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A simple analytical approach is presented to describe the dissociative recombination (DR) of an

electron with H3
þ and its isotopomers. The principal assumption is that resonant capture mediated by the

Jahn-Teller interaction dominates the cross section. The only input required comes from spectroscopic

data on the 3pE0 Rydberg state of H3 and the �2 vibrational frequencies of H3
þ and its isotopomers. The

approach provides an independent prediction of the low-energy DR cross sections and rates, and is in good

agreement with the latest experimental and theoretical determinations.
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The central role ofH3
þ in chemical reaction networks in

interstellar space has generated considerable interest in its
principal loss mechanism, dissociative recombination
(DR) with electrons [1–4], corresponding to the process
H3

þ þ e� ! H2 þ H or Hþ Hþ H. From a fundamental

perspective, this is the simplest polyatomic system for DR,
and the process has attracted considerable experimental
and theoretical attention. After many years of discrepan-
cies and controversy, the data from numerous experiments
now appear to be converging [4,5], and the theoretical
results [6–9] are converging to the experimental results.
Perhaps the most notable aspect of the DR of H3

þ to come

from the theory has been the discovery that the Jahn-Teller
(JT) interaction is a key factor in the recombination process
[6–9]. In particular, previous calculations of the DR rate
were too low by orders of magnitude, but with the inclusion
of the JT interaction [6–9], the agreement between experi-
ment and theory is dramatically improved.

The theoretical treatment of H3
þ DR by Kokoouline and

Greene required the application of some of the most ad-
vanced techniques of molecular physics, and their calcu-
lations involved thousands of reaction channels [9]. More
generally, nonadiabatic effects, that is, processes involving
the nonseparability of electronic and nuclear motion, are
notoriously difficult to treat because they require knowl-
edge of the electronic wave functions as well as the elec-
tronic energies. There are, however, several classic
examples of nonadiabatic effects that can be treated ana-
lytically, including the Hill and van Vleck treatment of spin
uncoupling in doublet � states of diatomic molecules, the
Renner-Teller effect in linear molecules, and the JT effect
in weakly distorted molecules [10]. Because the JTeffect is
a crucial feature of the DR of H3

þ, it is tempting to see

whether the existing analytic results can be adapted to this
process.

H3
þ is also the simplest member in a class of protonated

closed-shell systems with considerable astrochemical in-
terest. While such species tend to be quite stable, capture of
an electron leads to the production of a Rydberg molecule

[11], which tend to be unstable with respect to dissociation.
This general situation supported an approximation in the
initial work [6] on H3, in which it was assumed that
electron capture was the rate limiting step in the DR of
H3

þ, and that all successful capture processes led to dis-

sociation. While later work included the dissociation pro-
cess explicitly [8,9], it is not thought that this has a
substantial effect on the theoretical cross section.
In this Letter, we propose an analytic treatment of the

DR process in H3
þ. This treatment is based on the above

approximation and uses spectroscopically determined data
to evaluate the capture cross section. To do this, we use the
approach of multichannel quantum defect theory (MQDT),
in which a unified treatment of bound and continuum states
allows the use of data on the bound (with respect to
ionization) states of H3 to determine the widths of auto-
ionizing resonances above the ionization threshold.
Let us review some basic features of the JT theory for a

D3h molecule such as H3 [12]. LetQ� ¼ �e�i� be the two
components of the degenerate �2 vibrational mode, with �
the nuclear displacement amplitude and � its phase. If the
three identical nuclei are rotated clockwise by 2�=3 (C3

symmetry operation, called C in the following) the phase
of the nuclear displacements increases according to � !
�þ 2�

3 , with the result that CQþ ¼ !Qþ and CQ� ¼
!�Q� where ! ¼ e2i�=3 (see Fig. 1) Let now cþ and c�
be two electronic wave functions representing the two
degenerate p orbitals lying in the molecular plane forming
a pe0 Rydberg state. Their angular dependences are eþi��

and e�i�� with � ¼ 1. It is easy to see (cf. Fig. 1) that
when the operation C is applied to the nuclei with the
electronic orbitals kept fixed in space, the phase of the
electronic wave functions is decreased by 2�

3 so that we

have Ccþ ¼ !�cþ and Cc� ¼ !c�.
In JT theory [12] the electronic Hamiltonian

HeðQþ; Q�Þ is expanded near the symmetric configuration
in terms of a power series involving Qþ and Q�. The
electronic matrix arising in this expansion involves matrix
elements such as
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Z
c �þHeðQþ; Q�Þc�dq ¼ V0 þ

X
i

ViQi

þ 1

2

X
ij

VijQiQj þ . . . ; (1a)

Z
c �þHeðQþ; Q�Þcþdq ¼ W0 þ

X
i

WiQi

þ 1

2

X
ij

WijQiQj þ . . . ; (1b)

where i and j take the values þ and�. Since HeðQþ; Q�Þ
is invariant under the operation C, the integral of, e.g.,

Eq. (1a) transforms like the product c �þc�, i.e., as !2 ¼
!� ¼ e�2i�=3. Therefore on the right-hand side of Eq. (1a)
the real coefficients multiplying Q� and Q2þ will be non-
vanishing whereas the other terms are zero.

Based on this type of argument the matrix of
HeðQþ; Q�Þ is established [12] to have the form

H ð�;�Þ ¼ W0 þ 1
2k�

2 f�e�i� þ g�2e2i�

f�ei� þ g�2e�2i� W0 þ 1
2k�

2

 !
;

(2)

where we have made the substitutions V� ! f and
Wþ� ! k, and so forth. Diagonalization of the matrix
Eq. (2) yields the real electronic Born-Oppenheimer po-
tential surfaces U1;2ð�;�Þ as well as the real electronic

Born-Oppenheimer eigenfunction angular factors c 1;2.

We obtain

U1;2 ¼ W0 þ 1
2k�

2 �
�
f�þ 1

2g�
2 cos3� . . .

�
; (3)

and, for small � values where the quadratic off-diagonal

term in Eq. (2) may be neglected,

c 1¼ð2Þ�1=2½cþe�i�=2þc�ei�=2��cosð�=2Þ; (4a)

c 2¼ð2Þ�1=2½�icþe�i�=2þ ic�ei�=2�� sinð�=2Þ: (4b)

The potential surfaces Eq. (3) exhibit the well-known
features of JT distortion [12]: (i) there is a conical inter-
section at the symmetric position � ¼ 0, (ii) the linear term
lowers the potential minima by the amount f2=2k, and
(iii) the quadratic term introduces three minima in the
lower potential trough. The eigenfunctions Eq. (4) reveal
the effect of Berry’s phase [13] as they correspond to an
electronic angular momentum � ¼ 1=2 instead of � ¼ 1
and they are not eigenfunctions of the symmetry operation
C since, in particular, the identity operation I ¼ C3 yields
C3c 1;2 ¼ �c 1;2.

We introduce nuclear motion along the JT coordinates
Qþ and Q�, retaining only the linear term in Eq. (2). The
zero-order level diagram (neglecting the JT term) up to
v ¼ 2 is shown in Fig. 1. The total angular momentum is
composed of the vibrational component, �l, with l inte-
gral, and the electronic component �1=2. The sum j ¼
l� 1=2 is conserved in the linear approximation because
there are no �- dependent terms in the potential in this
situation, j takes the values indicated in Fig. 1. The vi-
bronic matrix elements then involve integrals over f�
evaluated with two-dimensional harmonic oscillator func-
tions jv; li. The analytical expressions for these integrals
[12] are expressed with the dimensionless JT parameter
D ¼ f2=2k! which measures the lowering of the poten-
tials by the linear term in units of the vibrational frequency

! ¼ ð2�Þ�1½hk=ðM�cÞ�1=2, where the force constant k is

expressed with cm�1 as energy units andM� is the relevant

mass factor. Using the relation f½h=ð8�2M�c!Þ�1=2 ¼
D1=2!, we obtain the matrix element connecting the levels
v ¼ 0, l ¼ 0, j ¼ �1=2, and v ¼ 1, l ¼ �1, j ¼ �1=2 as

fhv ¼ 1; l ¼ �1j�jv ¼ 0; l ¼ 0i ¼ D1=2!
ffiffiffi
2

p
: (5)

We now show that this matrix element, with appropriate
values for D and !, provides a realistic description of the
DR of H3.
We consider only the linear JT effect, and thus are

limited to capture processes involving �v2 ¼ 1. The pro-
pensity rule for vibrational autoionization [14,15] (the
reverse process of electron capture) suggests that this
will be the dominant process. Figure 1 shows a schematic
diagram of this process, with the matrix element for the
coupling between the initial and final states indicated. The

quantity D1=2 of Eq. (5) has been replaced by the scaled

quantity ~D1=2 required in the quantum defect language by
dividing by the spacing between adjacent levels, 2R=n�3,
i.e.,

~D 1=2 ¼ n�3

2R
D1=2

n� ; (6)

where n� is the effective principal quantum number, R is

FIG. 1. Schematic diagram of the levels involved in the DR of
H3

þ with an electron. With the linear Jahn-Teller (JT) effect,

only �v ¼ �1 processes are allowed, and the coupling between
the v ¼ 0 and 1 levels is shown with the double arrows. The
arrows pointing to the right (left) indicate electron capture (JT
vibrational autoionization), respectively. The scaled matrix ele-
ment coupling the continuum and Rydberg states is also indi-
cated. Inset: nuclear displacements corresponding to the
degenerate JT vibrational mode. The dotted arrow indicates
the phase of the electronic factor ei��.
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the Rydberg constant, and Dn� is the JT parameter of the
Rydberg state n�. Here we connect to spectroscopic data
[16,17] by using the previously determined value of D for
the 3pE0 state ofH3 with n

� ¼ 2:634 andD ¼ 0:0301. The
quantity D! is purely electronic and therefore isotope
independent, and we use the same value for all four iso-
topomers. The ! values for the different isotopomers are
assumed to be equal to those of the ion, !þ, which are
known from accurate ab initio calculations [18,19]. With
these ! values, the isotope dependence of D can be deter-
mined, and the matrix elements can be obtained. The
relevant values are summarized in Table I.

Using the scaled interaction provided above and the
golden rule expression, the autoionization width, �a, of a
single level with principal quantum number n� is [15]

�a ¼ 2�
2R
n�3

j ffiffiffi
2

p
~D1=2!j2: (7)

With the approximation that electron capture is the deter-
mining step, the DR cross section for a single resonance is
given by the Breit-Wigner expression

�resðEÞ ¼ 4�

k2

1
4 �a�

ðE� EresÞ2 þ 1
4 �

2
; (8)

where k is the wave number of the electron and � is the
total width. While a single channel gives rise to a series of
resonances converging to the relevant ionization threshold,
these resonances are generally not resolved in the experi-
mental DR data. Thus, following Mikhailov et al. [20], we
average over the resonances to give

h�i � 2�2

k2

�
�a

�

�
: (9)

where � is the spacing between levels, i.e., �2R=n�3.
Because �a and � both scale as �1=n�3, the expression in
parentheses is approximately independent of n and equal to
4� ~D!2. As discussed previously [7], this cross section is
multiplied by the relative velocity and convolved with the
experimental transverse and parallel spreads in the electron
velocity to provide the recombination rate.

Figure 2 shows the resulting DR rate coefficient forH3
þ,

along with the experimental data of Kreckel et al. [21]
between 0.0001 and 0.4 eV. Also shown are the results of
the calculation of Fonseca dos Santos et al. [9]. The
agreement of the present model with the previous results
is good. The present results drop to zero at energies above
!2

þðH3
þÞ � 0:31 eV because the �v2 ¼ 1 capture pro-

cess is no longer possible above the v2
þ ¼ 1 threshold.

Above this energy,�v2 � 2 processes must be responsible
for DR, but according to the vibrational propensity rule,
these processes are expected to produce much smaller
capture widths. In addition, �v1 ¼ 1 processes are pos-
sible up to !1

þðH3
þÞ � 0:39 eV, but these are not consid-

ered here. Note that both the experimental and previous
theoretical rates show a substantial drop near the v2

þ ¼ 1
threshold, as expected from the propensity rule for vibra-
tional autoionization or capture.
Figure 3 shows our results for the DR rates for the four

isotopomers H3
þ, H2D

þ, HD2
þ, and D3

þ, along with the

corresponding experimental data [21–23] and previous
theoretical results [7–9]. For D3

þ, the 40 meV convolution

of Ref. [8] was used because it smooths out resonant
structure not observed in the experiment. Overall, the
agreement is good for all four isotopomers, although the
results forD2H

þ are a factor of 2–3 below the experimental
result [23]. Indeed, the present model predicts a very
simple isotope dependence, with decreasing rates for in-
creasing mass, and with the D3

þ rate lying a factor of

�1=
ffiffiffi
2

p
below the H3

þ result. This dependence is some-

what obscured because the electron velocity spreads were
different in the different measurements. The only other
significant discrepancy is the lack of a rapid falloff of the

TABLE I. Jahn-Teller parameters for the 3pE0 state of H3 and
its isotopomers.

Species !þðcm�1Þ D!a (cm�1) D1=2 ~D1=2 (cm)b

H3 2521.20c 75.89 0.1735 1:4447� 10�5

H2D 2205.87d 75.89 0.1855 1:5446� 10�5

HD2 1968.17d 75.89 0.1964 1:6354� 10�5

D3 1834.67d 75.89 0.2034 1:6936� 10�5

aThe value is independent of isotope, and we use the D value of
0.0301 for H3 3p 2E0 from Refs. [16,17].
bThis factor represents the scaled value obtained by multiplying
D1=2 by n�3=2R, with n� ¼ 2:634, the effective principal quan-
tum number of the 3p 2E0 state.
cThe ab initio result of Ref. [18].
dThe ab initio result of Ref. [19].

FIG. 2 (color). The DR rate coefficient of H3
þ as a function of

collision energy. Circles: experiment [21] with �E? ¼ 0:5 meV
and �Ek ¼ 0:025 meV; Solid line: present results, unconvolved.
Dotted line: present results, convolved with �E? ¼ 0:5 meV
and �Ek ¼ 0:025 meV; Dashed line: theoretical data [9], con-

volved with �E? ¼ 2 meV and �Ek ¼ 0:1 meV.
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experimental H2D
þ rate at energies above the v2

þ ¼ 1
threshold [22]. If confirmed by future experiments, this
observation would indicate the importance of a second
mechanism for DR in this energy region.

In summary, the present model provides an independent,
experimentally based determination of the DR of H3

þ and

its isotopomers. The good agreement with existing experi-
mental and theoretical data confirms the conclusion of
Refs. [6–9] that the JT interaction in the np Rydberg states
drives the electron capture process. The use of high-quality
spectroscopic data on low-lying states ofH3 to describe the
DR process is central to the present approach, and provides
a connection between two very different kinds of experi-
mental data. The model also provides a first-order predic-
tion of the isotopic dependence of the reaction. While high-
level calculations [6–9] will always be necessary to ac-
count for the details of the experimental data (which are
rapidly improving to reveal vibrational, rotational, and
even nuclear spin effects, as well as better resolved reso-

nances), the present model may provide a means to assess
the role of indirect capture mechanisms in more compli-
cated systems (e.g., H3O

þ or NH4
þ) without requiring

large-scale computation.
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FIG. 3 (color). The DR rate coefficient of an electron and H3
þ,

H2D
þ, D2H

þ, and D3
þ as a function of collision energy. H3

þ
(black) Circles: experiment [21] with �E? ¼ 0:5 meV and
�Ek ¼ 0:025 meV; Solid line: present results, convolved with

�E? ¼ 0:5 meV and �Ek ¼ 0:025 meV; Dashed line: theoreti-

cal results [9] convolved with �E? ¼ 2 meV and �Ek ¼
0:1 meV, and with a rotational temperature of 1000 K. H2D

þ
(blue) Inverted triangles: experiment [22]; Solid line: present
results, convolved with �E? ¼ 10 meV and �Ek ¼ 0:2 meV;
Dashed line: theoretical results [7] convolved with �E? ¼
10 meV and �Ek ¼ 0:2 meV. D2H

þ (red) Diamonds: experi-

ment [23] with �E? ¼ 12 meV and �Ek ¼ 0:07 meV; Solid
line: present results, convolved with �E? ¼ 12 meV and
�Ek ¼ 0:07 meV; Dashed line: theoretical results [7] convolved
with �E? ¼ 10 meV and �Ek ¼ 1 meV. D3

þ (green)

Triangles: experiment [22]; Solid line: present results, convolved
with �E? ¼ 40 meV and �Ek ¼ 6 meV; Dashed line: theoreti-

cal results [8] convolved with �E? ¼ 40 meV and �Ek ¼
6 meV.
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