c.m.
energy of nucleons for �i ¼ 0:35, 0.5, 0.75, 1 and 2 aver-
aged over b ¼ 1, 2, 3 fm. The computation uncertainties in
Fig. 1 are statistical. Despite the large experimental un-
certainties for higher energy data, these comparisons def-
initely rule out both very soft (�i ¼ 0:35, dotted line with
open diamond points) and very stiff (�i ¼ 2, dotted line
with closed diamond symbols) density-dependent symme-
try terms. The right panel shows the dependence on �i of
the total �2 computed from the difference between pre-
dicted and measured double ratios. We determine, to within
a 2� uncertainty, parameter values of 0:4 � �i � 1:05

corresponding to an increase in �2 by 4 above its minimum
near �i � 0:7.
At subnormal density, higher symmetry energy, which

enhances the emission of neutrons, are associated with
decreasing �i. Therefore, DRðYðnÞ=YðpÞÞ should increase
with decreasing �i. However, in the limit of very small
�i � 0:35, the system completely disintegrates.
DRðYðnÞ=YðpÞÞ decreases and approaches the limit of
Ntotal=Ztotal ¼ 1:2. As a consequence of these two compet-
ing effects, the double ratio values peak around �i � 0:7.
The density dependence of the symmetry energy has

also been probed in peripheral collisions between two
nuclei with different isospin asymmetries by examining
the diffusion of neutrons and protons across the neck that
joins them. This ‘‘isospin diffusion’’ generally continues
until the two nuclei separate or until the chemical poten-
tials for neutrons and protons in both nuclei become equal.
To isolate diffusion effects from other effects, such as
preequilibrium emission, Coulomb effects and secondary
decays, measurements of isospin diffusion compare
‘‘mixed’’ collisions, involving a neutron-rich nucleus A
and a neutron-deficient nucleus B, to the ‘‘symmetric’’
collisions involving Aþ A and Bþ B. The degree of iso-
spin equilibration in such collisions can be quantified by
rescaling the isospin observable X according to the isospin
transport ratio RiðXÞ [16]

RiðXÞ ¼ 2
X� ðXAþA þ XBþBÞ=2

XAþA � XBþB

; (3)

where X is the isospin observable. In the absence of isospin
diffusion, the ratios are RiðXAþBÞ ¼ RiðXAþAÞ ¼ 1 and
RiðXBþBÞ ¼ RiðXBþAÞ ¼ �1. If isospin equilibrium is

FIG. 1 (color online). Left panel: Comparison of experimental
double neutron-proton ratios [18] (star symbols), as a function of
nucleon center-of-mass energy, to ImQMD calculations (lines)
with different density dependencies of the symmetry energy
parameterized by �i in Eq. (1). Right panel: A plot of �2 as a
function of �i.
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achieved, then the ratios RiðXAþBÞ ¼ RiðXBþAÞ � 0 for the
mixed systems.

Equation (3) dictates that different observables, X,
provide the same results if they are linearly related [17].
The agreement of experimental isospin transport ratios
obtained from isoscaling parameters, �, [16] and from
yield ratios of A ¼ 7 mirror nuclei [17], R7 ¼ RifX7 ¼
ln½Yð7LiÞ=Yð7BeÞ�g agree, i.e., Rið�Þ ffi R7, reflects linear
relationships between �, X7, and the asymmetry � of the
emitting source [17]. This relationship also holds for frag-
ments produced after sequential decays [24]. For emission
at a specific rapidity y, we assume Rð�Þ ¼ Rð�Þ ¼ R7 to
be valid, as has been confirmed experimentally [17,24] and
theoretically for all statistical and dynamical calculations
[25–27]. BUU calculations use the asymmetry of the pro-
jectile residues [16] to constructRið�Þ. In the following, we
calculate � from the asymmetry of the emitted fragments
and free nucleons but our conclusions do not significantly
change if fragments alone are used to calculate �.

Experimental isospin diffusion transport ratios, Rið�Þ,
plotted as shaded regions in the left panel of Fig. 2, have
been obtained using Eq. (3) with isoscaling data from the
asymmetric collisions of 124Snþ 112Sn (top region) and
112Snþ 124Sn (bottom region) scaled by the symmetric
collisions of 124Snþ 124Sn, 112Snþ 112Sn [16]. We have
performed ImQMD calculations at impact parameters of
b ¼ 5, 6, 7, and 8 fm. The lines in the left panel of Fig. 2
show the predicted isospin transport ratio Rið�Þ as a func-
tion of impact parameter b for �i ¼ 0:35, 0.5, 0.75, 1, and
2. Faster equilibration occurs for smaller �i values which
correspond to larger symmetry energies at subsaturation
densities. Thus we see a monotonic decrease of the abso-
lute value of Rið�Þ with decreasing �i. Cross-section esti-

mates suggest that the isospin diffusion data cover the
impact parameter range of 5.8 to 7.5 fm [17] and the data
primarily reflects contributions from impact parameters of
b ¼ 6 to 7 fm. We have performed the �2 analysis for both
impact parameters. Compared to Fig. 1, the �2 minima are
lower and the dependence on �i are steeper. Using the
same 2� criterion, the analysis brackets the regions 0:45 �
�i � 1:0 and 0:35 � �i � 0:8 for b ¼ 6 and 7 fm,
respectively.
Unlike BUU calculations, ImQMD calculations provide

predictions for fragment yields as a function of rapidity.
The star symbols in the right panel of Fig. 2 represent
measured values of R7 obtained from the yield ratios of 7Li
and 7Be [17] at b ¼ 6 fm, as shown by the lines. This first
calculation of the shapes and magnitude of the rapidity
dependence of the isospin transport ratios R7 reproduces
the trends accurately. The corresponding �2 analysis with
calculations at b ¼ 6 and 7 fm favors the region 0:45 �
�i � 0:95.
Constraints on the exponent �i depends on the symmetry

energy at saturation density, S0 ¼ Sð�0Þ. Increasing S0 has
the same effect on the isospin transport ratio as decreasing
�i. To compare our results to constraints obtained from
nuclear masses and nuclear structure, we expand Sð�Þ
around the saturation density, �o,

Sð�Þ ¼ S0 þ L

3

�
�� �o

�o

�
þ Ksym

18

�
�� �o

�o

�
2 þ . . . ; (4)

where L andKsym are the slope and curvature parameters at

�o. For realistic parameterization of Sð�Þ, Ksym is strongly

correlated to L [4]. As the second term in Eq. (4) is much
larger than the third term, we believe L can be determined
more reliably than Ksym. Furthermore, the slope parameter,

L ¼ 3�0jdSð�Þ=d�j�0
¼ ½3=�0�p0, is related to p0, the

pressure from the symmetry energy for pure-neutron mat-
ter at saturation density. The symmetry pressure, p0, pro-
vides the dominant baryonic contribution to the pressure in
neutron stars at saturation density [1,11–13].
We have performed a series of ImQMD calculations at

b ¼ 6 fm with different values of �i and S0 to locate the
approximate boundaries in the S0 and L plane that satisfy
the 2� criterion in the �2 analysis of the isospin diffusion
data. The two diagonal lines in Fig. 3 represent estimates in
such an effort. Examination of the symmetry energy func-
tional formed along these boundaries, where the diffusion
rates are similar but S0 and L are different, reveal that
diffusion rates predominantly reflect the symmetry energy
at � � 0:5�0 and somewhat below. Even though the sen-
sitivity of constraints on S0 and L to differences between
m


n and m

p, and to the in-medium cross sections have not

been fully explored, BUU calculations for isospin diffusion
show much more sensitivity to S0 and L than to these other
quantities [28].
The dashed, dot-dashed, and solid lines centered around

S0 ¼ 30:1 MeV in Fig. 3 represents L values consistent

FIG. 2 (color online). Left panel: Comparison of experimental
isospin transport ratios [16] (shaded regions) to ImQMD results
(lines), as a function of impact parameter for different values of
�i. Right panel: Comparison of experimental isospin transport
ratios obtained from the yield ratios of A ¼ 7 isotopes [17] (star
symbols), as a function of the rapidity to ImQMD calculations
(lines) at b ¼ 6 fm.
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with the analysis presented in Figs. 1 and 2. According to
the Typel-Brown [29] correlation, the range of L values
obtained in our analysis corresponds to a variation in the
skin thickness of 208Pb of about �0:04 fm [2,29]. The
vertical line at S0 ¼ 31:6 MeV depicts the range of L
values obtained in Refs. [1,19] from comparisons of
IBUU04 calculations to the measured isospin diffusion
data in the left panel of Fig. 2. Constraints from the
isoscaling analyses with statistical models in Ref. [30]
are not included. Such analysis is problematic as discussed
in Ref. [31].

We have included, in Fig. 3, other recent constraints in
the density dependence of the symmetry energy. The lower
box centered at S0 ¼ 32 MeV depicts the range of p0

values from analyses of pygmy dipole resonance (PDR)
data [9]. The values of p0 are given in the right axis. The
upper box centered at S0 ¼ 32:5 MeV depicts the con-
straints reported in Ref. [4] from the analyses of nuclear
surface symmetry energies. The shaded region in the inset
of Fig. 3 shows the density dependence of the symmetry
energy of the shaded region bounded by S0 ¼ 30:2 and
33.8 MeV, the limiting S0 values given by the PDR data [9].
The range S0 adopted here is consistent with the finding
from the charge exchange spin-dipole resonance result
[10]. The giant dipole resonances (GDR) result of
Refs. [8,32] is plotted as a solid circle in the inset.

In summary, both isospin diffusion and double ratio data
involving neutron and proton spectra have been consis-
tently described by a quantum molecular dynamics model.
The analyses of all three observables provide consistent
constraints on the density dependence of the symmetry
energy. The results overlap with recent constraints ob-
tained from giant dipole resonances, pygmy dipole reso-
nance, and mass data. Some shifts in the boundaries of the
constraints can be expected with improvements in the
precision of the experimental data and in the understanding
of theory. Nevertheless, the consistency between the differ-
ent probes of the symmetry energy suggests that increas-
ingly stringent constraints on the symmetry energy at
subsaturation density can be expected.
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FIG. 3 (color online). Representation of the constraints on
parameters S0 and L. The right axis corresponds to the neutron
matter symmetry pressure at saturation density. The region
bounded by the diagonal lines represents the constraints obtained
in the present work. The vertical lines at S0 � 30:1 MeV are
obtained from the constraints stemming from Figs. 1 and 2. The
vertical line at S0 ¼ 31:6 MeV is from Refs. [1,19]. The lower
and upper boxes are formed by the constraints from PDR data [9]
and from symmetry energy analysis on nuclei [4], respectively.
The inset shows the density dependence of the symmetry energy
of the shaded region. The symbol in the inset represents the GDR
results from Refs. [8,32].
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