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Splitting of a Cooper Pair by a Pair of Majorana Bound States
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We propose a method to probe the nonlocality of a pair of Majorana bound states by crossed Andreev
reflection, which is the injection of an electron into one bound state followed by the emission of a hole by
the other (equivalent to the splitting of a Cooper pair). We find that, at sufficiently low excitation energies,
this nonlocal scattering process dominates over local Andreev reflection involving a single bound state. As
a consequence, the low-temperature and low-frequency fluctuations 8/; of currents into the two bound
states i = 1, 2 are maximally correlated: 81,81, = 517
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Majorana bound states are coherent superpositions of
electron and hole excitations of zero energy, trapped in the
middle of the superconducting energy gap by a nonuni-
formity in the pair potential. Two Majorana bound states
nonlocally encode a single qubit (see Fig. 1, top panel). If
the bound states are widely separated, the qubit is robust
against local sources of decoherence and provides a build-
ing block for topological quantum computation [1,2].

While Majorana bound states have not yet been demon-
strated experimentally, there is now a variety of candidate
systems. In an s-wave superconductor, zero-point motion
prevents the formation of bound states at zero energy. Early
proposals for Majorana bound states therefore considered
p-wave superconductors [3,4], with Sr,RuQO, as a candi-
date material [5], or p-wave superfluids formed by fermi-
onic cold atoms [6]. More recently, it was discovered [7-9]
that Majorana bound states can be induced by s-wave
superconductivity in a metal with a Dirac spectrum (such
as graphene or the boundary of a topological insulator).
Several tunneling experiments have been proposed [10-12]
to search for the Majorana bound states predicted to occur
in these systems.

Here we show that crossed Andreev reflection [13—15]
by a pair of Majorana bound states is a direct probe of the
nonlocality. Crossed Andreev reflection is the nonlocal
conversion of an electron excitation into a hole excitation,
each in a separate lead. Local Andreev reflection, in con-
trast, converts an electron into a hole in the same lead.
Equivalently, local Andreev reflection injects a Cooper pair
in a single lead, while crossed Andreev reflection splits a
Cooper pair over two leads. We have found that at suffi-
ciently low excitation energies, local Andreev reflection by
a pair of Majorana bound states is fully suppressed in favor
of crossed Andreev reflection.

The suppression is not a property of the dispersion
relation in the leads (as in Refs. [16,17]), but directly
probes the Majorana character of the Hamiltonian [2],

Hy = iEyy172 (D
of the pair of weakly coupled bound states (labeled 1 and
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2). The vy;’s are Majorana operators, defined by y; = y?,
Yi¥; T v;jvi = 20;;. The coupling energy Ej, splits the
two zero-energy levels into a doublet at =FE;,. The sup-
pression of local Andreev reflection happens when the
width I'), of the levels in the doublet (which is finite
because of leakage into the leads) and the excitation energy
E are both < E),;. (The relative magnitude of I'y, and E
does not matter.)

Our theoretical analysis is particularly timely in view of
recent advances in the experimental realization of topo-
logical insulators in two-dimensional (2D) HgTe quantum
wells [18] and 3D BiSb crystals [19]. Topological insula-
tors are characterized by an inverted band gap, which

E crossed Andreev reflection
electron +Ey l
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\ —Eum / hole

Majorana bound states

FIG. 1. Top panel: Energy diagram of two Majorana bound
states (levels at zero energy), which split into a pair of levels at
*FE); upon coupling. Whether the upper level is excited deter-
mines the states |1) and |0) of a qubit. Crossed Andreev reflec-
tion probes the nonlocality of this Majorana qubit. Lower panel:
Detection of crossed Andreev reflection by correlating the cur-
rents /; and I, that flow into a superconductor via two Majorana
bound states.
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produces metallic states at the interface with vacuum or
any material with a normal (noninverted) band gap [20].
The metallic states are 2D surface states if the insulator is
3D, while if the insulator is 2D the metallic states are 1D
edge states.

These recent experiments [18,19] used nonsupercon-
ducting electrodes. A superconducting proximity effect
between Nb and BiSb was reported in earlier work [21],
so that we expect a search for the predicted [7] Majorana
bound states to be carried out in the near future.
Anticipating these developments, we will identify observ-
able consequences of the suppression of local Andreev
reflection, by calculating the shot noise in a 2D topological
insulator with a superconducting electrode (Fig. 1, lower
panel). A similar calculation can be done for the 3D case,
and indeed our conclusions are quite general—as we will
now demonstrate by showing that the Majorana
Hamiltonian (1) directly implies the suppression of local
Andreev reflection.

For this purpose write the unitary scattering matrix S(E)
in a model-independent form,

S(E) =1+ 27iWt(Hy — E— izWWhH~'w,  (2)

with W the matrix that describes the coupling of the scat-
terer (Hamiltonian H),) to the leads. In our case, we have

_ (w1 0 wj O _ 0 iEy,
W ( 0 wy, 0 wj )’ Hu (—iEM 0 )
3)

The expression for Hy, is Eq. (1) in the basis {®}, ®,} of
the two Majorana bound states, while W is the coupling
matrix in the basis {®, |, ®,,, P, P;,} of propagating
electron and hole modes in leads 1 and 2. We have assumed
that lead 1 is coupled only to bound state 1 and lead 2 only
to bound state 2, and we have also assumed that the energy
dependence of the coupling amplitudes w; can be ne-
glected. Without loss of generality we can choose the
w;’s to be purely real numbers by adjusting the phases of
the basis states in the leads.

Substitution of Eq. (3) into Eq. (2) gives the electron and
hole blocks of the scattering matrix,

_ s s\ (1+A A
S_(she shh>_< A 1+A)’ 4)
which turn out to depend on a single 2 X 2 matrix A with
elements

Azzl<iF1(E+iF2)

EyyTi T,
We have abbreviated

(E + il")(E + iT,),

_EMVFIFZ ) (5)

il5(E + i)
Z=E} — [; =2mw? (6)

(The width Iy, introduced earlier equals I'; +1I',.)
Unitarity of S is guaranteed by the identity

A+ At +24AT = 0. (7)

In the limit of low excitation energies and weak coupling
to the leads, this simplifies to

A~ \/F1F2<0 —1

Ey \1 0

), for ET; < Ey. ()

The scattering matrix s"¢ = A that describes Andreev re-
flection of an electron into a hole therefore has only oft-
diagonal elements in this limit, so only crossed Andreev
reflection remains. More specifically, an electron incident
in lead 1 is transferred to the other lead 2 either as an
electron or as a hole, with equal probabilities p =
I',T',/E3,. The probability for local Andreev reflection is
smaller than the probability p for crossed Andreev reflec-
tion by a factor (I',/T,)(E?/E3, + T3/E3,) < 1.

Because the probabilities to transfer to the other lead as
an electron or as a hole are the same, crossed Andreev
reflection cannot be detected in the time averaged current
I; in lead i, but requires measurement of the current fluc-
tuations 81,(f) = I,(f) — I,. We consider the case that both
leads are biased equally at voltage V, while the supercon-
ductor is grounded. At low temperatures T << eV /kp the
current fluctuations are dominated by shot noise. In the
regime p < 1 of interest, this noise consists of indepen-
dent current pulses with Poisson statistics [22]. The Fano
factor (ratio of noise power and mean current) measures
the charge transferred in a current pulse.

The total (zero-frequency) noise power P =Y, iPijs
with

Py = [:o dt8I1,(0)81;(1), 9)

has Fano factor F = P/el (with [ = ¥ ;I;) equal to 2 rather
than equal to 1 because the superconductor can only absorb
electrons in pairs [23]. As we will now show, the suppres-
sion of local Andreev reflection by the pair of Majorana
bound states produces a characteristic signature in the
individual noise correlators P;;.

The general expressions for I; and P;;
scattering matrix elements are [24]

in terms of the

I,= % /ev dE(1 — Ré¢ + R, (10)
0
e2 eV
h Jo :
with the definitions
P(E) = 8;;R¢f + 6, RM — Re¢Rs¢ — RIMRM
’R””Rhe + Rheij’, (12)
Zs E)[v (B, x,y E{e hl. (13)

Substitution of the special form (4) of S for the pair of
Majorana bound states results in
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_ 2 eV
I,==¢ / dE(AAY);, (14)
h Jo

_ 202 fev NP "o
Pij:di(sij"‘Tj(; dE[|A;; + (AAT);|> — [(AAT);;1%],
(15)

where we have used the identity (7).

We now take the low energy and weak coupling limit,
where A becomes the off-diagonal matrix (8). Then we
obtain the remarkably simple result

, el

Pi-=ell=el_2=7, for

j eV, I'; K Ey. (16)
The total noise power P = 3 ,;P;; = 2el has a Fano factor
of 2, as it should be for transfer of Cooper pairs into a
superconductor [23], but the noise power of the separate
leads has unit Fano factor: F; = P;/el; = 1. Because
local Andreev reflection is suppressed, the current pulses
in a single lead transfer charge e rather than 2e into the
superconductor. The positive cross correlation of the cur-
rent pulses in the two leads ensures that the total trans-
ferred charge is 2e. This “splitting” of a Cooper pair is a
highly characteristic signature of a Majorana qubit, remi-
niscent of the /e (instead of h/2¢) flux periodicity of the
Josephson effect [1,25,26].

Notice that for any stochastic process the cross correla-
tor is bounded by the autocorrelator,

|Pial = 3(Pyy + Po). )

The positive cross correlation (16) is therefore maximally
large. This is a special property of the low energy, weak
coupling limit. There is no inconsistency with the conclu-
sion of Bolech and Demler [11], that the currents into two
Majorana bound states fluctuate independently, because
that conclusion applies to the regime eV > E,;. The du-
ration 71/eV of the current pulses is then shorter than the
time 71/E); needed to transfer charge between the bound
states, so no cross correlations can develop. In this high-
voltage regime the two Majorana bound states behave as
independent Andreev resonances, for which the noise cor-
relators are known [27],

P, =el, P,=0, for eV>»E,I,. (18)
While the Fano factors of the individual leads F; =1
remain the same, the total noise power P = ¥ ,.P;; = el
has Fano factor F' = 1 rather than ¥ = 2 when the cross
correlator Py, vanishes in the high-voltage regime.

As a specific model that can be solved exactly and is
experimentally relevant, we consider a 2D topological
insulator contacted at the edge by one superconducting
electrode in between a pair of magnets (Fig. 1, bottom
panel). As discovered by Fu and Kane [7], a Majorana
bound state appears at the intersection of the magnet-

superconductor interface with the edge of the insulator.
The four-component wave function ¥ = (¥, V¥,
W1, W),) of the edge state satisfies [7]

m-o+vpo, — Ep A .
( A* m-a'—vpa'z-i-EF‘P EV.
(19)
Here p = —ihd/dx is the momentum operator, Ey the

Fermi energy, v the Fermi velocity, A the superconducting
pair potential, m the magnetization vector, and o =
(0, 0y, 0;) the vector of Pauli matrices (acting in the
space of right and left movers 1, | ).

We set A(x) = 0 everywhere except A = A, for 0 <
x <ly. We also set m(x) = 0 everywhere except m =
(myg, 0,0) for —1; <x<0 and m = (m, cos¢, m sing, 0)
for Iy <x<ly+[,. We assume that |mg| > |Eg|, so
that the Fermi level lies in a gap in the magnets as well
as in the superconductor. The decay length in the super-
conductor is the coherence length &, = Av/A,, while the
decay length in the magnets is given by Ay = hv(m} —
E2)"1/2 For Ay < &, the only bound state at the magnet-
superconductor interface is the zero-energy Majorana
state.

We have calculated the scattering states for this model
by matching the W’s at the opposite sides of the four
interfaces x = —1,, 0, Iy, [y + I,. The resulting scattering
matrix is then substituted in the general expressions (10)—
(13) to obtain the zero-temperature, zero-frequency noise
correlators as a function of the applied voltage V.
Representative results are shown in Fig. 2 (data points).
At low voltages we confirm the unit Fano factor and
maximal cross correlation of Eq. (16), obtained from the
model-independent scattering matrix (2). Also the cross-
over to the conventional high-voltage regime (18) of inde-
pendent resonances is clearly visible.

For a quantitative comparison of the two calculations we
need the splitting and broadening of the Majorana bound
states in the tunneling regime [, I, >> Ag, lo > &;. We
find

E E 2
Ey = e /% cos[% + hLlO + arctan( F)\O)] h

v hU fo + /\0’
(20)
2hv
T, = e 2i/%(1 — EX/m}) : 1)
P07 g, + A

Notice that the level splitting can be controlled by varying
the angle ¢ between the magnetizations at the two sides of
the superconductor [28]. In Fig. 2 we use these parameters
to compare the model-independent calculation based on
the scattering matrix (2) (curves) with the results from the
model Hamiltonian (19) (data points), and find excellent
agreement.
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FIG. 2. Data points: Autocorrelator P,; (circles) and cross
correlator Py, (diamonds) of the current fluctuations for the
model Hamiltonian (19). The parameters chosen are Ep = 0,
& =0,my/Ay =1, Iy = 2.3&, |, = I, = 3&,. The correlators
are normalized by el;, to demonstrate the low- and high-voltage
limits (16) and (18). The dashed and solid curves result from the
model-independent scattering matrix (2), with the parameters
given by Eqgs. (20) and (21). The dotted curve is the correspond-
ing result for the total noise power P = ¥';;P;;, normalized by
el = 3,1,

ij»

The setup sketched in Fig. 1 might be realized in a HgTe
quantum well [18]. The relevant parameters for this mate-
rial are as follows. The gap in the bulk insulator is of the
order of 20 meV, and the magnetic gap can be as large as
3 meV at a magnetic field of 1 T. The smallest energy scale
is therefore the gap induced by the superconductor, esti-
mated [26] at A; = 0.1 meV. With hv = 0.36 meV - um
this gives a superconducting coherence length of &, =
3.6 um, comparable to the magnetic penetration length
Ag at a field of 0.03 T. For the calculation in Fig. 2 we took
&y = Ap and then took the length [, of the superconducting
contact equal to 2.3, =~ 8 um, and the lengths /,, [, of the
magnets both equal to 3&; = 11 pwm. The level splitting is
then E;; = 0.1A; = 10 weV = 100 mK. At a tempera-
ture of the order of 10 mK we would then have a suffi-
ciently broad range of voltages where kzT < eV < Ej,.

In conclusion, we have demonstrated the suppression of
local Andreev reflection by a pair of Majorana bound states
at low excitation energies. The remaining crossed Andreev
reflection amounts to the splitting of a Cooper pair over the
two spatially separated halves of the Majorana qubit. This
nonlocal scattering process has a characteristic signature in
the maximal positive cross correlation (P, = Py = Pyy)
of the current fluctuations.
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