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Recent experimental results have pushed the limits of magnetization dynamics to pico- and femto-

second time scales. This ultrafast dynamics occurs in extreme conditions of strong and rapid fields and

high temperatures. This situation requires a new description of magnetization dynamics, taking into

account that the electron correlation time could be of the order of the inverse spin frequency. For this case

we introduce a thermodynamically correct phenomenological Landau-Lifshitz-Miyasaki-Seki approach.

We demonstrate the effect of the noise correlation time on the ultrafast demagnetization rate.
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One of the fundamental questions of modern solid state
physics is how rapidly magnetization can respond to an
external excitation. The recent development of time-
resolved pump-probe experimental techniques using
x-ray spectroscopy based on synchrotron radiation [1]
and the Stanford linear accelerator (SLAC) [2,3] has al-
lowed for the investigation of magnetization dynamics on
the picosecond time scale. The use of powerful femto-
second lasers [4–6] has pushed this limit down to the
femtosecond time scale. The physical processes underlying
the response of the magnetization on this ultrashort time
scale are complicated and far from being understood, but
clearly involve the excitation and consequent nonequilib-
rium interaction of electron, phonon and spin subsystems.
Spin dynamic processes on this time scale occur under
extreme conditions remarkably different from those typical
for dynamics at longer time scales. First, the three sub-
systems (electron, phonon, and spin) are not in equilibrium
with each other. Second, spin dynamic processes occur
under very strong fields with different sources. In particu-
lar, in the experiments using the SLAC the magnitude of
the external field can be as large as 20 T. The strongly
nonhomogeneous magnetization processes are driven by
the exchange field, having a magnitude*100 T. Finally, in
the laser-induced magnetization dynamics the effective
temperature is increased up to and often above the Curie
temperature [4,5].

Atomistic spin models have proved to be a powerful
approach to model ultrafast magnetization dynamics [7,8].
For example, in the case of laser-induced magnetization
changes, spin models provide important physical insight
into the spin-reordering process, establishing the linear
character of the demagnetization during the subpicosecond
regime and predicting the origin of different recovery rates
in the picosecond regime. The basis of these models is the
stochastic Landau-Lifshitz (LL) equation for each local-
ized magnetic moment si:

_s i ¼ �½si �Hi� � ��½si � ðsi �HiÞ�: (1)

HereHi is the local effective field which includes Zeeman,
exchange, anisotropy and magnetostatic contributions,
augmented with a stochastic field �iðtÞ with the following
properties for both components and different spin sites:

h�iðtÞi ¼ 0; h�iðtÞ�jðt0Þi ¼ 2�kBT

��s

�ðt� t0Þ�ij: (2)

Here T is the temperature, � is the gyromagnetic ratio, �s

is the magnetic moment, and � is the parameter describing
the coupling to the bath system. The basis of this equation
is the separation of time scales, assuming that the heat bath
(phonon or electron system) acts much faster than the spin
system. In this case, the bath degrees of freedom can be
averaged out and replaced by a stochastic field with white
noise correlation functions. The coefficient in front of the
delta function in Eq. (2) is determined by the fluctuation-
dissipation theorem. The assumption of white noise is
therefore invalid for magnetization dynamics occurring
on a time scale comparable to the relaxation time of the
electron system. The typical correlation time for the elec-
tron system in metals is of the order of 10 fs [1]. Such
magnetization dynamics time scale is now commonly
achieved by applying femtosecond laser pulses. A further
limitation of this approach comes from the fact that char-
acteristic frequencies of the magnetization process are now
also of the order of the time scale of the noise (electron)
variable. Therefore, for modelling the ultrafast magnetiza-
tion experiments the approach Eq. (1) could break down.
The aim of the present Letter is to present a classical

formalism beyond the white noise approximation to form a
strong physical basis for models of ultrafast magnetization
dynamics in extreme conditions. First, we introduce the
formalism and show that our approach is consistent with
the equilibrium Boltzmann distribution and coincides with
the previous atomistic approach for small correlation times
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for the bath variable. As main implications of the corre-
lated noise approach, we discuss the influence of noise
correlations on the most relevant characteristics of mag-
netization dynamics: the longitudinal and transverse
relaxation times. Finally, we model the laser-induced de-
magnetization rate for materials with different noise cor-
relation times.

The standard generalization of the white noise to include
correlations is the Ornstein-Uhlenbeck stochastic process
[9]. However, on implementing this process within LL
dynamics, we found, in agreement with previous work
[10], that the Boltzmann equilibrium distribution is not
recovered. The deviations invariably correspond to preces-
sional frequencies of the order of the inverse correlation
time. A suitable approach has been found in the work of
Miyazaki and Seki [11] who generalized the Langevin
equation for one spin to a non-Markovian case. The ap-
proach has been introduced for one spin at high tempera-
tures, neglecting the interactions with other spins and
assuming that their role is to provide the bath environment.
In the present Letter we generalize this approach to a many
spin case, similar to the standard way of Eq. (1) where the
applied field is substituted by the local field. We assume
that the bath variable is due to external sources such as
electrons. Consequently, the applicability of the model is
limited to the time scale where the notion of the quasista-
tionary electron temperature is valid. The other assumption
made in our approach is that the spin is connected locally to
the bath. Consequently, the set of equations for magneti-
zation dynamics [in the following called Landau-Lifshitz-
Miyazaki-Seki (LLMS)] reads:

_s i¼�½si�ðHiþ�iÞ�; _�i¼� 1

�c
ð�i��siÞþRi; (3)

with the fluctuation-dissipation theorem for the bath vari-
able: hRiðtÞi ¼ 0; hRiðtÞRjðt0Þi ¼ ð2�kBT=�cÞ�ij�ðt�
t0Þ. The parameter � describes the coupling of the bath
variable to the spin. The precession term in the first equa-
tion of the set (3) has the same form as in the Eq. (1).
However, the damping is now described by the second
equation in this set where also the bath variable adjusts
to the direction of the spin due to the interaction with it. In
the limit �c ! 0 the stochastic LL Eq. (1) is recovered
[11]. This also provides a relation between the damping
and the coupling constants as � ¼ ���c, giving a more
precise physical sense to the LL damping constant at atom-
istic level.

First of all we investigated the equilibrium properties for
an ensemble of noninteracting spins. In all cases of large
fields, temperatures and correlation times, the correct
Boltzmann distribution is obtained at equilibrium (see inset
in Fig. 1).

Now we turn to the multispin system. First of all, we
prove that the stochastic equations (3) for a multispin
system are consistent with the standard equilibrium prop-

erties. For this purpose we use the formalism of the
Onsager kinetic coefficient method applied in Ref. [12]
for the LL multispin system (1). The system (3) is line-
arized near equilibrium and represented in a general form
of the Langevin equation:

dxi
dt

¼�X

j

�ijXjþri hriðtÞi¼0; hrið0ÞrjðtÞi¼�ij�ðtÞ:

(4)

Here xi stands for small deviations of the stochastic vari-
ables si or �i from their equilibrium values, Xi repre-
sent their thermodynamically conjugate variables and
�ij ¼ �ij þ �ji. For the spin variable we have: Xj ¼
�ð�s=kBTÞHj, where Hj is the internal field correspond-

ing to a particular lattice site and spin component. Unlike
Eq. (1), the first equation in (3) contains only a preces-
sional term and, therefore, the corresponding kinetic co-
efficients are antisymmetric in spin components, giving for
this equation �ij ¼ 0. Taking into account the general-

ization of the internal energy to include the bath variable
as Fðfsig; f�igÞ ¼ F0ðfsigÞ þP

i½�2
i =ð2�Þ � �isi�, where

F0ðfsigÞ is the internal energy without the bath variable,
the conjugate variable to the bath one is Xj ¼ ð�j �
�sjÞ=ðkBT�Þ. Therefore, the corresponding matrix of the

kinetic coefficients is diagonal and for the second equation
we obtain �ij ¼ ð2kBT�=�cÞ�ij. Consequently, we have

proven that the set of multispin equations (3) is consistent
with the equilibrium properties.
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FIG. 1. Equilibrium magnetization as a function of tempera-
ture for a system of N ¼ 323 interacting spins, integrating the
LLMS equation with different correlation times and integrating
the LL equation. The inset shows distribution functions for a
noninteracting spin system modeled within the LLMS approach
for different values of the reduced field � ¼ �sH=kBT (�H�c ¼
1:76) and correlation time �c ¼ 10 fs. The solid line in the inset
represents the Boltzmann distribution.
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In our simulations for the multispin system we use a
Heisenberg Hamiltonian on a cubic system of 323 spins
(with magnetic moment �s ¼ 1:45�B) and with nearest-
neighbor interactions only (exchange constant J). The
Curie temperature is Tc ¼ 700 K with kBTc � 1:44J.
The coupling parameter � was chosen to give the LL
damping parameter � ¼ 0:01. In Fig. 1 we present calcu-
lations of the equilibrium magnetization as a function of
temperature for spin systems with different values of the
correlation times. Independence of the equilibrium prop-
erties on the correlation time, and the agreement with
calculations using the LL equation with uncorrelated noise
demonstrates our generalization of the LLMS equation to
multispin systems. Consequently, the LLMS equation pro-
vides a basis for the phenomenological description of
magnetization dynamics in extreme situations of high tem-
peratures, and large and rapidly varying external fields.
The advantage of the approach is also that the fluctuation-
dissipation theorem is not applied directly to the spin
variable. Therefore, the bath variable (for example elec-
trons) and the spin system need not be in equilibrium with
each other.

Next we discuss the most important implications of this
new approach to ultrafast dynamics. It is known that during
the excitation with spatially inhomogeneous fields in the
Terahertz range [1,3] and also during laser-induced mag-
netization dynamics [4,5], strong local disordering of the
spin system occurs. The dynamics in these cases is gov-
erned by field or temperature excited high-frequency spin
waves which are responsible for the effective damping.
The important dynamical feature then is the rate of mag-
netization recovery. During these processes two types of
relaxation could be distinguished. The first one known as
longitudinal relaxation is responsible for linear magnetiza-
tion recovery, i.e., the magnetization magnitude. During
the laser-induced demagnetization, the longitudinal relaxa-
tion is responsible for the femtosecond demagnetization.
The second one is the transverse relaxation when the
magnetization vector relaxes to the direction parallel to
the internal field via magnetization precession. The longi-
tudinal relaxation time increases with the temperature
while the transverse relaxation time has minimum at Tc

[13].
To simulate the longitudinal relaxation, we start with the

initial condition fszi g ¼ 1:0 and observe the system to relax

at given temperature T. The obtained relaxation curves are
then fitted to exponential decay to extract the longitudinal
relaxation rate. The longitudinal relaxation time, normal-
ized to the uncorrelated case, is presented in Fig. 2 as a
function of the noise correlation time. The longitudinal
time calculated by means of the LL approach (1) is of
the order of 10 fs (�0k ¼ 28 fs at T ¼ 300 K). For correla-

tion time �c & 1 fs the uncorrelated approach gives the
same results as the LLMS one. However, one can see that
�c ’ 10–100 fs gives a dramatic increase of the longitudi-

nal relaxation time. The effect is less pronounced at higher
temperature since in this case the temperature contributes
to the loss of correlations.
Next, we investigate the transverse relaxation in Fig. 3.

The transverse relaxation time is defined by the magneti-
zation precession and normally is much slower than the
longitudinal one. For one spin �? ¼ �0?½1þ ð!H�cÞ2�
[11], where !H is the field-dependent precessional fre-
quency. Consequently, the influence of the correlation
time on the transverse relaxation may be expected only
for the strong applied field for which !H � ��1

c and, thus,
could be relevant for SLAC experiments. To show the
influence of the noise correlation on the transverse relaxa-
tion, we model the precessional dynamics at strong applied
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FIG. 2. Longitudinal relaxation time (normalized to the un-
correlated case) as a function of the correlation time for various
temperatures calculated within the LLMS approach. The inset
shows longitudinal relaxation for various correlation times and
T ¼ 600 K.
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FIG. 3. Transverse relaxation time (normalized to the uncorre-
lated case) as a function of the correlation time for various
temperatures calculated within the LLMS approach. The inset
shows transverse relaxation for two temperatures T ¼ 5 K and
T ¼ 600 K and �c ¼ 10 fs.
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field H ¼ 24:85 T (0:05J=�s). In this case, the spin sys-
tem was first equilibrated at given temperature and applied
field. After that the whole system was rotated to an angle
30� and the relaxation to the direction parallel to the
applied field was observed. For this particular strong ap-
plied field, the correlation times �c * 100 fs are necessary
in order to see their influence on the transverse relaxation.

To demonstrate the immediate physical consequence of
the correlated noise for a more concrete experimental
situation, we present in Fig. 4 the modelling results for
the laser-induced demagnetization for various noise corre-
lation times and constant damping parameter � ¼ 0:05.
We suppose that the magnetization dynamics is produced
by a Gaussian laser pulse with 50 fs duration and the
fluency 33:7 mJ=cm2. Similar to Ref. [7], we assume that
the photon energy is transferred to the electrons and lattice
but the magnetization is directly coupled to the electron
temperature Te. The latter is calculated within the two-
temperature model [14] with the electron and lattice
specific heat constantsCe ¼ 700 J=m3 K2 � Te,Cl ¼ 3�
106 J=m3 K and the coupling constant Gel ¼ 8�
1017 W=m3 K. Our results clearly show strong impact of
the noise correlation time on the degree of demagnetization
during the laser-induced process. Namely, materials with
smaller correlation time �c demagnetized faster. This could
be true, for example, for d electrons in metals with large
scattering rate or for f electrons in rare earths which have
strongly relativistic nature.

In conclusion, the standard phenomenological approach
to model spin dynamics has been generalized to the non-
Markovian case. This approach is necessary in the extreme
situations of large characteristic magnon frequencies oc-

curring during ultrafast magnetization processes. The ad-
vantages of the new approach are the following. (i) The
memory (correlation) effects arising from the fact that the
bath variable responds to the spin direction are taken into
account. This corresponds to the situation when the bath
variable is not in equilibrium with the spin system. (ii) The
fluctuation-dissipation theorem is not applied to the spin
systems as in the standard LL approach. (iii) At equilib-
rium the Boltzmann distribution is recovered. The price for
this new approach is the use of two phenomenological
constants: the phenomenological damping parameter �
for the LL approach is substituted by two phenomenologi-
cal parameters in the LLMS approach: the correlation time
�c and the coupling constant �. Several processes may be
important in determining these constants, as for example,
the spin-orbit coupling, momentum relaxation, scattering
rate and dephasing time of conduction electrons. As in the
LL approach, these parameters will be material specific
and their physical origins should be clarified on the basis of
first-principle approaches. We have shown that the ultrafast
magnetization dynamics is strongly influenced by these
parameters which stresses the necessity of first-principle
models, capable to clarify their physical origins. Finally,
we hope that in the future the direct comparison of experi-
mental ultrafast demagnetization rates with the predictions
of the present theory would allow us to extract the values of
the correlation times in different materials.
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FIG. 4. Laser-induced demagnetization as a function of time
for various noise correlation times �c modeled within LLMS and
LL approaches.
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