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A general relation is derived between the band structure of an arbitrary low-loss unit cell and its

effective index of refraction. In addition, we determine the maximum unit cell size that defines the

‘‘metamaterial regime’’ [D. R. Smith et al., Phys. Rev. E 71, 036617 (2005)]. Furthermore, these general

rules allow for the design of a subwavelength near-infrared negative-index material, where the negative

refractive index is verified by band calculations to be a bulk property. Full-wavelength simulations of

prisms consisting of these unit cells suggest behavior consistent with Snell’s law in the negative-index

regime.
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Engineered metamaterials exhibiting a negative refrac-
tive index were first demonstrated in the microwave regime
[1], and more recently there have been a number of reports
at near-infrared or higher optical frequencies [2]. A nega-
tive refractive index should be a bulk property and consis-
tent with Snell’s law. However, with the exception of one
three-layer structure [3], negative-index materials (NIMs)
for use at optical wavelengths [2] consist only of a single
layer of unit cells, typically in a ‘‘fishnet’’ structure [4].
Characterization of these structures has generally used the
scattering (S) parameter method based on the inversion of
their complex transmittance and reflectance [5]. The nega-
tive index obtained in this way for optical NIMs may
change with an increasing number of layers [3] and, in
particular, may reverse its sign [6]. Moreover, this index
lacks the physical meaning of refraction [7] if it is not
verified by Snell’s law, since the S-parameter method
assumes that the slab, actually composed of discrete ele-
ments, is equivalent to a hypothetical, homogeneous NIM.
This assumption is especially questionable in the optical
domain, since typical optical NIMs fabricated thus far
involve unit cell sizes close to half of the wavelength in
at least one dimension [2,8]. With the possible exception of
work on surface plasmon polaritons in a waveguide struc-
ture [9], no refraction experiment or rigorous first-principle
calculations on a fabricated structure has confirmed the
presence of a negative refractive index for bulk meta-
materials at optical frequencies.

At microwave frequencies, however, negative refraction
has been observed in two experiments [10,11], which are
considered decisive support to NIMs [12]. These experi-
ments employ prisms made of one-dimensional (1D) NIM
unit cells, which exhibit a negative phase index in a par-
ticular direction. In those experiments, the incident elec-
tromagnetic wave (EMW) propagates within the prism
along this direction, so that anisotropy of the unit cell

does not play a role. The EMW is obliquely incident on
the hypotenuse from within the prism, and the refracted
beam is detected in the far field. Negative refraction occurs
due to the negative phase index, i.e., antiparallel energy
velocity and wave vector, rather than anisotropy of the
material, accompanied by a positive phase index [13]. In
Ref. [10], the index determined by the S-parameter method
was shown to agree with Snell’s law. In Ref. [11], refractive
indices measured on two different prisms (i.e., at two
different incidence angles) consisting of the same unit cells
were shown to be equal.
In this work, we apply photonic band calculations to a

near-infrared NIM structure with subwavelength dimen-
sions. The negative index obtained from a monolayer of the
structure is verified to be a bulk property. We then derive a
general relationship between the band structure of an arbi-
trary 1D low-loss unit cell and its effective index exhibited
in refraction experiments similar to Refs. [10,11]. This
relationship confirms the negative index for our structure.
Full-wavelength simulations on NIM prisms consisting of
our structure show negative refraction consistent with pre-
dictions from Snell’s law. Finally, the role of the small
lateral unit cell size unique to the structure is discussed.
The NIM unit cell is shown in the inset in Fig. 1(a). It

consists of 20-nm-thick � 100-nm-wide Au strips, sepa-
rated from a 20-nm-thick central continuous Au layer [14]
by 15-nm-thick polymer dielectric spacers. The unit cell
extends infinitely along the ẑ direction and is replicated in
both the x̂ and ŷ directions with a period of 150 nm. These
dimensions are consistent with a fabricated structure re-
ported elsewhere [15]. For transverse magnetic (TM)-
polarized EMWs propagating along x̂ in the x-y plane,
i.e., H ¼ Hzẑ, the unit cell is a resonator supporting even-
and odd-Hz modes with respect to the central plane.
Currents flow in opposite (the same) directions along the
strips in even (odd) resonance, which is associated with an
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effective magnetic (electric) dipole response that is weakly
(strongly) dependent on the presence of the central metallic
layer [14].

Normal incidence plane wave scattering simulations are
performed on a single layer of unit cells to calculate the
effective refractive index with the S-parameter method [5].
The refractive index of the polymer dielectric is nd ¼ 1:56
(corresponding to that of cyclotene), and dielectric con-
stants of Au are taken from the literature [16,17]. The
index is converted to an effective propagation constant
using kx;eff ¼ nx;eff!=c ¼ nx;effk0 and is plotted in

Figs. 1(a) and 1(b). Here ! is the angular frequency, c is
the speed of light, and k0 is the wave number in free space.
These propagation constants coincide with those derived
from Bloch-band calculations (circles and squares) within
the first Brillouin zone [18]. Despite the existence of two
bands within the same wavelength range, only the least
lossy mode (circles, with the smallest Im½kx�) participates
in EMW propagation in the crystal [19]. This coincidence
shows that, for a beam traversing a slab containing a
sufficiently large number of layers of the structure, the
phase delay due to the slab thickness of d can be asymptoti-
cally written as Reðkx;effÞd ¼ Reðnx;effÞk0d, since phase

changes due to the surfaces and possible truncation of the
surface unit cells are bounded and hence can be omitted,
and multiple reflection amplitudes are negligibly small for
any finite Imðkx;effÞ. This index is independent of d and is

therefore indeed a bulk property.
The Bloch-band diagram for the unit cell assuming

lossless Au (i.e., with zero imaginary permittivity) is also
plotted in Figs. 1(a) and 1(b) as dashed lines. The band
shown by squares has even less contribution to EMW
propagation than in the lossy case due to its large imagi-

nary part and is therefore omitted. The Bloch wave vector
is real between � ¼ 0:93 and 1:5 �m, a range in which the
dimensions of the unit cell are subwavelength (��=7).
This hypothetical NIM also has both positive- and
negative-index bands.
In Fig. 1(b), the discontinuity in Reðkx;effÞ at � � 1 �m

leads to a discontinuity in Reðnx;effÞ. The negative and

positive index bands separated by this discontinuity corre-
spond to negative and positive refraction, respectively
[10,11]. Consider a two-dimensional semi-infinite meta-
material crystal in the x-y plane composed of these unit
cells, as shown in Fig. 2(a). The unit cells are made from
dielectric and lossless metal, such that the energy and
group velocities of propagating Bloch modes are equal
[20]. Furthermore, we assume a TM-polarized Bloch

mode propagating along x̂, with wave vector ~k in the first
Brillouin zone obliquely incident at the metamaterial-air
interface. These modes therefore correspond to the region
of the dispersion curves with a positive group velocity, as
shown in Fig. 1(b). Because of the finite size of the unit
cell, the metamaterial-air interface is stepped, with angle

� ¼ arcsinða=dÞ ¼ arcsinð1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm2

p
Þ. Here a is the NIM

lattice constant, d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm2

p
a is the interface periodicity,

and there are one and m unit cells along x̂ and ŷ per step,
respectively, as previously [10,11,21]. The resulting inter-
face grating scatters the incident Bloch wave into the
transmitted waves.

FIG. 2. (a) A Bloch wave propagates in the positive x̂ direction
and is obliquely incident upon the semi-infinite metamaterial
crystal interface with air. Only a small number of unit cells near
the interface are shown. Here, a is the lattice constant, and d is

the interface periodicity. ~k and ~vg are the first Brillouin-zone

wave vector and group velocity of the incident Bloch wave. ~k0 is
the free space wave vector of the refracted light. � and �0 are
incidence and refraction angles, respectively. (b) Graphical so-
lutions to kaþ l� 2� ¼ kltd. Radii of circles I and II are kaþ
2� (for ��< ka < 0) and �, respectively.

FIG. 1. Bloch bands for zero (dashes) and nonzero dissipation
(circles and squares) Au layers, and (a) imaginary and (b) real
parts of the effective propagation constant kx;eff from single-layer

scattering simulations (continuous line). In (b), the part of
lossless band structure with a positive group velocity vg > 0 is

marked by arrows. Inset in (a): The unit cell. Lattice constants
Lx ¼ Ly ¼ 150 nm, Au strip and central layer thicknesses t ¼
tc ¼ 20 nm, strip width W ¼ 100 nm, and spacer thickness h ¼
15 nm. Au strips and central layer are embedded in a polymer
dielectric.
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Far from the interface, the scattered optical field can be

written as a sum of plane waves following Hð~rÞ ¼P
lal expði ~kl � ~rÞ, where H is the magnetic field, ~kl is the

free space wave vector (jklj ¼ 2�=�), and al is the coef-

ficient for the lth term. The component of ~kl parallel to the
interface is related to that of the incident Bloch wave vector
~k through klt ¼ kt þ lG, where kt ¼ k sin� andG ¼ 2�=d
is the magnitude of the surface reciprocal lattice vector.
This equation is equivalent to kaþ l� 2� ¼ kltd, with
graphical solutions shown in Fig. 2(b). Each solution of klt
represents a propagating order in the air. For well-defined
negative refraction to occur, there must be at most one far-
field beam. Inspection of Fig. 2(b) shows for��< ka < 0
the maximum d that satisfies this condition is given by the
radius of circle I, or dc ¼ �ð1þ ka=2�Þ< �, while
circle II indicates that d < ds ¼ �min=2 constitutes a suffi-
cient condition across the entire negative-index band, of
which �min is the minimum wavelength. For d < dc, there
is a possible propagating order that corresponds to l ¼ 0,
with transverse wave vector k0t ¼ k0 sin�0 ¼ k sin�,
where �0 is the refraction angle. This is equivalent to
Snell’s law sin�0 ¼ neff sin�, for any m allowed by d <
dc. The effective refractive index of the metamaterial is
related to the Bloch wave vector via neff ¼ k=k0, indepen-
dent of the incidence angle � (or m), as in Ref. [11].
Accounting for both positive- and negative-index bands,
the effective index can be written as

neff ¼ vgk=jvgjk0 ¼ @!

@ReðkÞ k
���������

@!

@ReðkÞ
��������k0: (1)

Figure 1(b) therefore shows that a sufficiently large prism
consisting of our (lossless) NIM will undergo negative
refraction in the negative-index band of 0:93 �m< �<
1:03 �m.

Equation (1) connects the first Brillouin-zone band
structure of a 1D lossless subwavelength unit cell to its
effective index exhibited in a prism refraction experi-
ment. Although its derivation is for TM polarization and
the unit cell of Fig. 1, we emphasize that it is general
since it utilizes only the discrete translational symmetry
along the metamaterial-air interface. This also shows that
the stepped interface can be linearized with partial unit
cells on the boundary to preserve its discrete translational
symmetry. The generalization of the analysis to arbitrary
polarization and a 3D subwavelength unit cell is straight-
forward, provided it has a dominant Bloch band in the
incidence direction.

The justification for applying effective medium theory to
metamaterials in the literature is that the unit cell size must
be much smaller than the wavelength. However, for all
NIMs fabricated to date, typically �=a < 12 [8]. At the
same time, while effective medium theory applies only in
the limit ka ! 0, for practical metamaterials jkaj � 1, a
scale that Smith et al. refer to as the ‘‘metamaterial re-
gime’’ [22]. Hence, dc and ds are quantitative limits based

on physical equivalence that define such a metamaterial
regime for 1D NIMs in refraction experiments. These
limits and Eq. (1) serve as criteria for the design of NIM
unit cells.
A practical structure must be low-loss, for which the

above results are also expected to apply. Indeed, the small
differences in Figs. 1(a) and 1(b) between the band struc-
ture of the lossless and the realistic NIM imply that Eq. (1)
is still true for the latter. To confirm this, we performed
full-wave simulations of wedges composed of the unit cells
in Fig. 1(a) with the bottom illuminated by a normally
incident TM plane wave. The main lobe of the time-
averaged power flow of the transmitted wave determines
the direction of the refracted beam, which is used to
calculate the effective refractive index based on Snell’s
law. Wedges defined by m ¼ 2 and 3 were simulated,
corresponding to incidence angles of 26� and 18�, respec-
tively, as in Ref. [11], which also used square unit cells.
Both geometries satisfy the condition that d < dc through-
out the simulated frequency range. A representative field
plot on a logarithmic scale is shown in the inset in Fig. 3. In
the negative-index band, refraction and diffraction coexist,
consistent with experiments in the microwave domain [21].
This is due to the lack of complete discrete translational
symmetry for the small wedge and enhanced coupling into
the diffracted beam by a stepped interface grating between
a positive- and a negative-index material [21]. Apart from
the main lobe, in most situations two weak side lobes are
also apparent. The width of the illuminated part is four
steps for both m ¼ 2 and 3 wedges, suggesting that the
weak side lobes are similar to secondary maxima observed
in multiple-slit diffraction experiments. Both features were
also observed in microwave frequency simulations where
the NIM prism was of a homogeneous composition [21]. A
sufficiently large prism eliminates finite size effects such as
side lobes and a diffracted beam. Furthermore, the re-
fracted beam would emerge uniformly along the hypote-
nuse, as shown analytically.

FIG. 3 (color). Comparison of effective indices extracted from
numerical simulations and band calculations. Inset: Time-
averaged power flow on a logarithmic scale for an m ¼ 3 wedge
at wavelength � ¼ 950 nm. A negatively refracted beam, a
diffraction order, and two weak side lobes are observed.
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Between � ¼ 0:91 and 1:5 �m, refractive indices ex-
tracted from the full-wavelength simulations and band
structure are plotted in Fig. 3, which are consistent with
each other. Since the analytical derivation is rigorous only
for a sufficiently large prism, errors are expected for the
small wedge considered here. Moreover, the saturation of
the m ¼ 2 wedge index (triangles) at n ¼ �2 for
0:96 �m< �< 1:2 �m results since the Bloch-band de-
rived index in this range exceeds the condition for total
internal reflection defined by jnmaxj ¼ 1= sin26� ¼ 2:2.

Finally, we discuss the role of unit cell size in transverse
dimensions. A homogeneous NIM prism gives rise to no
more than one propagating order in air at all incidence
angles. To justify the characterization of a NIM structure
with a negative index, the refractive behavior of a compos-
ite NIM prism made of such unit cells should be consistent
with that of a homogeneous NIM prism within the
negative-index band in an incidence angle range as large
as possible, which was shown to be limited by dc and ds.
Optical NIMs demonstrated to date typically have lateral
dimensions close to �=2 [2]. In particular, the lateral unit
cell sizes for fishnet structures are constrained by its high
magnetic resonance frequency [8,23]. The longitudinal
period of a fishnet structure can be very small compared
to � [3], and the incidence angle can be varied almost
continuously by changing the number of unit cells in this
direction. However, given that the negative index is neces-
sarily strongly dispersive and jkaj is often on the order of
unity [22], the maximum incidence angle for a fishnet
structure is restricted by its large transverse dimensions.
Our unit cell has smaller (i.e., subwavelength) dimensions
in the transverse directions where there are field variations,
and this restriction is therefore considerably loosened.
Hence, for applications requiring a large incidence angle,
this type of unit cell is more desirable.

In conclusion, the condition that must be met to observe
negative refraction on a prism composed of subwavelength
1D low-loss NIM unit cells is a dominant Bloch band that
exhibits an oppositely directed wave vector and group
velocity within the first Brillouin zone. The effective index
is given by neff ¼ ðk=k0Þsgn½@!=@ReðkÞ�. Such a near-
infrared NIM design is presented with realistic material
parameters. The geometrical parameters are compatible
with a layer-by-layer approach for building a bulk meta-
material [24].
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Note added.—Recently, experimental work [25] using

the fishnet structure at a wavelength of 1:5 �m was pub-
lished, where the relation between the band structure and
the effective index is consistent with Eq. (1).
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