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Matter-Wave Emission in Optical Lattices: Single Particle and Collective Effects
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We introduce a simple setup corresponding to the matter-wave analogue of impurity atoms embedded in
a photonic crystal and interacting with the radiation field. Atoms in a given internal level are trapped in an
optical lattice, and play the role of the impurities. Atoms in an untrapped level play the role of the
radiation field. The interaction is mediated by means of lasers that couple those levels. By tuning the lasers
parameters, it is possible to drive the system through different regimes, and observe phenomena such as
matter-wave superradiance, non-Markovian atom emission, and the appearance of bound atomic states.
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Recent progress in atomic physics has allowed exper-
imentalists to trap atoms in optical potentials at very low
temperatures. This has led to the observation of several
interesting phenomena in which atom-atom interactions
play a predominant role. With atoms loaded in optical
lattices it is nowadays possible, e.g., to reach the strong
correlation regime where quantum phase transitions be-
tween superfluid and insulator phases [1,2], Tonks-
Girardeau gases [3], or even entanglement between neigh-
boring atoms can be observed. Those experiments have
triggered a large amount of theoretical work proposing and
analyzing new experiments where intriguing condensed
matter behavior could be observed [4].

In this work we show that with the same systems it is
possible to observe a broad spectrum of phenomena usu-
ally connected to light-matter interactions (see [5-7] for
related setups). Here, the role of matter is played by the
absence or presence of one atom in the ground state of an
optical potential, whereas the role of light is played by
weakly interacting atoms in a different internal state which
is not affected by the optical potential. The coupling be-
tween those two systems is induced by Raman lasers,
which connect the two internal states of each atom (see
Fig. 1). As we will show, the Hamiltonian that describes
this situation is very similar to that describing the interac-
tion between two-level atoms and the electromagnetic field
within a photonic crystal (PC) [8] (see [9] for a tutorial of
PCs). By changing the laser and optical trapping parame-
ters the system can be driven to different regimes where a
rich variety of phenomena can be observed. These include
the spontaneous symmetry breaking of the system pre-
dicted by the mean field theory [10], collective effects in
the emission of atoms from the lattice [11,12], and the
formation of a bound trapped-untrapped atom state. This
state is analogous to the atom-photon bound state that
appears when atoms embedded in a PC emit photons
within the gap region, which remain exponentially local-
ized around the atom and strongly coupled to it [9,13,14].
Moreover, it is possible to reach a regime in which weakly
confined atoms drive atom-atom interactions between
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strongly confined ones, giving rise to effective Coulomb-
like interactions between them.

We consider N cold atoms with a ground state hyperfine
level |a) and frequency w! that is trapped by an optical
lattice with M sites and lattice period d,. The atomic
motion is restricted to the lowest Bloch band in the colli-
sional blockade regime, where either one or no atom
occupy each potential well of the lattice, which we will
approximate by a harmonic oscillator of frequency w.
Then, we can replace the creation operator at each site
by a'j+ = [1);<0l, which describes transitions from the
Fock state |0); with no atoms at site j, to a state |1); with
one atom [5]. The atoms have an additional internal level,
|b), that is not affected by the lattice potential and has a
frequency w,. We introduce the field operator wg(r) =
(1/ \/V)Zkbleik'r, where V is the quantization volume,
and bl is the creation operator of an atom in |b) with
momentum k.

Like in an atom laser setup [15], two lasers are then used
to induce two-photon Raman transitions between |a) and
|b). The lasers have a two-photon Rabi frequency (), and
their frequencies and momentum differences are w; =
w; — w, and k; = k; — k, respectively. When tuning
them close to a two-photon resonance and far from single
photon resonances, an effective Hamiltonian is obtained
which in the interaction picture can be written as (7 = 1)

Gap Band

FIG. 1 (color online). Schematic diagram. Lasers produce two-
photon Raman transitions to an untrapped state. A: For laser
detunings A > 0, transitions are into a band of nontrapped states.
B: A <0, transitions are into the gap region, and a trapped-
untrapped atom bound state is formed.
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Here r; denotes the positions in the lattice, and Ay =
k*/2m — A, with A = w; — (0, — w,) the laser detuning
(and w, = @Y + w,/2). The coupling constants are g, =
Qe’xg(k*kL)2/2(87T3/2X8/V)1/2, where X, = (1/mwg)"/?
is the size of the wave function at each site.

The similarity of Hamiltonian (1) with that describing
the interaction of atoms with the electromagnetic field is
apparent. The dispersion relation of the atomic bath, con-
tained in A, resembles that of the radiation field in a three
dimensional and infinite PC near the band-edge [10,13,14].
Furthermore, in our setup one can easily control several
external parameters: (), which determines the coupling
strength, A, which determines the resonance conditions,
the number of atoms N and sites M, the lasers wave vectors
k;, and the dimension of the trap and the lattice. Thus, we
expect to observe a rich variety of phenomena, ranging
from some well-known from the field of Quantum Optics,
to other which are difficult to access in that field. We will
start out with a single excitation (N = M = 1), and then
consider collective effects (M > 1), for the different re-
gimes dictated by the control parameters () and A.

An atom within a single trap constitutes the simplest
setup but it still gives a very good insight into the problem.
The wave function of the system has the form |V(¢)) =
A1, {0}) + Xk By ()]0, 1), where |1, {0}) describes the
atom in the trapped state and no free atom present, and
|0, 1)) represents no atom in the trapped state and a single
untrapped atom in the mode k. Choosing k; = 0, and
using the Schrodinger equation we have A(r) =
— [4dTG(t — 7)A(7), where

G(t) = Zg%e*mk’ =02
K

etAt
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is the correlation function of the environment. An analyti-
cal solution can be obtained by assuming that trapped
atoms are strongly confined so that wy>> (), A. For a 3D
bosonic field, this leads to G(f) = —aeAF7/4) /13/2,
which is singular at the origin, but describes correctly
times 7> 1/wy. Except for the value of a =
(2/ wo)¥2Q2, G(1) is identical to the correlation function
of the radiation field within an anisotropic PC [10,13,14].
In the same way, a 1D environment (produced by trapping
|h) in a 1D harmonic trap), produces a correlation function
similar to the one of the radiation field in isotropic PCs.
From the Laplace transform method, we get [9]

A(t) = Clei(r%+A)t _;’_ [(a’ A, t), (3)
i = imT/4 1 N
with I(a, A, 1) = (ae'™*/7) [ dx

(—x+iA)Y+ia’x
r = —(a/2) £(a/2)*> — Awehave: () If a?/2 > A >
0, then ¢, = 0. (ii) If A > &?/2, then r;, = r_ and ¢; =
. (i) If A <0, r; = ry and ¢; = ;2. Note, that

for A >0 there is no trapped atom left in steady state,

. Defining

whereas for A < 0 this is not the case (Fig. 2). Thus, there
is a quantum phase transition at A = 0 analog to that found
in the spin-boson model [16]. Moreover, for A <0, the
emitted atomic field is in the form of evanescent modes
exponentially localized around the trapped atom, what
leads to the trapped atom-untrapped atom bound state.
This follows from the probability of finding a radiated
particle at position r at a long time ¢, |W,(r, t)]*> =
(e QmX] /2arr)2e ikl g ~tmlrile where ké =

\2m(A —r?) is imaginary if A <0. For A >0 we have

two different regimes: for A > «” we just have an expo-

nential rate I’y = 4021/27TA /w3, whereas in the opposite

limit the evolution does not follow such a law. The first
corresponds to the Markovian regime, where the correla-
tion time 7.~ A~! of the environment (here untrapped
atoms) is shorter than the typical evolution time of the
trapped atom (I'y!). For finite wq, [y = [7 diG(r) =

40°(—i/wy + ‘/27TA/w8672A/“’0(1 + Erf[iy/2A/ wg])),

where the first term is the analogue to the Lamb shift. In
this case, the structure of A(¢) is similar to (3), but the phase
transition above described is shifted to A = 402/ w, (see
inset Fig. 2).

We now study the dynamics of atoms in a lattice with M
sites, choosing wq > ), A. Guided by the previous analy-
sis, we will consider the regimes A > 0 (Markovian and
non-Markovian), as well as A < 0.

In the limit where I'7. << 1, where I'.; gives the
typical evolution time of the trapped atoms, we can analyze
the problem under the Born-Markov approximation. The
dynamics of the atoms in the lattice is dictated by the
quantities

e vli=jl/é+iri_jk,
li—jl
for i # j. Here, v =i, 1 for A>0 and A <0, respec-
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FIG. 2 (color online). Evolution of |A(#)|> from Eq. (3) in
logarithmic scale for AJa? = -8, -1, -0.2,02, 8 (wg = ),
corresponding to solid, dotted, dashed, dot-dashed, and dot-dot-
dashed lines, respectively. One can recognize the regimes ex-
plained in the text. Inset: Steady state population |A%|?> =
|A(o0)|2. Solid, dashed, and dotted lines correspond, respectively,
to Q/wy = 0.025, 0.01, 0.005.
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tively, and the correlation function G;_;(r) =
Zkg%eiri_y(k—kL)—iAkt is now
Gi-j(1) = G(p)e™ i/l gincy 5)

with G(¢) given by (2). Similar to the radiative case, the
coefficients I'jj_;; describe the dipolar interactions be-
tween the sites i and j. The quantity & = 1/(|lkyld,),
with ky = +/2mA [17], quantifies the range of the inter-
actions which, according to (4), has a Yukawa form for the
case A <0.

For A > (0, the situation under study resembles that of a
set of M atoms in a lattice interacting with the electromag-
netic field in a A-scheme as described, e.g., in [18], with k
corresponding to the resonant wave number, and N to the
number of excited atoms. However, here k; is a difference
between wave-vectors, and hence it can be varied by
changing the relative directions of the lasers. Following
the light-matter analogy, collective phenomena like mul-
tiple scattering or superradiance are expected. These are
determined by ¢ and the analogous of the optical depth,
which for a cubic lattice is y = 7/2M'/3 2.

We now consider one atom symmetrically distributed
along M sites, a situation that has been analyzed in
Ref. [18] for the light-matter interaction case. This analysis
can be translated straightforwardly to our system, when the
lasers are tuned to fulfill the phase matching condition,
|k, | = |ko|. Hence, two interesting regimes where collec-
tive effects are present can be obtained [18]: First, choos-
ing &7 > 1, atoms in |b) are emitted in the direction of k
with a collective rate I'.,; ~ xI'y. Second, by choosing
&> M?/3 atoms are emitted with a rate I'..; = MT, char-
acteristic of Dicke superradiance [11].

Let us now study N atoms within M sites, considering
the limit where & > 1, where according to (4) collective
effects are expected in the dynamics. From now on, we
take laser directions such that |k; |d,M'/? < 1, so that the
momentum of the laser plays no role in the dynamics.
Hence, we get

d{o3)
dt

o oj)

— _4Re|:%r|j—i|<0'i+o-j>] dt

= D Tiylof aioy) + Tiylof ojon,  (©)
)

with rates given by (4). Here, o7 = 207 o — 1, and all the
operators are evaluated a time 7. Let us first analyze the
atomic emission that occurs for positive detuning A > 0.
We focus on the rate of emission of atoms in all directions,
which is given by R(r) = —Zjd<ag>/dt, for different
values of &. If sites evolve independently, R(z) decays
exponentially. However, when ¢ > 1 and collective effects
are present, R (¢) does no longer decay exponentially and,
furthermore, it presents positive slopes at initial times. This
is shown in Fig. 3 for a 1D lattice, where it is observed that
collective effects occur for & > 1. This result is obtained

with (6) by using the semiclassical decoupling
(o) gjoj) = (0iXo/ o), that is based on neglecting
atomic quantum fluctuations [12]. Nevertheless, the
change of sign in the slope can be obtained analytically
by differentiating Eq. (6) at t = 0 without the use of any
approximation.

For negative detunings, A < 0, the rates (4) are purely
imaginary, and the system has an effective Hamiltonian

Hi" = Ji-joi oy, N
i

where Jj;_; = il';;_; is a real and negative quantity, so
that (7) is Hermitian and describes a coherent spin-spin
interaction of ferromagnetic type. This interaction may
have interesting applications in the field of quantum simu-
lation. Furthermore, for & > 1 it gives a Coulomb-like
interaction very difficult to obtain with other techniques.

Let us now study the non-Markovian limit, where the
system also becomes strongly interacting. We consider that
all the atoms are initially in the lattice (i.e., N = M), and
the limit M >> 1. Using the mean field or Hartree approxi-
mation [19], the evolution of y(r) = ¥ {(oj(1))/M and
2(1) = ¥ j(a3(1))/M can be written as

dfl—(tt) =M [0[ d7G o (t — 7)y(7)2(1);
&) _
dt

Here, G (1) = (1/M)3Y.,G, (1), with G, (¢) defined in (5).
Because of the non-Markovian structure of the equations,
the mean field approximation considered predicts that in
the steady state y** # 0. This is shown in Fig. 3 for A = 0,
where we have taken an initial infinitesimal value y(0) =
107% [20], and z(0) = 1. This is analogous to the sponta-

3
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FIG. 3 (color online). Rate of atomic emission from a 1D
lattice with N = M = 100 atoms. Solid, dashed, dotted and
dot-dashed curves correspond to ¢ = 0.9, 1.25, 2, 3.33, respec-
tively. Inset: Spontaneous symmetry breaking and nonzero
steady state population. Solid and dashed curves represent z(r)
and y(r) respectively, evolving according to (8), for N =M =
10? atoms, A = 0, and w, = 50.
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neous polarization of the system described in [10] for
atoms in PCs, and similar to the spontaneous symmetry
breaking predicted by the semiclassical theory of the laser
(see [19] and references). Figure 3 also shows that the non-
Markovian effects lead to a nonzero steady state popula-
tion, i.e., % # —1.

The phenomena here described may be observed with
state of the art experimental setups using state-dependent
potentials [1] in the Mott insulator regime [2] for the lattice
atoms and choosing () < w to avoid the occupation of
other bands. The gravity force acting on the untrapped
atoms |b) has not been considered, and it can be compen-
sated in an experiment with a magnetic field gradient [21].
This gradient may be combined with bias field to tune the
scattering properties such that the on-site interaction of
atoms in |a), U,, > 0, while the interaction of atoms in |b)
and in different states are U,,;,, U,, ~ 0, respectively (see
[4] and references).

In order to prepare the system in the simplest regime
(N = M = 1), note that it is not required to have only a
single atom in the whole lattice, as long as the atoms do not
interact with each others (i.e., £ < 1 and initially local-
ized). Then, one could easily monitor the decay as a
function of time by simply measuring how many atoms
remain in |a). The presence of the bound state of the
untrapped atoms should be visible in the momentum dis-
tribution after free expansion. By preparing a few atoms
each of them coherently distributed among M sites in
disjoint regions, several copies of the setup consisting in
N = 1 atom within M sites could be realized. For an initial
Mott insulator state (N = M) it should also be possible to
observe superradiant effects by looking at the slope of the
decay rate for short times, and for A <0 the nearest-
neighbor interaction induced via virtual transitions to the
untrapped state, as follows from Eq. (7). Other properties
of the system, like the directionality in the emission, could
be characterized by measuring the emitted atoms. All those
phenomena require £ = 1, i.e. |A| = 1/(2md3), as well as
the Markovian limit, I',,; = |A[. Observing superradiance
for long times (i.e., the whole shape of Fig. 3), as well as
coherent interactions in Eq. (7) beyond nearest neighbors,
may be limited by decoherence effects caused by random
magnetic fields which shift |a) and |b) differently. A
possible way around this is to use lighter atomic species,
like Na and Li, where those conditions are relaxed. For
instance, the time scale of Fig. 3 is of the order of a few tens
of milliseconds for Rb, but of the order of only a few
milliseconds for Li. The collective non-Markovian effects
should be easy to observe by choosing A = 0.

The proposed setup may be advantageous to observe
some phenomena with respect to atoms interacting with
light in a PC. First, an atom in a PC has a fixed transition
frequency and its detuning with respect to the band-gap
edge determines the system dynamics. Here, the equivalent
quantity is A, which together with other laser parameters
can be freely varied, allowing to describe a richer variety of

regimes. Second, the detection techniques developed for
atoms in optical lattices [22] may allow to measure fea-
tures, like the analogue to the photon-atom bound state,
that are difficult to measure in PCs. Also, other interesting
phenomena could be explored with this set-up. For ex-
ample, for y > 1 light-matter interface schemes can be
used to control the emission direction of the atoms, or to
map the state of trapped atoms into that of untrapped atoms
[23]. Besides, if |b) is affected by a trap that is wider than
that of |a), other types of interactions, like the one de-
scribed by the Jaynes Cummings or the so-called Tavis
Cummings model, can be implemented. Additionally, this
system may be tuned to explore other regimes which
cannot be reached in quantum optics. For example, the
ones in which the initial state of the atoms in the lattice is a
superfluid, or a Tonks gas. Finally, by choosing U, # 0
new dynamics could be described, in which the scattering
between atoms in |a) and |b) compete with collective
decay.
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