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We report the generation of a new quantum interference effect in spontaneous emission from a

resonantly driven system of two identical two-level atoms due to the spatial variation of the laser phase

at the positions of the atoms. This interference affects significantly the spectral features of the emitted

radiation and the quantum entanglement in the system. The interference leads to dynamic coupling of the

populations and coherences in a basis, determined by the laser phase and represents a kind of vacuum

mediated superexchange between the symmetric and antisymmetric states.
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Spontaneous emission from cooperative systems has
been extensively studied since the classic paper of Dicke
[1–3]. The details of the emission depend on the inter-
atomic distances and how the system is initially prepared.
The emission can further be influenced if the system is
continuously driven by a coherent field. The two-atom
problem has been especially attractive in this context as
many features of cooperative emission can be analyzed in
terms of this simple problem. There is renewed interest in
these problems for quantum information sciences. Studies
have shown that spontaneous emission from cooperative
systems leads to quantum entanglement among atoms [3].
Further, with the discovery of similarities between semi-
conductor quantum dots and two-level atoms [4–6], we
have a new class of systems where the cooperative effects
can be studied in a regime which was difficult to achieve
with atoms. In recent times such quantum dot systems are
proving especially important in quantum information sci-
ence [7,8].

In this Letter we report a new quantum interference
effect which arises from the spatial variation of the laser
phase at the positions of the atoms. We show how this
phase variation affects the spectral features of the emitted
radiation as well as the quantum entanglement in the
system. We further show how populations and coherences,
in a basis determined by the laser phase, get coupled
dynamically. We demonstrate a kind of superexchange
between the symmetric and antisymmetric states and
show a strong connection to the well-known vacuum in-
duced coherence [9,10]. Further our results have implica-
tions for the decoherence of coupled qubits.

The dynamical behavior of a system of atoms under-
going cooperative emission can be described by a master
equation approach [2]. Let us specifically consider the
system of two identical two-level atoms with transition
frequency !. Each atom is described by the spin half
angular momentum algebra. The master equation for the
dynamical behavior of this kind of a system in the Born,

Markov, and rotating wave approximation is then given by
Ref. [2] (pp. 31–33),
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Here (j; k ¼ 1–2), �jk ¼ 3=2�fð1–3cos2�Þ½sinðk0rjkÞ=
ðk0rjkÞ2 þ cosðk0rjkÞ=ðk0rjkÞ3� � ð1� cos2�Þ½cosðk0rjkÞ=
ðk0rjkÞ�g and �jk ¼ �fsinðk0rjkÞ=ðk0rjkÞ þ 1=2ð3cos2� �
1Þ½ð3=ðk0rjkÞ2 � 1Þ sinðk0rjkÞ = ðk0rjkÞ � 3 cosðk0rjkÞ =
ðk0rjkÞ2�g is the spontaneous decay rates for the cooperative
system, 2� ¼ 2�11 ¼ 2�22 ¼ 4j ~degj2!3=3@c3 is the

Einstein’s A coefficient, k0 ¼ !=c, ~deg is the dipole mo-

ment, and � is the density operator for the system. � is the
angle between the direction of the dipole moment and the
line joining the jth and the kth atom, whose distance is
denoted by rjk ¼ j~rj � ~rkj. If we assume this angle to be

random, and take an average for all possible orientations,
then the coefficients in the master equation simplify con-
siderably and are given by �jk ¼ �� cosðk0rjkÞ=k0rjk,
�jk ¼ � sinðk0rjkÞ=k0rjk. The second term in the master

Eq. (1) is the dipole-dipole (d-d) interaction term. It arises
from the virtual photon exchange between pairs of atoms.
It becomes especially significant at small interatomic dis-
tances and has important consequences, for example, it can
lead to two photon resonance which was predicted and
later observed experimentally [11].
Here we assume that the atoms are continuously driven

by a resonant laser propagating in the direction ~k with
frequency !. The driving term is hence given by

H c ¼ �@
X
j

ðGei ~k� ~rj�i!tSþj þGe�i ~k� ~rjþi!tS�j Þ; (2)

where (j ¼ 1, 2) andG ¼ ~deg � ~Eo=@ is the Rabi frequency.

Note that we have included the spatially varying phase
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factors in the driving term. This would affect the dynamical
evolution of the system. Our main focus in this Letter is to
investigate new effects arising from such a phase variation.
We specifically demonstrate how such phase factors can
bring out new interference effects which can be experi-
mentally investigated by studying the spectrum of the
emitted radiation. While in this Letter we concentrate on
spectral features and entanglement the previous papers
[10] examine the effect of laser phase on emission rates.
Further we specifically concentrate on the case where the
relative interatomic distance is smaller than a wavelength
when such interference are even more dramatic. The rela-

tive orientation � ¼ ~k � ð~rj � ~rkÞ ¼ 2 �
� j~rj � ~rkj cos� of

the two atoms and the direction of propagation of the laser
drive is especially important in this context. Here � is the
angle between the direction of the laser drive and the line
joining the jth and the kth atom (see Fig. 1). The quantum
interference effects discussed in this Letter disappear if the
relative orientation is perpendicular to the direction of
propagation of the laser field. When the driving laser is
weak, it is adequate to consider the generated states in the
single photon space and clearly with two atoms starting in
the ground state jgi � jg1; g2i we would generate the
symmetric state jsi which depends on the phase of the
laser at the location of two atoms [10],

jsi � 1ffiffiffi
2

p ðei ~k� ~r1 je; gi þ ei
~k� ~r2 jg; eiÞ: (3)

Thus one would expect that once the system is excited to
the state jsi, it would decay to jgi. However, we show that
due to quantum interferences associated with the spatial
phase �, the system could also be found in the antisym-
metric state jai defined as

jai � 1ffiffiffi
2

p ðei ~k�~r1 je; gi � ei
~k� ~r2 jg; eiÞ: (4)

Clearly, if we are working with single photon excitation
then it should be adequate to deal with the states jsi, jai,
and jgi. To see this we find from the master equation that
the population in the symmetric state jsi is governed by

_�ss ¼ �2ð�þ �12 cos�Þ�ss � i sin�ð�12 þ i�12Þ�as

þ i sin�ð�12 � i�12Þ�sa: (5)

We immediately see that the population in the symmetric
state decays at the rate 2ð�þ �12 cos�Þ; however, it is also
effected by the presence of atomic coherence terms �as and
�sa which are dynamically generated. This coupling of
populations to the coherences is at the heart of the quantum
interference phenomenon [12] that we discuss in this
Letter. From Eq. (5) it is clear that this coupling vanishes
when the laser propagates in a direction perpendicular to
the location of the two atoms (� ¼ 0). Further from the
structure of Eq. (5) we can say that such quantum interfer-
ences should be especially important for smaller inter-
atomic distances as then �12 is large and the coherence
terms strongly influence the population dynamics of the
symmetric state. Note further that for small times the effect
of the quantum interferences does not show up as the
solution of �ss is then,

�ss ffi 1� 2tð�þ �12 cos�Þ; (6)

and hence the effect of interferences should appear in
physical parameters which are determined by the long
time dynamics. From the master equation we find that if
the system starts in the initial state jsi, then the population
�aa of the antisymmetric state jai grows as

�aa � sin2�ðj�12 þ i�12j2t2Þ; (7)

Thus the states jsi and jai get coupled by the vacuum of the
electromagnetic field provided that � � 0 (modulo �).
This is a process in which the transition jsi ! jai is
mediated via the state jgi. It is to be noticed (see Fig. 2)
that the asymmetric state for small values of the driving
field remains unpopulated if � ¼ �=2 (� ¼ 0). However
at larger values of the Rabi frequency the two photon state
je; ei gets populated and this changes the dynamical evo-
lution leading to the population of the state jai. In Fig. 3 we
show the coherence �as which is quite significant for non-
zero values of the angle � .
To investigate the effects of this interference we study

the steady state spectrum of cooperative emission. The
incoherent part of the steady state emission spectrum inte-
grated over all solid angles is given by

Sð!Þ ¼ Re
X
ij

�ij

Z 1

0
d�e�z� lim

t!1½hŜ
þ
i ðtþ �ÞŜ�j ðtÞi

� hŜþi ðtþ �ÞihŜ�j ðtÞi�z¼ið!�!0Þ=�: (8)

We have calculated Eq. (8) when the system is driven
weakly by a coherent field and for small interatomic dis-
tances. Under these conditions the quantum interference

FIG. 1 (color online). Diagrammatic representation of a setup
to detect the cooperative emission from a system of two identical
two-level atoms. The atoms are driven resonantly by a weak

laser of frequency ! and propagation vector ~k. � is the angle
between the laser propagation direction and the orientation of the

atoms. ~deg is the dipole moment of the atoms and ~r1, ~r2 are the

position vectors of the atoms 1 and 2.
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effects are dominant. The results of our numerical calcu-
lations are shown in Figs. 4 and 5. In Fig. 4 we show the
incoherent part of the normalized steady state spectrum for
a weak coherent drive (G ¼ 0:1�) and small interatomic
separation, r12 ¼ �=8. We have normalized the incoherent
part of the steady state spectrum by dividing it with 2 times
the steady state value of ½hSþS�i � hSþihS�i� for a single
two-level atom [13]. The spectrum exhibits a doublet
structure because of the strong dipole-dipole interaction
�12 for small interatomic distances. The quantum interfer-
ences arising from the spatial phase factor� determine the
characteristics of the doublets. For example the peak of the

doublet is almost 7 times greater, when ~k is parallel or

antiparallel to ~r12 in comparison to when ~k ? ~r12. Figure 5
shows the incoherent steady state spectrum for a moder-
ately strong driving field strength (G ¼ 1:0�). The inset in
Fig. 5 is for still larger field strength. The doublet structure
vanishes for moderately strong drive as seen in Fig. 5 and
we get only the broadened central peak at ! ¼ !0. The
quantum interference leads to pronounced asymmetry in
the spectrum. For even higher field strength (inset of Fig. 5)

the cooperative effects are almost insignificant and we get
the Mollow spectrum [13] for a two-level atom.
The coupling of coherences to populations in the Dicke

problem of cooperative emission can be understood as a
vacuum induced coherence effect [2,3,10]. This can be
appreciated more clearly at the level of Schrödinger equa-
tion. The basic Hamiltonian between the vacuum of the
electromagnetic field and the atoms in the interaction
picture can be written as

H IðtÞ ¼
X
jks

fgjksakse�i!kstðSþj e�i!t þ S�j ei!tÞ þ H:c:g:

(9)

Here gjks ¼ �ið2�ck=@L3Þ1=2ð ~d � 	̂ksÞei ~k�~rj is the vacuum
coupling strength and the field annihilation (creation) op-

erator is given by aks (a
y
ks). The subscripts (k, s) denote the

kth mode of the field with polarization along 	̂ks. The
initial state is js; f0ksgi, and the final state is ja; f0ksgi.
Iterating the Schrödinger equation to second order in
H IðtÞ we find that the lowest order nonvanishing contri-
bution to the transition amplitude is
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FIG. 5 (color online). Normalized steady state spectrum of
incoherent emission for interatomic separation of �=8 and
Rabi frequency G ¼ 1:0�. In the inset we show the spectrum
for G ¼ 3:0�.
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FIG. 4 (color online). Normalized steady state spectrum of
incoherent emission from two identical two-level atoms for
interatomic separation of �=8 and Rabi frequency of 0:1�.
The relative orientation is given by � ¼ 2 �

� j~ri � ~rjj cos� .
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FIG. 3 (color online). Atomic coherence �as as a function of
the Rabi frequency for an interatomic distance of �=8 and for
different orientations of the laser. The solid and dashed lines
correspond to the real and imaginary parts of �as.
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FIG. 2 (color online). Population of the antisymmetric state as
a function of the Rabi frequency for an interatomic distance of
�=8 and different orientation of the laser. All plotted parameters
are dimensionless.
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d

dt
hajsðtÞi�� 1

@
2
lim
t!1

Z t

0
d�ha;f0ksgjH IðtÞH Ið�Þjs;f0ksgi:

(10)

A long calculation then leads to

d

dt
hajsðtÞi � i sin�ð�12 þ i�12Þ: (11)

One can clearly see that this transition amplitude is zero if
� ¼ 0 (modulo �). The second order transition amplitude
(11) from the state jsi to jai is mediated via the ground
state jgi. We have thus shown an intriguing connection
between the quantum interference effects arising from
spatial variations of the laser phase and the vacuum in-
duced coherence effects.

We conclude the Letter with a discussion of how the
quantum entanglement between two atoms (qubits) also
depends in a significant way on the spatial variation of the
phase �. Note that the entanglement in system arises from
the fact that the density operator of the two atoms does not

factorize, � � �ðiÞ � �ðjÞ. This happens due to cooperative
emission [3]. The nonfactorizability of the density matrix
is especially significant due to the �12 term in the dynam-
ics. We show in Fig. 6, existence of the quantum cor-

relation �12 ¼ Re½hŜþ1 Ŝ�2 i=hŜþ1 ihŜ�2 i� � 1 for small inter-
atomic distance and for different values of the angle be-
tween laser propagation direction and the line joining the
two atoms. In the absence of any entanglement in the
system such correlation would vanish. One can see clearly
from Fig. 6 that at small interatomic separation the pres-
ence of the laser phase significantly effects the quantum
correlation. Around r12 � �=6 the value of the quantum
correlation is about 25 times more in the presence of the
laser phase (� ¼ �, �=8) in comparison to when � ¼
0ð� ¼ �=2Þ. Thus the quantum interference can lead to
strong entanglement in the system at small interatomic
separation. One can further characterize quantitatively
such entanglement by calculating its concurrence.

Hence we have shown how the variation of the laser
phase at the positions of the atoms can lead to new quan-

tum interference effects. The phase variation is found to
affect the spectral features of cooperative emission signifi-
cantly and generate strong entanglement in the system. We
further demonstrate that the coupling between the sym-
metric and antisymmetric states has a strong connection to
the vacuum induced coherence in the system. A plausible
system for the observation of the interference effects of this
Letter would be semiconductor quantum dots. Note that the
splitting in photoluminescence spectra from a system of
coupled quantum dots was observed [5]. The dots in these
experiments satisfy the condition, wavelength � interdot
distance * size of the dot. Thus our theoretical results
should be observable in such systems. Further averaging
over the finite size of the spatial wave function of the dot is
expected to change the results, say for spectra, by a few
percent for dots of a few nm in size. We hope to present
details in a comprehensive publication.
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