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Scattering Forces from the Curl of the Spin Angular Momentum of a Light Field
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Light forces on small (Rayleigh) particles are usually described as the sum of two terms: the dipolar or
gradient force and the scattering or radiation pressure force. The scattering force is traditionally
considered proportional to the Poynting vector, which gives the direction and magnitude of the momentum
flow. However, as we will show, there is an additional nonconservative contribution to the scattering force
arising in a light field with nonuniform helicity. This force is shown to be proportional to the curl of the
spin angular momentum of the light field. The relevance of the spin force is illustrated in the simple case

of a 2D field geometry arising in the intersection region of two standing waves.
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Light carries energy and both linear and angular mo-
menta that can be transferred to atoms, molecules, and
particles. Demonstration of levitation and trapping of mi-
cronsized particles by radiation pressure dates back to
1970 and the experiments reported by Ashkin and co-
workers [1]. Light forces on small particles are usually
described as the sum of two terms: the dipole or gradient
force and the radiation pressure or scattering force [2—4].
In analogy with electrostatics, small particles develop an
electric dipole moment in response to the light’s electric
field. The induced dipole is then drawn by field intensity
gradients which compete with radiation pressure due to
momentum transferred from the photons in the beam. By
fashioning proper optical field gradients, it is possible to
trap and manipulate small particles with optical tweezers
[2] or create atomic atrays in optical lattices [5,6]. Intense
optical fields can also induce significant forces between
particles [7].

In free space, radiation pressure is traditionally consid-
ered proportional to the Poynting vector, which gives the
direction and magnitude of the momentum flow. However,
there is an additional contribution to the scattering force
that is usually neglected in the analysis of optical forces on
small particles [4]. Although there was no intuitive picture
about its physical origin, numerical calculations have re-
cently shown that it can play an important role in determin-
ing the actual forces on nanometer sized particles [8]. The
main purpose of this work is to show that this additional
contribution is induced by the curl of the spin angular
momentum of the light field.

While the transfer of linear momentum leads to a net
force, the transfer of angular momentum can induce rota-
tion of microscopic particles. The total angular momentum
of a light field is given by the sum of spin and orbital
contributions [9]. The spin angular momentum associated
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with circular polarization arises from the spin of individual
photons, *=#. Spin-induced torques were already observed
by Beth [10] in 1936. More recently, it has been shown
[11,12] that for beams with helical phase fronts, the orbital
angular momentum per photon in the propagation direction
is an integer multiple of 7. This orbital angular momentum
can be associated with the component of the Poynting
vector that circulates about the beam axis (optical vortex).
Transfer of both spin and orbital angular momentum has
important applications in fields as diverse as optically
driven micromachines and biosciences [13].

Although spin and orbital angular momentum are
equivalent in many ways, they have, in general, different
interaction properties [12]. For a small particle, the transfer
of orbital angular momentum caused the particle to orbit
around the beam axis while the spin transfer cause it to
rotate on its own axis. As we will show, when the light field
has a nonuniform spatial distribution of spin angular mo-
mentum (i.e., nonuniform helicity), an additional scatter-
ing force arises as a reaction of the particle against the
rotation of the spin. We will illustrate the relevance of the
spin force in the particularly simple case of a 2D field
geometry arising in the intersection region of two standing
waves [6,14,15].

Let us first discuss briefly the optical forces on a particle
from the point of view of classical electrodynamics. The
net force exerted on an arbitrary object is entirely deter-
mined by Maxwell’s stress tensor T [16]. For simplicity,
we consider the object in vacuum and in the presence of a
harmonic electromagnetic field of frequency w. The time
average force can be written as [3,16]

(F) = f PrV(T(r)) = [A (TY - ndA, )

where A is any arbitrary closed surface enclosing the object
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and
VT = €,E(V-E) + (VX E)
XE+ ugHNV -H)+ uoVXH)xH (2
with
Tij= €&~ moH i H ;= 8ii5(&l EF + mol HP). (3)

Notice that the magnetic and electric field vectors, £ and
JH , correspond to the total electromagnetic field including
both the external and scattered fields [4]. For a small
particle, the forces can also be expressed in terms of the
external fields. The total field in the vacuum outside the
particle, £, can be written as the sum of external (polarizing
or incoming) E and scattered fields. For a spherical particle
(with a size a much smaller than the wavelength A) with
relative permittivity e(w) and located at r = ry,

E(r)=E@r) +Gr—r)p

= E(r) + aG(r — r)E(r)), 4)
where G is the free space (dyadic) Green function,
) eikor
G,;i(r) = (ki + 9,0;)g(r); g(r) = pp— (5)

ko = w/c is the wave number, p = aE(r) is the induced
dipole, and the polarizability « is given by [17]
e—1
€e+2

ag

= 3
1-— laokg/(67760) ’

[e%

(6)

ay = 4meya

The time averaged force [Eq. (1)] can be rewritten in terms
of the dipole moment and the external polarizing field as
[18]

(Flr,) = Re{;inE:f(rm_rl}

N = N =

Re Sl V@l f )

Taking into account that for harmonic fields VX E =
iwpuoH and the identity
Y EVE; =(E-V)E*+E X (VXE"), (8)

the dipolar force [Eq. (7)] can be rewritten as the sum of
three terms [4,8]:

1 ’ 1 1 .

+ol Re{iﬂ(E : V)E*}, (10)
2 ' %,

where we have made use of the definition of the total cross
section of the particle o = kyIm{a}/¢€;. The first term is
the familiar gradient force. The second term is easily
identified as the radiation pressure: o{S)/c ({(S) being the

time averaged Poynting vector). The third term [Eq. (10)]

is usually neglected in the discussions on optical forces on

small particles [3] since it is zero when the field has a single

plane wave component [4]. Surprisingly, it has not received

special attention until recently [8]. In the discussion below,

we provide a simple explanation of its physical origin.
Let us consider the following identity,

—2ilm{{E* - V)E} = (E- V)E* — (E* - V)E
=V X (E XE"),
valid for the external field with V- E = 0. We can then
rewrite Eq. (10) as
1

o3 Re{iZ—g(E : V)E*} — gcV X (% (E X E*)). (11)

In the right-hand side of Eq. (11), we can readily identify
€
(L) = -{E X E*} (12)
wl

as the time averaged spin density of a transverse electro-
magnetic field [9]. We can then finally write the total force
on a small particle as

(Fy = Re{a}{V% |E|2} + a‘{%(S)} oV X (L)}
(13)

This is the main result of this Letter. The scattering force,
proportional to the total cross section o, can be written as
the sum of two contributions: the traditional radiation
pressure term, proportional to the Poynting vector, and a
curl force associated to the nonuniform distribution of the
spin density of the light field. By definition, the later

FIG. 1 (color online). s polarization: Energy flow vortices and
field intensity distribution map in the intersection region of two
standing waves (¢ = 90°). The bright areas correspond with the
minimum of the electric field intensity. The arrows indicate the
sense of the rotation of the vortices.
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corresponds to a nonconservative force. When the light is
linearly polarized, the curl term is identically zero.

Let us illustrate the relevance of the different contribu-
tions to the optical force in the particularly simple case of a
2D field geometry arising in the intersection region of two
standing waves oriented along the x and y axes. The force
field in this geometry depends critically on the light polar-
ization. For p polarization (when the magnetic field is
along the z axis or the electric field is polarized on the
x-y plane) this geometry has been extensively used to trap
and manipulate atoms in an optical lattice [6]. In con-
trast, for s polarization (when the electric field is along
the z axis) the interference between the two standing waves
leads to a lattice of radiation pressure vortices [14], which
inhibits atom trapping. Interestingly, as we will see, while
the spin curl force depends critically on polarization, the
Poynting vector (and consequently, the radiation pressure)
is exactly the same for both polarizations.

For s-polarized fields (see Fig. 1), the field of the two
crossed standing waves in the interference region can be
written as [14]

E.(x i) =l — et + eitfelho — i)

2UE .
— 2170 (sinkox + €% sinkgy), (14)

NGl

where ¢ is the phase shift between the two beams. In this
case, the electric field polarization is constant and there is
no contribution from the spin angular momentum, i.e.,

1 1
FO = Re{a} VIE[ + a{—<s><s>},
C

where

|E_|*

EF = sin’kox + sinkyy + 2 cos¢ sinkyx sink,y.
0

15)

It is easy to show that in this optical field the radiation
pressure term leads to a nonconservative curl force for any
finite phase shift. As a matter of fact, it can be explicitly
written as

1<s><5> = cV X {(Ly), (16)
C

(Lo) = % |Eo|? sing coskyx coskyyu.. (17)

The curl force can be associated to the orbital angular
momentum, L, arising as a consequence of the rotation
of the Poynting vector around the field nodes.

Instead of a small spherical particle, we could consider
the forces acting on a long nanorod oriented along the
z axis. In this case, the whole problem is two-dimensional
(2D). However, all the results for s polarization remain
unchanged [19] provided we take the appropriate polar-
izability, a5a®P). For a cylindrical nanorod of radius a

and relative permittivity €, we have [20]
T -1
a® = 7eja’(e — 1)[1 - iz(koa)z(e - 1)] . (18)

It is worth mentioning that it has been suggested that for
2D problems where the polarization of the electric field is
constant (s polarization) the optical force derives from a
scalar potential [21]. This would seem to question the
classical separation between gradient and scattering forces
and, in particular, the nonconservative curl force term
[Eq. (16)]. The apparent contradiction is related to the
difference between total and external or polarizing fields:
In the simpler case of a 2D problem, where both the object
and the incident field have translational invariance along
the z axis, the expression of the force from the Maxwell
stress tensor [Eq. (1)] simplifies considerably. In that case,
all the components of the fields can be expressed from the
z components of the electric and magnetic fields [21]. If we
further assume s polarization, i.e., & = &, (x, y)u., H
vanishes and we have

Z

VT = —26,E.VE,  W(T) = —%VIEZI% (19)

(F) = — / d3r’V’<% |£Z(r')|2). (20)

The force is then related to the (integral of the) gradient of
the energy density (ey/2)|E.]* of the total field £ [21].
However, it is worth noticing that the force itself cannot,
in general, be written as a gradient of the object’s potential
energy (i.e., the integral of the gradient is not the gradient
with respect to the particle’s coordinates). As a matter of

FIG. 2 (color online). p polarization: Energy flow vortices and
field intensity distribution map in the intersection region of two
standing waves (¢ = 90°). The bright areas correspond with the
minimum of the electric field intensity. The dark arrows indicate
the sense of the energy flow (Poynting vector) and the clear ones
are associated to the curl of the spin density L.
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fact, the actual force can be nonconservative as discussed
above.

Let us now turn to the standing wave geometry in p
polarization (see Fig. 2). In the interference region, the
field of the two crossed standing waves is now given by
21 (sinkgx + e'? sink,y)

21
7 2D

H.(x,y,w) = —€yc

and

E, = =2¢i% coskyy

2F,
22
NG @2)

2E,
E, = — —= coskyx.
y \/§ 0
The total force is then given by the gradient force and it is
independent of the phase shift

F ) = Re{aH|E|>V(coskox + cos?kgy). (24)

It is known [14] that in this configuration, the light field
acquires two different types of polarization gradients for
the two characteristic values, ¢ = 0° and ¢ = 90°, of the
time phase difference between the two standing waves.
When ¢ = 0°, the spin density is zero and the polarization
is linear everywhere, only its direction varies. In the ¢ =
90° case, there exists a 2D array of straight lines parallel to
the z axis where the light exhibits circular polarization with
an alternating sign. There is a continuous change to linear
polarization when one moves away from those locations
[14]. It is interesting to note that the radiation pressure term
is exactly the same as in s polarization [Egs. (16) and (17)],
(S)® = (S)P) Tt is easy to see that the spin density L in
this case is exactly given by —L, defined in Eq. (17).
Then, the two scattering force contributions cancel each
other leading to a pure conservative force.

In summary, light forces on small (Rayleigh) particles
can be written as the sum of three terms: the dipolar or
gradient force, the radiation pressure force, and the spin
curl force. The last (nonconservative) term was shown to
be relevant when the particle is in a light field with nonuni-
form helicity spatial distribution. Spin curl forces were
shown to play a key role to understanding light forces
even in the apparently simple interference light field gen-
erated by two crossing standing waves. They could then be
the most relevant for the optical control of particles close to
scattering objects (e.g., structured surfaces) since, even
with incoming plane wave illumination, scattering may
lead to interference fields where the helicity is not uniform.
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