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We calculate the carrier-density-dependent ground-state properties of graphene in the presence of ran-

dom charged impurities in the substrate taking into account disorder and interaction effects nonperturba-

tively on an equal footing in a self-consistent theoretical formalism. We provide detailed quantitative

results on the dependence of the disorder-induced spatially inhomogeneous two-dimensional carrier

density distribution on the external gate bias, the impurity density, and the impurity location. We find that

the interplay between disorder and interaction is strong, particularly at lower impurity densities. We show

that, for the currently available typical graphene samples, inhomogeneity dominates graphene physics at

low (&1012 cm�2) carrier density with the density fluctuations becoming larger than the average density.

DOI: 10.1103/PhysRevLett.101.166803 PACS numbers: 73.21.�b, 71.20.Tx, 81.05.Uw

The recent experimental realization [1] of single-layer
graphene sheets has spurred an enormous amount of activ-
ity in studying the electronic properties of 2D chiral Dirac
fermions in the context of solid state materials physics.
While much of this interest is fundamental, a substantial
part of it also derives from the technological prospect of
graphene being used as a novel transistor material. To
understand current experiments and be able to design
future graphene-based electronic devices, it is essential to
know the properties, origin, and effects of extrinsic disor-
der in graphene. The low energy electronic states of gra-
phene are described by a massless Dirac equation. In clean
isolated graphene (the so-called intrinsic graphene), the
Fermi energy lies exactly at the Dirac point (i.e., the charge
neutrality point) where the linear chiral electron and hole
bands cross each other. Several works [2] calculated the
graphene conductivity assuming the graphene Fermi en-
ergy to be exactly at the Dirac point throughout the gra-
phene layer. These works found the Dirac point con-
ductivity to be either 0, 1, or, in the limit of vanishing
disorder, equal to the universal value �D � 4e2=�@. In
current experiments, however, the measured conductivity
at the Dirac point [3] is finite and much bigger (by a factor
of 2–20) than �D and varies strongly from sample to
sample. The discrepancy can be resolved if we consider
that disorder in addition to representing the main source of
scattering has another important effect: It locally shifts the
Dirac point removing, at zero gate voltage, the Fermi
energy from the charge neutrality point [4]. This leads
immediately to a disorder-induced inhomogeneous density
landscape with electron-hole puddles. Such puddles have
been proposed theoretically [5] and observed experimen-
tally [6,7]. Experiments, by themselves, are unable to
directly identify the cause of the carrier density inhomo-
geneities. Two kinds of disorder have been proposed in
graphene to have this effect: ripples [8] and random charge
impurities [5]. Transport theories [5,9–11] based on the
presence of charge impurities have been successful in
explaining the experimental results [3]. But whether the

puddles arise from the random charged impurities or from
some other mechanism [8] has remained an open question.
We provide in this Letter the first realistic theoretical
description of the electron-hole puddles in graphene as-
suming the random charged impurity disorder to be the
underlying mechanism. Our theoretical results are in ex-
cellent qualitative agreement with the existing experimen-
tal data [6,7]. A quantitative comparison between our
results and future experiments with higher quantitative
accuracy would enable a definitive understanding of the
nature of the disorder in graphene.
At low energies the quasiparticles in graphene can be

described by a massless Dirac-fermion (MDF) model with
an ultraviolet cutoff wave vector kc. We set kc ¼ 1=a0,
where a0 is the graphene lattice constant, a0 ¼ 0:246 nm,
corresponding to an energy cutoff Ec � 3 eV, and measure
the energies from the Dirac point. To find the ground-state
carrier density n, we use the Thomas-Fermi-Dirac (TF)
theory. In contrast with the standard TF theory, we retain
the exchange potential nonperturbatively through its local
density approximation so that the energy functional E½n�
reads

E½n� ¼ @vF
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where vF ¼ 106 m=s is the Fermi velocity, rs �
e2=ð@vF�Þ is the coupling constant with � the effective
background dielectric constant, Exc½n� is the exchange
energy, VD is the disorder potential, and � is the chemical
potential. The first two terms in (1) are the kinetic energy
and the Hartree part of the Coulomb interaction, respec-
tively. For graphene on a SiO2 substrate, � ¼ 2:5 and then
rs ¼ 0:8. By differentiating E½n� with respect to n, we find
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where C � 0:916.
We assume VD to be the 2D Coulomb potential in the

graphene plane generated by a random 2D distribution
CðrÞ of impurity charges placed at a distance d from the
graphene layer. Denoting by angular brackets the average
over disorder realizations, we assume

hCðrÞi ¼ 0; hCðr1ÞCðr2Þi ¼ nimp�ðr2 � r1Þ; (4)

where nimp is the 2D impurity density. A nonzero value of

hCðrÞi can be taken into account by a shift of �, i.e., of the
gate voltage. nimp and d should be taken as effective

parameters characterizing the impurity distribution in a
minimal two-parameter model. In current graphene
samples obtained through mechanical exfoliation, possible
sources of charge impurities are most likely ions in the
substrate that drift close to the surface, charges trapped
between the graphene layer and the substrate, and free
charges that stick to the top surface of the graphene layer.
This picture is consistent with the vast literature on disor-
der in Si metal-oxide-semiconductor field-effect transistors
(MOSFETs) and has recently been indirectly confirmed by
experiments on suspended graphene [14]. The values of
nimp extracted from transport measurements, and used in

this work, are indeed of the same order of magnitude
½1011–1012� cm�2 as the ones used to describe quantita-
tively disorder effects of MOSFET devices on SiO2.
Combining Eqs. (2)–(4), we find the ground-state carrier
density by solving the equation �E=�n ¼ 0 using the
steepest descent method. Our calculations are done for a
finite square lattice of size L� L. All of the results pre-
sented in this Letter are obtained for L ¼ 200 nm and are
found to be independent of system size for L * 100 nm.
For the discretization in real space, we use a 1 nm step.

For a given disorder realization, for � ¼ 0, a typical
result, including exchange, for nðrÞ is shown in Fig. 1(a).
For n > 0 (n < 0), we have particles (holes). The result
without exchange is characterized by larger density fluc-
tuations. This is clear from Fig. 1(b), which shows that the
density distribution is more strongly peaked around n ¼ 0
when exchange is taken into account. The result of
Fig. 1(b) is counterintuitive because exchange suppresses
density inhomogeneity instead of enhancing it as in
parabolic-band inhomogeneous electron liquids. A com-
plementary density-functional theory local-density ap-

proximation (DFT-LDA) calculation, using single dis-
order realizations with few impurities, has also found
similar results [15]. Contrary to our work in Ref. [15],
the correlation contributions have been taken into account.
Given the numerical complexity of the DFT-LDA ap-
proach, in Ref. [15] only small samples were considered
and disorder-averaged results, that would permit a close
quantitative comparison, were not presented. The results
for single disorder realizations are qualitatively similar to
ours, showing that correlation terms have only a minor
quantitative effect. The reason is that in graphene to very
good approximation the correlation term scales with n in
the same way as exchange [12,15] but with opposite sign,
and therefore its effect is to simply reduce the exchange
strength.
The results of Fig. 1 are visually very similar to the ones

observed in experiments [6,7], but a quantitative compari-
son can be achieved only by calculating the disorder-
averaged statistical properties. For a given quantity X, we
therefore calculate its disorder-averaged value hXi and
spatial correlation function h½�XðrÞ�2i ¼ h½XðrÞ � hXi��
½Xð0Þ � hXi�i. From these results, we extract the rms of the

fluctuations Xrms �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffih½�Xð0Þ�2ip

and their typical correla-
tion length �X � FWHM of h½�XðrÞ�2i. At the neutrality
point, � � �n can be loosely taken as a measure of the
electron-hole puddle size. In Fig. 2, we present the disor-
dered averaged results at the Dirac point as a function of
nimp. We see that exchange suppresses the amplitude of the

density fluctuations and increases their correlation length
and that its effect becomes increasingly important as the
impurity density decreases; for the lowest nimp, the value of

nrms including exchange is 3 times smaller than the value
obtained without exchange [Fig. 2(a)]. In addition, we see
that the scaling of nrms with nimp is very different with and

without exchange. From Fig. 2(b), we see that as nimp

decreases � increases very slowly, especially for low val-
ues of d, a result that underlines the importance of non-
linear screening terms. Adapted to a 2D distribution of
charges, the approach used in Ref. [16] for the scaling
of � on nimp gives � � 1=ðr2s ffiffiffiffiffiffiffiffiffi

nimp
p Þ. For rs ¼ 0:8 and

FIG. 1 (color online). Results at the Dirac point for a disorder
realization assuming nimp ¼ 1012 cm�2, d ¼ 1 nm, and � ¼
2:5. (a) Color plot of nðrÞ including exchange. (b) Density
distribution for nðrÞ shown in (a). For clarity, the result without
exchange has been offset along the x axis.
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nimp ¼ 2� 109 cm�2, we would then expect � � 350 nm,

a value an order of magnitude larger than the value shown
in Fig. 2(b). The reason for this discrepancy is that for
small values of nimp the carrier distribution is not charac-

terized by smooth long-range fluctuations but rather by
wide regions of very small carrier density (�0) inter-
spersed with small electron-hole puddles with the typical
size � shown in Fig. 2(b). This picture is confirmed in
Fig. 2(c) where the disorder-averaged area fraction A0,
over which jnðrÞ � hnij< nrms=10, is plotted as a function
of nimp. We see that as nimp decreases A0 increases, reach-

ing more than 1=3 at the lowest impurity densities. The
fraction of area over which jnðrÞ � hnij is less than 1=5 of
nrms surpasses 50% for nimp & 1010 cm�2. Thus, much of

the 2D landscape in this situation has very low (� nimp)

carrier density with a few random electron-hole puddles. In
Fig. 2(d), the dependence of the excess charge �Q �
nrms��

2 on nimp is shown. At high impurity densities

(*1012 cm�2) and values of d * 1 nm, �Q can be ap-
proximately identified with the average number of carriers
per puddle; however, the above discussion and the results
for A0 allow us to recognize that �Q, for small nimp, is not

the typical number of carriers per puddle. The reason is that
for small nimp (and/or d), because of the large fraction of

area over which is jnðrÞ � hnij � nrms, nrms is much
smaller than the typical carrier density in an electron-
hole puddle of size �. At low nimp, �Q grossly under-

estimates the number of carriers in a typical puddle of
size �.

We are now in a position to discuss the validity of our TF
approach. The use of the TF theory is justified when the
condition jrnðrÞj=½nðrÞkFðrÞ� � 1 is satisfied. If we esti-
mate jrnðrÞj � nrms=�, the above inequality impliesffiffiffiffiffiffiffiffiffiffiffiffi
�nrms

p
� � 1, i.e., �Q � 1. However, for small nimp

and d, nrms greatly underestimates jnj in the regions where

it is inhomogeneous, i.e., in the electron-hole puddles of
size �. We find that, at low nimp, jnj in these electron-hole

puddles is a factor of 10 or more higher than nrms. This can
already be seen for relatively high values of nimp and d:

From Fig. 1(a), we see that jnj inside the electron-hole
puddles takes values as high as 8� 1012 cm�2 whereas
the corresponding value of nrms is only 8� 1011 cm�2

[Fig. 2(a)]. Even in the limiting case of an isolated impurity
with d ¼ 0, the density profile obtained using the TF
approach [17] is very similar to the one obtained starting
from the Dirac equation and treating the interaction via the
renormalization-group method [18]. The additional �ðrÞ
for nðrÞ found in Ref. [18] (and [19]) in real graphene, in
which the MDF model applies only at low energies, is
regularized by max½d; a0� [20]. Our results are therefore
quantitatively accurate.
From the theoretical analysis [5,9–11] of experimental

transport results [3], one obtains, for typical graphene
samples on SiO2, d ¼ 1 nm and n � 3� 1011 cm�2. For
these values, from Figs. 2(a) and 2(b), we see that nrms ¼
3� 1011 cm�2 and � ¼ 9 nm. The value of nrms is in very
good agreement with the recent STM [7] and single elec-
tron transistor (SET) [6] results. The value of � is also in
very good agreement with the STM results and consistent
with the results of Ref. [6] that, given the lower SET spatial
resolution (*150 nm), could only provide for � an upper
bound of 30 nm.
At a finite gate voltage Vg, the average carrier density

hni ¼ CgVg=e is induced, where Cg is the gate capaci-

tance. In our calculations we indirectly fix hni by varying
the chemical potential�. The relation between� and hni is
shown in Fig. 3(a). Contrary to ordinary parabolic-band
fermionic systems, the relation between� and hni strongly
depends on disorder even when exchange is neglected.
This is also shown in Fig. 3(b) in which � is plotted as a
function of nimp for a fixed value of hni. The dependence of
�ðhniÞ on nimp even without exchange is due to the fact that

in graphene the kinetic energy does not scale linearly with
n. From Fig. 3(a), we see that only for nimp & 1010 cm�2

�ðhniÞ follows the equation valid for clean graphene. We
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also notice that �ðhniÞ is strongly affected by exchange.
The results of Fig. 3 demonstrate the interplay of disorder
and interaction in graphene and show how the dependence
of � on hni, and, in particular, the average compressibility
1=ðn2@�=@nÞ, can be used to probe the strength of disorder
and many-body effects. In Fig. 4(a), the disorder-averaged
density distribution obtained including exchange is plotted
for different values of hni, i.e., of Vg. For Vg ¼ 0 the

distribution has a strong peak [�20 times the maximum
of the y scale of Fig. 4(a)] at n ¼ 0. As Vg increases, the

n ¼ 0 peak survives, and a broad peak at finite n develops.
For large enough Vg, the n ¼ 0 peak disappears, and the

density distribution is characterized only by the broad peak
centered at n ¼ hni. The results without exchange are
qualitatively similar. The double peak structure for finite
Vg provides direct evidence for the existence of puddles

over a finite voltage range. High values of Vg remove one

kind of puddles and increase the amplitude of the density
fluctuations reflected in an increase of nrms. On the other
hand, the ratio nrms=hni decreases monotonically as a
function of hni as can be seen in Fig. 4(b). We can define
a characteristic density nc as the value of hni for which
nrms ¼ hni with �Vg ¼ enc=Cg loosely measuring the

width in gate voltage over which the transport properties
of graphene are dominated by the density fluctuations
around the Dirac point. The inset in Fig. 4(b) shows nc
as a function of nimp for d ¼ 1 nm. We can see that in

current samples nrms * hni for carrier densities as high as
hni � 1012 cm�2. The particular dependence of the carrier
density distribution and nrms on Vg is unique to inhomo-

geneities created by charged impurities and is a prediction
that should be easy to verify experimentally.

We conclude by summarizing our key qualitative find-
ings: (i) Both disorder and many-body effects become
quantitatively very important on the chemical potential
close to the Dirac point; (ii) many-body effects are more
important at lower values of nimp; (iii) for low nimp, the

ground state near the Dirac point is characterized by small

puddles and large regions of almost zero (jnj � nimp)

carrier density; (iv) in current samples nrms * hni for car-
rier densities as high as hni � 1012 cm�2; (v) the number
of carriers per puddle is �1–5 at low carrier densities;
(vi) our theory agrees well with the existing data [6,7] but
more experiments will be required to test our quantitative
predictions.
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FIG. 4 (color online). Results away from the Dirac point
assuming a SiO2 substrate. (a) Density distribution averaged
over disorder for different values of Vg for d ¼ 1 nm and nimp ¼
1012 cm�2. (b) nrms=hni vs hni for d ¼ 1 nm and: nimp ¼ 1:5�
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(dashed) lines: Results with (without) exchange.
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