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Electron transfer from a localized state in a quantum dot into a ballistic conductor generally results in

particle-hole excitations. We study this effect, considering a resonance level with time-dependent energy

coupled to particle states in the Fermi sea. We find that, as the resonance level is driven through the Fermi-

level, particle-hole excitations can be suppressed for certain driving protocols. In particular, such noiseless

transfer occurs if the level moves with constant rapidity, its energy changing linearly with time. A scheme

to study the coherence of particle transfer is proposed.
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Individual quantum states of light, supplied on demand
by single-photon sources [1–3], are essential for current
progress in manipulating and processing quantum infor-
mation in quantum optics [4]. In particular, such sources
are at the heart of secure transmission of quantum infor-
mation by quantum cryptography [5], and of quantum
teleportation [6]. An extension of these techniques to elec-
tron systems would be crucial for the inception of fermion-
based quantum information processing [7,8].

Elements of solid state electron optics, such as linear
beam splitters [9,10] and interferometers [11], have been
known for a while, but an on-demand electron source was
demonstrated only recently [12]. In the experiment [12] a
localized state in a quantum dot, tunnel-coupled to a bal-
listic conductor (a quantum Hall edge channel), was
charged and discharged by modulation of its energy in-
duced by a periodic voltage on the gate, leading to a
sequence of quantized single-electron current pulses [13].

Yet, the nearly perfect quantization of current pulses
achieved in [12] does not guarantee full quantum coher-
ence. In a fully coherent pulse, the injected electron occu-
pies a prescribed quantum state without particle-hole pairs
excited from the Fermi sea. However, as the particle or hole
density of states is finite at low energy a generic perturba-
tion applied to a Fermi system can create multiple pairs.
This process is more disruptive than related process for
photon sources (e.g., phonon emission), as these particle-
hole pairs occur in the same channel as the desired particle.
Avoiding such excitations constrains the protocol for gen-
erating coherent pulses.

To study the coherence of particle transfer, we use an
exact time-dependent scattering matrix, generalizing the
Breit-Wigner theory of resonance scattering to arbitrary
time dependence of the localized state energy EðtÞ.
Applying this approach to the many-body evolution of a
Fermi sea coupled to a localized state with driven energy,
we find that for linear driving EðtÞ ¼ ct, excitation creation
is fully inhibited. The harmonic driving used in [12] is well

approximated by this linear model if electron release and
capture occur well within each half-period, as shown in
Fig. 1(a). For such clean protocols entanglement between
the injected particle and the Fermi sea is totally suppressed
by Pauli blocking of multiparticle excitations.
Clean protocols are not restricted to the adiabatic limit,

and so one may study the form of clean current profiles as a
function of speed of driving, which interpolates between
Lorentzian when adiabatic, and exponential when fast,
with fringes for intermediate rates. In the adiabatic limit,
the results for the relevant states near the Fermi surface will
match those for a time-dependent voltage pulse applied to
the wire, Ref. [14]. We also study how robust such proto-
cols are to imperfections expected in experiment, such as
noise in the driving voltage. Our results can also be rele-
vant for quantum pumps (see [15–17] and references
therein).
A method to distinguish optimal and nonoptimal proto-

cols is illustrated in Fig. 1(a), by measuring the shot noise
from current partitioning on a beam splitter downstream of
the electron source. For nonoptimal protocols, the total
number of excitations Nex (electronsþ holes) is greater
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FIG. 1 (color online). (a) Quantum dot tunnel coupled to a
ballistic conductor. Electrons are periodically trapped on the dot
and injected in the conductor as the electron energy EðtÞ in the
dot is increased above the Fermi level when a time-dependent
voltage VðtÞ is applied to the gate. Particle-hole excitations
accompanying the injected electron can be detected by the
current partition noise on a beam splitter. (b) Schematic diagram
of a localized level coupled to a continuum, Eq. (1).
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than one. Because every electronic state scatters indepen-
dently, the variance of transferred charge depends on the
number of excitations that may scatter. Hence, the DC shot
noise generated on the beam splitter is e2tð1� tÞNex�,
where t is the beam splitter transmission coefficient and
� is the frequency of current pulses.

In the setup of Ref. [12] the gate used to vary EðtÞ is
placed so close to the dot that the charging energy e2=2C is
small compared to level spacing, which allows us to leave
out the Hubbard-like interaction term. Also, because a
magnetic field of a few Tesla was applied to create a
quantum Hall state in which electron spins are polarized,
only one spin projection is considered; hence, electron
transfer from a quantum dot to the Fermi sea is described
by the many-body Hamiltonian [Fig. 1(b)]:

H¼EðtÞdydþX
p

"pa
y
papþ�pðtÞdyapþ��

pðtÞaypd (1)

where d and ap describe localized and extended states.

Here, the electron energy in the dot EðtÞ and tunnelling
amplitude �ðtÞ are both taken as time dependent.

Crucially, because the localized state is coupled to the
continuum at all times, its behavior (e.g., charging or dis-
charging) can be fully accounted for by an S matrix for
transitions in the continuum. The situation here is com-
pletely analogous to the Breit-Wigner theory of resonance
scattering in which an energy-dependent scattering phase
is used to describe the resonance. To find this S matrix, we
must solve first the single-particle problem, which is a
generalization of the Friedrichs model [18] to time-
dependent energy of the localized level [19]. With this
aim, we begin by solving the Schrödinger equations for
the propagating modes c pðtÞ coupled to the wavefunction

’ðtÞ of the localized state:

½i@t � "p�c p ¼ ��
pðtÞ’; ½i@t � EðtÞ�’ ¼ X

p

�pðtÞc p

(we set @ ¼ 1 and "F ¼ 0 unless specified otherwise).
Because the continuum of propagating modes in [12] is

one dimensional, it is convenient to go over to position
representation c ðt; xÞ ¼ P

pe
ipxc pðtÞ. Hereafter we as-

sume a constant density of states and treat the couplings
�p as energy independent. Replacing "p by�ivF@x, where

vF is the Fermi velocity, gives

½i@t � EðtÞ�’ðtÞ ¼ �ðtÞ
Z

dx�ðxÞc ðt; xÞ; (2)

½i@t þ ivF@x�c ðt; xÞ ¼ ��ðtÞ�ðxÞ’ðtÞ: (3)

The scattering matrix for energy-nonconserving time evo-
lution can be labeled by pairs of energies of the continuum
states, as Uð"; "0Þ. For x < 0 continuum modes propagate
freely and the initial state is c ðt; x < 0Þ ¼ c 0ðt; xÞ ¼
e�i"0~t, with ~t ¼ t� x=vF, and ’ðt ¼ �1Þ ¼ 0 as dis-
cussed above. Projecting the evolved state onto a corre-
sponding final state gives

Uð"; "0Þ ¼
Z

dtc ðt; x > 0Þei"~t: (4)

Let us now solve the coupled equations of motion, and thus
find Uð"; "0Þ. First solving Eq. (3), one finds

c ðt; xÞ ¼ c 0ð~tÞ � i

vF

��ð~tÞ’ð~tÞ�ðxÞ: (5)

Substituting this into Eq. (2) we find an equation for the
localized state: ½i@t � EðtÞ þ i�ðtÞ=2�’ðtÞ ¼ �ðtÞc 0ðtÞ,
where we introduced notation �ðtÞ ¼ j�ðtÞj2=vF for the
localized level linewidth. Then, the solution of this equa-
tion with the initial condition ’ð�1Þ ¼ 0 is of the form

’ðtÞ ¼ �i
Z t

�1
dt0�ðt0Þc 0ðt0ÞeXðt;t0Þ; (6)

where Xðt; t0Þ ¼ �R
t
t0 ½12�ð�Þ þ iEð�Þ�d�. The result (6)

may be substituted into Eq. (5) for c ðt; xÞ; this can in
turn be used in Eq. (4) to evaluate Uð"; "0Þ. Putting all
this together, we find the S matrix

Uð"; "0Þ ¼
ZZ

dtdt0ei"t�i"0t0Uðt; t0Þ; (7)

Uðt; t0Þ ¼ �ðt� t0Þ � �ðt� t0Þ�
�ðtÞ�ðt0Þ
vF

eXðt;t0Þ:

It is straightforward to show thatU is unitary,UyU ¼ 1̂, by
verifying that

R
Uð�; tÞU�ð�; t0Þd� ¼ �ðt� t0Þ.

As a sanity check, let us apply these results to a sta-
tionary level. For time-independent � and E, we find
Xðt; t0Þ ¼ �ð�2 þ iEÞðt� t0Þ. Integrating over t and t0 in

(7), we obtain the familiar result

Uð"; "0Þ ¼ 2��ð"� "0Þ"� E� i�=2

"� Eþ i�=2
: (8)

A more interesting example is a level moving at a constant
rapidity, EðtÞ ¼ ct. In this case, Xðt; t0Þ ¼ � �

2 ðt� t0Þ �
ic
2 ðt2 � t02Þ. After integrating over t and t0 in (7) we find

Uð"; "0Þ ¼ 2��ð"� "0Þ þ Tð"; "0Þ where
Tð";"0Þ¼�2�

�

jcj�ð"�"0Þe�ð�=2cÞð"�"0Þþði=2cÞð"2�"02Þ (9)

for c > 0, and with �ð"0 � "Þ instead of �ð"� "0Þ for c <
0. This result agrees with the continuum limit of the
Demkov-Osherov S matrix [20,21] for a single level cross-
ing a group of stationary levels.
We next employ the single-particle S matrix (7) in the

calculation of the many-body properties, taking as the
initial state the filled Fermi sea. The number of excitations
can be obtained from the filled Fermi sea state j�i evolved
with the S matrix Uð"; "0Þ. In particular, the number of
fermions promoted above the Fermi level is

Nþ ¼ h�jUyX
">0

ay"a"Uj�i ¼ X
">0;"0<0

jUð"; "0Þj2: (10)

Similarly, the number of holes created below the Fermi
surface N� is found by swapping " and "0 in Eq. (10).
Using Eq. (7), our explicit expression for Uð"; "0Þ, and

considering a general time-dependence EðtÞ, but assuming
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now �ðtÞ ¼ � for simplicity, one may rewrite the result

(10) by using
R1
0 d"ei"ðt�sÞ ¼ i

t�sþi0 , which yields

N� ¼ �
�
�

2�

�
2 ZZZZ

t>t0;s>s0

eXðt;t0ÞþX�ðs;s0Þdtdt0dsds0

ðt� s� i0Þðt0 � s0 � i0Þ :
(11)

It can be seen from these expressions that the numbers of
excited particles and holes are not constrained.

To illustrate this, let us first consider a highly nonoptimal
protocol for EðtÞ, where the level first moves rapidly to the
Fermi-level, remains there for time �t � ��1, and then
moves rapidly away. During the time �t, the level acts as a
resonant perturbation for the Fermi sea, with scattering

phase �ð"Þ ¼ tan�1 2ð"�EÞ
� � �

2 defined by Eq. (8). This

creates a logarithmically divergent number of excitations,
N� / log�t, which can be viewed as an example of the
‘‘orthogonality catastrophe’’ [22].

The situation is completely different in the case when
the level moves linearly, EðtÞ ¼ ct. From our result for the
Smatrix, Eq. (9), we haveUð"; "0 > "Þ ¼ 0 for c > 0. This
means that no holes are excited when the level is moving
up in energy: N� ¼ 0 for c > 0. (Similarly when the level
is moving down, i.e., c < 0, one has Uð"; "0 < "Þ ¼ 0 and
thus Nþ ¼ 0). At the same time, we expect that Nþ �
N� ¼ þ1ð�1Þwhen the level moves up (down) as just one
particle is transferred between the localized level and con-
tinuum. Indeed, we can find N� directly, by substituting U
into Eq. (10) yielding Nþ ¼ 1 for c > 0 (and N� ¼ 1 for
c < 0). Thus for linear driving, a single fermion is coher-
ently transferred from the localized level to the continuum,
and no holes are created.

This remarkable behavior can also be understood di-
rectly from Eq. (9): restricted to " > 0, "0 < 0, Tð"; "0Þ is
a rank one matrix. As discussed in Ref. [14], for a rank one
S matrix the exact many-body state is a product of an
unperturbed Fermi sea and an extra particle occupying
one mode, which is a superposition of harmonics with " >
0. The latter can be read off directly from (9):

c ðt; xÞ ¼
ffiffiffiffiffiffiffiffiffi
�

2�c

r Z 1

0
d" exp

�
�i"~t� �"

2c
þ i

"2

2c

�
: (12)

This gives a density profile jc ðx; tÞj2 that is the convolution
of a Lorentzian, width �=c, with a Fresnel integral, leading
to fringes on the trailing side of the pulse (Fig. 2). In the
limit jdE=dtj � �2, the behavior of the relevant levels
near the Fermi surface [j�j � minðE; �Þ] is equivalent to
applying a voltage pulse to a one dimensional wire as in
Ref. [14], with eVðtÞ ¼ 2d�=dt; tanð�ðtÞÞ ¼ 2EðtÞ=�.

Under periodic driving, as used in Ref. [12], the same
key features of particle transfer as presented here can be
reproduced, as long as the driving is effectively linear near
the Fermi surface. In particular, if the period is long
compared to maxð��1; �=cÞ, and the extremal value of
EðtÞ exceeds �, as indicated in Fig. 1(a); then particle
transfer will be nearly noiseless, close to that under linear
driving. From Eq. (12), one sees the current pulse involves

energies up to " ’ c=�, so for the profile to match Fig. 2
then the electron dispersion must be linear up to this
energy. However, comparison to Ref. [20] indicates that
particle transfer will remain noiseless in a more general
case, when the tunnel coupling and the density of states in
Eq. (1) are energy dependent. An extra requirement to
study these coherent electron pulses is that the temperature
of the Fermi sea is much less than minð�; c=�Þ, to allow
noise due to the current pulse to be distinguished from
background thermal noise.
More insight into the robustness of the coherent particle

transfer can be gained by considering, as an example, the
effect of classical noise added to EðtÞ (for a discussion of
Landau-Zener transitions in the presence of different kinds
of noise see [23–25] and references therein). In experimen-
tal realizations, the energy of the localized level is not
under perfect control; as well as the desired applied volt-
age, there will be Johnson noise and noise associated with
fluctuating charges. For simplicity we consider the effect of
noise on the linear driving case [see Fig. 3(a)]:

EðtÞ ¼ ctþ 	ðtÞ; (13)

where h	ðtÞi ¼ 0 and h	ðtÞ	ðt0Þi ¼ �2�ðt� t0Þ. Substi-
tuting this into the equation for number of excitations,
Eq. (11), and averaging over realizations of the noise, we
find that the integrand can be written as
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FIG. 2 (color online). Single-electron current pulse produced
by linear driving of a localized state of width � across the Fermi
level, EðtÞ ¼ ct. The pulse profile jc ðt; xÞj2, Eq. (12), for x > 0,
is shown for different values of rapidity c. Different curves are
offset by 0:5e�. The asymptotic form is Lorentzian at slow
driving, and exponential at fast driving. Note interference fringes
at the trailing side of the pulse at c * �2.
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FIG. 3 (color online). (a) Multiple crossing of the Fermi level
in the presence of noise, Eq. (13), leads to creation of particle or
hole excitations; (b) Overlap of time intervals and definition of
Lðt; t0; s; s0Þ.
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e�ð�=2Þðt�t0þs�s0Þ�ðic=2Þðt2�t02�s2þs02Þ

ðt� sþ i0Þðt0 � s0 þ i0Þ Fðt; t0; s; s0Þ; (14)

where the factor F ¼ hei
R

s

s0 	ð�Þd��i
R

t

t0 	ð�Þd�i equals
exp

�
��2

2
½jt� t0j þ js� s0j � 2Lðt; t0; s; s0Þ�

�
: (15)

Here Lðt; t0; s; s0Þ is the overlap between the two intervals
[t, t0] and [s, s0] [see Fig. 3(b)]. This simple form (15)
comes from the Gaussian correlations of 	ð�Þ leading to
cancellation for any region inside Lðt; t0; s; s0Þ.

To make further progress, we change variables to s ¼
tþ 
, t0 ¼ t��t, s

0 ¼ s� �s. Because F does not de-
pend on central time t, the only t dependence in (14) comes
from t2 � t02 � s2 þ s02 ¼ �tð2t� �tÞ � �sð2tþ 2
�
�sÞ. Integration over t thus gives a delta function,
2�
c �ð�t � �sÞ, which considerably simplifies the expres-

sion:

N� ¼ ��2

2�c

Z 1

�1
d


Z 1

0
du

eð�ic
��Þuþ�2ðLð
;uÞ�uÞ

ð
� i0Þ2 ; (16)

where u ¼ �t ¼ �s, and the overlap can now be written
Lð
; uÞ ¼ �ðu� j
jÞðu� j
jÞ ¼ u�minðu; j
jÞ.

Let us now examine the asymptotic limits of expression
(16); it is convenient to consider the total number of
excitations Nex ¼ Nþ þ N�. [Because of fermion conser-
vation, for an initially populated localized state, Nþ �
N� ¼ 1.] Taking N� from Eq. (16) we use the identity
ð
þ i0Þ�2 þ ð
� i0Þ�2 ¼ �R1

�1 d!j!jei
! and, after

relabeling ! to !þ cu and with ~u ¼ uþ!=c, obtain

Nex ¼ �2

2�

Z 1

�1
d!

Z 1

�1
d


Z 1

0
duj~ujei!
��u��2 minðu;j
jÞ:

In this form, it is easy to extract the asymptotic limits of
fast and slow driving. At large c, we may approximate juþ
!=cj � u. Then, integration over ! yields 2��ð
Þ, giving
limc!1Nex ¼ 1. This limit has a simple interpretation; if
driven fast enough, the effects of noise do not matter, and
one recovers the clean case discussed earlier.

In the limit of small c, we retain only the terms propor-
tional to 1=c. Defining �� ¼ �þ �2, we may write

Z 1

0
due��u��2 minðu;j
jÞ ¼ 1

��
þ �2

���
e���j
j: (17)

The integration over 
 then gives

Nex ¼ 2��2

�c

Z 1

0
d!

!

!2 þ �2�
� 2��2

�c
ln
!0

��
: (18)

In the final expression, we have introduced a high ! cutoff
!0; this corresponds to replacing the white noise �ðt� t0Þ
correlations of 	ðtÞ with a correlation function having a
short time cutoff 1=!0. This replacement is necessary
because for a truly white spectrum, there will be an infinite
number of crossings of the Fermi level, and so an infinite
number of excitations. By comparing the fast and slow

driving limits, we find the crossover occurs at the rapidity
c ¼ ð2=�Þ��2 lnð!0=��Þ.
In conclusion, excitation of particle-hole pairs in a

single-electron source can be suppressed by optimizing
the protocol of particle transfer between a localized state
and continuum. The transfer is totally noiseless when the
energy of the localized state varies linearly in time. In this
case, owing to the Fermi statistics, particle-hole pair pro-
duction is suppressed by Pauli blocking of multiparticle
excitations. The quantum state resulting from such clean
transfer is a product state of a particle added to an unper-
turbed Fermi sea, with zero entanglement between them.
Particle or hole excitation, and its suppression, can be
observed directly by noise measurement.
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Lett. 100, 086601 (2008).
[14] J. Keeling, I. Klich, and L. S. Levitov, Phys. Rev. Lett. 97,

116403 (2006).
[15] L. J. Geerligs et al., Phys. Rev. Lett. 64, 2691 (1990).
[16] M.D. Blumenthal et al., Nature Phys. 3, 343 (2007)
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