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10 rue Vauquelin, 75005 Paris, France

(Received 5 September 2008; revised manuscript received 16 January 2009; published 26 February 2009)

The singular values distribution of the propagation operator in a random medium is investigated in a

backscattering configuration. Experiments are carried out with pulsed ultrasonic waves around 3 MHz,

using an array of transducers. Coherent backscattering and field correlations are taken into account.

Interestingly, the distribution of singular values shows a dramatically different behavior in the single and

multiple-scattering regimes. Based on a matrix separation of single and multiple-scattered waves, an

experimental illustration of imaging through a highly scattering slab is presented.
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When probing an unknown medium with waves (e.g.,
for imaging or communication purposes) an important
issue is the importance of multiple scattering relative to
single scattering. Though it gives rise to fascinating phe-
nomena in mesoscopic physics, multiple scattering is a
nightmare for classical imaging techniques, which are
based on the first Born approximation. In wave physics, a
matrix formalism is particularly appropriate when the wave
field can be controlled by transmission or reception arrays
of N independent elements. Since an inhomogeneous me-
dium can be treated as one realization of a random process,
some aspects of random matrix theory (RMT) may be
fruitfully applied to imaging. In this Letter, we present
experimental results with wide-band ultrasonic waves
propagating in complex media, in connection with RMT.
This work benefits from previous studies regarding mul-
tiple scattering of waves [1], and from RMT [2] in con-
nection with telecommunication [3,4] or scattering [5,6]
problems. First, we study the propagation operator (termed
K) in a backscattering configuration, where single and
multiple scattering coexist. K is an N by N complex
matrix, symmetric (due to reciprocity) but not Hermitian;
hence, it belongs to neither the Gaussian orthogonal (GOE)
nor to the Gaussian unitary (GUE) ensembles. A singular
value decomposition (SVD) consists in writing K ¼
U�Vy, where U and V are unitary and � is a diagonal
matrix whose nonzero elements �i are called the singular
values of K. They are always real and positive. The dis-
tribution of singular values �ð�Þ is a relevant observable.
We show that, not entirely surprisingly, though we have a
limited number of elements (N ¼ 64) and a single realiza-
tion of disorder, �ð�Þ is well described by the quarter-circle
law [3,7] as long as multiple scattering dominates.
Interestingly, this is no longer true when single scattering
dominates: a different distribution (Hankel) is observed.
Second, we show how matrix properties can be taken
advantage of to discriminate single- from multiple-
scattered waves and hence improve drastically imaging
and detection through a strongly scattering medium. This
approach can be applied to all fields of wave physics (e.g.,

acoustics, microwave, seismology) for which the multiele-
ment arrays are available and provide time-resolved mea-
surements of the wave field.
The experimental setup (Fig. 1) uses an ultrasonic array

in the 2.5–3.5 MHz bandwidth. Each array element is
0.39 mm in size and the array pitch p is 0.417 mm. The
magnitude of the electroacoustic frequency response of
each element has been measured, in order to compensate
for possible differences in sensitivity. The sampling fre-
quency is 20 MHz. The array is immersed in water, at a
distance a from a random scattering medium. N2 time
responses are measured by sending a pulse at element i
and recording the scattered wave field at element j, for
every possible values of i and j. The resulting signals are
truncated into overlapping windows with length �t chosen
so that signals associated with the same scattering path
within the medium arrive in the same time window, while
keeping a satisfying time resolution. A short-time discrete
Fourier analysis gives a set of matrices K. A numerical
SVD provides N singular values �i at each time and

frequency. K is renormalized into ~K such that

~� i ¼ �i

�XN
p¼1

�2
p=N

��1=2
(1)

in order to facilitate the comparison with the dimensionless
theoretical predictions of RMT. We form the histogram of

FIG. 1. Experimental setup.
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the whole set of renormalized singular values, taken over
every index i, time t and frequency f, and obtain an
estimator �̂.

The first sample we consider is essentially two-
dimensional; it is a random collection of parallel steel
rods with radius 0.4 mm and concentration 0:12 mm�2.
We set a ¼ 25 mm and �t ¼ 10 �s. In the 2.5–3.5 MHz
range, the average value of the elastic mean-free path has
been obtained by coherent transmission measurements :
le ¼ 7:7 mm [8]. We first consider the multiple-scattering
regime (ct � le, where c is the wave speed), setting t >
35 �s (the origin of time corresponds to the arrival of the
first echo), and compare �̂ð�Þ with the quarter-circle law

�QCð�Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� �2

p
=� (0< �< 2) [3,9], which applies for

an N � N matrix (N � 1) whose complex elements are
zero-mean independent and identically distributed (i.i.d)
variables with variance 1=N.

Physically, in the multiple-scattering regime the matrix
elements cannot be identically distributed: the diagonal
elements have a double variance (Fig. 2) due to weak
localization. Here the coherent backscattering enhance-
ment [10] is strictly limited to the diagonal elements

because the peak width (a=k
ffiffiffiffiffiffi
Dt

p
with k the wave number,

and the diffusion constant D� 4 mm2=�s) is smaller than
the array pitch. Since kle � 100, strong localization effects
can be ignored [1]. Away from the diagonal, the variance is
not constant either but decays slowly due to the progressive
growth of the incoherent diffusive halo inside the scattering
medium [11]. This nonuniform variance, as well as sym-
metry ofK, can be proved to have an negligible impact on
� as long as N � 1.

However, there are also short-range correlations be-
tween elements of K. They can be estimated by the corre-
lation coefficient �:

�m ¼ h~ki;j~k�i;jþmi=hj~ki;jj2i (2)

where the symbol h:i denotes an average over t, f and
couples (i, j). These correlations have two physical origins.
First, there is a mechanical coupling between neighboring
array elements. Second, the observed wave field has a
nonzero coherence length, as stated by the van Cittert-
Zernike theorem [12]. In this experiment, the residual
correlations are limited to adjacent elements (��1 ’ 0:5).
A solution to get rid of them is to consider only one in two
array elements and reduce the matrix size to 32� 32. The
resulting distribution �̂ð�Þ is plotted in Fig. 3(a) and is in
reasonable agreement with �QC, though N is finite.

Another, yet more complicated, way is to incorporate �m

in a theoretical model [13]. The resulting theoretical � is
found in reasonable agreement with the experimental re-
sults [Fig. 3(a)]. So it seems that in the multiple-scattering
regime, the probability density function for singular values
of the backscattering matrix can be fairly well predicted
from RMT, even by the simple quarter-circle law in the
case where field-field correlations can be removed.
Interestingly, experimental results show that this is no

longer true when single-scattering dominates, i.e., at earlier
times (ct < le). An interpretation can be given, under
Fresnel’s approximation. Without loss of generality, in a
2D configuration the matrix elements read

kijðt; fÞ / expðj2kRÞ
R

XNd

d¼1

Ad exp

�
jk

ðxi � XdÞ2
2R

�

� exp

�
jk

ðxj � XdÞ2
2R

�
; (3)

where R ¼ ct=2, xi ¼ ði� N=2Þp is the coordinate along
the array. Xd is the transverse position of the dth scatterer
which contributes to the backscattered wave at time t, the
amplitude Ad depending on its reflectivity. Both Ad and Xd

are considered random. kij can be rearranged as

kij / expðj2kRÞ
R

exp

�
jk

ðxi � xjÞ2
4R

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

deterministic term

XNd

d¼1

Ad exp

�
jk

ðxi þ xj � 2XdÞ2
4R

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

random term

: (4)

FIG. 2. Mean intensity Iij ¼ hj~kijj2i of coefficients ~kij, nor-
malized by 1=N and averaged over all times t and frequencies f.
The graph on the top right corner represents Iij as a function of

i-j.

FIG. 3. Distribution of singular values. (a) Multiple-scattering
regime: Correlations are either removed (white disks, quarter-
circle law: solid line) or taken into account (squares, theory:
dashed line). (b) Single-scattering regime: �̂ð�Þ (white disks) is
compared to �Hð�Þ (continuous line).
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The term before the sum in Eq. (4) does not depend on the
scatterers distribution, contrary to the term on the right.
This implies that whatever the realization of disorder, there
is a deterministic phase relation between coefficients of K
located on the same antidiagonal, i.e., for couples of trans-
mitter (i) and receiver (j) such that iþ j is constant

�m ¼ ki�m;iþm=kii ¼ exp½jkðmpÞ2=R�: (5)

As a consequence, single scattering manifests itself as a
particular coherence of the matrix along its antidiagonals
(Fig. 4). This is valid independently of the scatterers con-
figuration, without any ensemble averaging, under two
conditions: single scattering and Fresnel’s approximation.
The parabolic phase dependence predicted by Eq. (5) is
compared in Fig. 4(b) with the coefficient �m obtained
experimentally.

What is the impact of this particular coherence on �ð�Þ?
A second experiment is carried out with the same device, in
a weakly scattering medium (agar-gelatine gel with le ’
1000 mm). This is necessary because in the rods sample, le
is so small that single scattering dominates only during the
first 10 �s at best, which is enough to measure �m (no
averaging is needed), but not enough to have a statistically
significant estimation of �ð�Þ. Here a ¼ 50 mm, �t ¼
10 �s. �m spreads until jmj ¼ 2: the matrices Kðt; fÞ
have been truncated by keeping only one in three elements
before computing �̂ð�Þ.

To our knowledge, this kind of random matrix whose
antidiagonal elements are linked with a deterministic phase
relation have not been yet investigated theoretically. But
their properties are close to those of a random Hankel
matrix, i.e., a N � N random matrix whose antidiagonal
elements are equal. We have checked numerically that a
random matrix whose antidiagonal elements are linked
with a deterministic phase relation displays the same sin-
gular values distribution as a Hankel random matrix, pro-
vided that all its elements have zero mean and the same
variance. The singular values distribution of a random
Hankel matrix converges to a universal distribution
�Hð�Þ of unbounded support [14]. To our knowledge, no
analytical expression of �H has been found and only a

numerical simulation can provide an estimate for �H,
which has been done in Fig. 3(b) for comparison with the
experimental data. The agreement between both curves is
excellent.
Discriminating between multiple and single scattering

can be done with optical correlation techniques [15]. Here,
we propose to separate single and multiple-scattering con-
tributions based on matrix properties. Let us write K as a
sum of single and multiple-scattering contributions: K ¼
KS þKM. A change of coordinates ðxi; xjÞ ! ðyu; yvÞ
with yu ¼ ðxi � xjÞ=

ffiffiffi
2

p
, yv ¼ ðxi þ xjÞ=

ffiffiffi
2

p
, amounts to

rotating K by 45�. This yields a new matrix A ¼ AS þ
AM, for which the coherence of single-scattering signals
now appears along the columns of AS. Ideally, we would
like to get rid of AM. The characteristic space of single
scattering is generated by the column vector S whose
components are su ¼ exp½jky2u=2R�. Therefore a filtered
matrix AF can be obtained by projection: AF ¼ SSyA. Its
components read

aFuv ¼ expðj2kRÞ
R

exp

�
jk

y2u
2R

�
�v þ su

XL
u0¼1

s�u0a
M
u0v; (6)

where �v ¼ PNd

d¼1 Ad exp½jkðyv � XdÞ2=2R�. In matrix

notation, Eq. (6) reads AF ¼ AS þ SSyAM. If multiple-
scattering signals were strictly orthogonal to S, the remain-
ing term SSyAM would be zero. The final step is to go back
to the original system of coordinates. This yields a filtered
matrixKF, ideally devoid of multiple scattering, which is a
promising perspective for imaging and detection.
As an experimental test, we now place a target (a hollow

steel cylinder with diameter 15 mm) behind the forest of
rods. In such condition, classical imaging (focusing a beam
at the target depth z, in emission and reception, as would a
lens with focal distance z [16]) completely fails (Fig. 5):
the wave is not at all focused at the target position. This
goes beyond simple aberration effects that, contrary to

FIG. 4. Experimental results in a single-scattering sample
(agar gel). (a) Real part of the matrix ~Kðt; fÞ obtained at time
t ¼ 184 �s and frequency f ¼ 3:1 MHz. (b) Real (white disks)
and imaginary (white squares) parts of �m are shown as a
function of m and are compared to the real (solid line) and
imaginary (dashed line) parts of Eq. (5).

FIG. 5. Experimental results at the arrival time t ¼ 2L=c and
frequency f ¼ 2:7 MHz. Images are obtained with DORT ap-
plied to KF (dashed black line), DORT applied to K (dashed
gray line), classical focusing (solid black line). The ideal image
is obtained without the multiple-scattering slab (gray solid line).
Each image has been normalized by its maximum.

PRL 102, 084301 (2009) P HY S I CA L R EV I EW LE T T E R S
week ending

27 FEBRUARY 2009

084301-3



multiple scattering, could be compensated for by an adap-
tive lens. Here, given the slab thickness (L ¼ 20 mm) the
intensity of the coherent wave reflected by the target is
divided by�180 as it traverses twice the scattering slab, so
multiple scattering dominates.

DORT (the French acronym for decomposition of the
time-reversal operator) is another classical imaging tech-
nique [17]. The basic idea is the following: under the
single-scattering approximation and for pointlike scatter-
ers, each scatterer is essentially associated to one signifi-
cant singular vector, corresponding to a nonzero singular
value of K. Physically, each singular vector of K corre-
sponds to the wave front that, if it was sent from the array,
would focus onto the corresponding scatterer. Therefore,
by numerically backpropagating the singular vector in the
supposedly homogeneous medium, an image of the corre-
sponding target can be obtained. However, the one-to-one
correspondence between scatterers and the �i is valid only
in simple media in which scatterers are well separated, not
too numerous, as long as the single-scattering assumption
holds, which is clearly not the case here: DORT fails (see
Fig. 5), as well as classical focusing.

Yet if we now apply the ‘‘single-scattering filter’’ before
imaging with DORT, the target is successfully detected.
The comparison with the ideal image (Fig. 5) that is
obtained with the same array in water indicates that the
ideal spatial resolution is nearly recovered, as if the
multiple-scattering slab had been removed. It should be
noticed though that the filter is not perfect: since each
column of A contains a finite number M� N=4 of inde-
pendent coefficients, multiple scattering is not totally sup-

pressed, but its typical amplitude is reduced by
ffiffiffiffiffi
M

p
.

This preliminary result is an illustration of potential
applications of RMT to imaging in complex media with
smart antennas, which we are currently working on. The
agreement found between RMT and the experimental dis-
tribution �̂ð�Þ is not only of fundamental interest. In view
of applications, it is important to have a reliable model for
the distribution of singular values in the single or multiple-
scattering regimes, e.g., in order to quantify the perform-
ance of such imaging methods.
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