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Observing Quantum Correlation of Photons in Laguerre-Gauss Modes Using the Gouy Phase
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The effect of the Gouy phase, which is one of the geometrical phases of photons, is observed through
quantum correlation in Laguerre-Gaussian (LG) modes. In an experiment, the relative phase of two
different LG modes of measurement basis states is manipulated via the Gouy phase, and the observed
coincidence count rates agree well with theoretical predictions. This result suggests that the Gouy phase
can be used as a new tool to manipulate multidimensional photonic quantum states.
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Manipulation of photonic quantum bits, or qubits, is
critical in many important applications in quantum infor-
mation processing, including quantum key distribution [1],
quantum computing [2], dense coding [3], and teleporta-
tion [4]. Furthermore, interest in multidimensional pho-
tonic quantum states, or qunits, has grown recently because
of the potential they have to realize new types of quantum
communication protocols [5—7]. For realizing multidimen-
sional states, photons in Laguerre-Gaussian (LG) modes
have been attracting a lot of attention recently [§—12]. LG
modes form an orthogonal basis set of paraxial solutions to
the wave equation and have screw phase dislocations
exp(ilp), where [ is referred to as the azimuthal mode
index. Photons in LG modes have orbital angular momen-
tum [h [13,14].

Gouy phase shift is another interesting characteristic of
photons in LG modes [15,16]. The Gouy phase shift is the
axial phase shift that converging photons experience as
they pass through the waist of the beam, and it is propor-
tional to the azimuthal mode index /. In a paper [17], the
Gouy phase shift is introduced as a manifestation of gen-
eral Berry’s phase [18]. Recently, Gouy phase shifts have
been observed directly [19—-22] or using an inteferometric
technique [23]. However, neither the effect of Gouy phase
for entangled state nor the manipulation of photonic quan-
tum states using Gouy phase has been reported.

In this Letter, we propose a method for manipulating the
quantum state of photons in LG modes using the Gouy
phase shift and apply this method to observe the quantum
correlation in LG modes of photons. In our method, the
Gouy phase shift of LG modes is controlled by translating
the beam waist position. Since the Gouy phase shift is
proportional to the azimuthal mode index [ of the phase
dislocation, it is in principle possible to manipulate the
relative phases between more than two LG modes (i.e., [ =
0,1, 2,...) simultaneously.

Furthermore, we experimentally confirm the manipula-
tion of Gouy phase shift through the entanglement of two
photons generated via spontaneous parametric down con-
version (SPDC). One of the two photons entangled in LG
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modes is detected as a superposition state between two
different LG modes (! = 0 and 1) with a Gouy phase shift,
while the amplitudes and phases of the measurement basis
state of the other photon are scanned two-dimensionally
using the conventional method [24]. From the two-
dimensional (2D) map of the coincidence count rates, the
observed phase shift agrees well with that predicted by
theory. The direct observation of the Gouy phase shift,
which is one of the geometric phases of photons, through
quantum entanglement is interesting both in terms of fun-
damental physics and new technological applications.

The normalized LG mode with a beam waist located at
Z = z is given in cylindrical coordinates by

LG,i(p, ¢.2; @0, 20)=

2p! fp il m<2p>

7T(|l|+p) w

where (p, ¢, z) denote cylindrical coordinates, k is the
wave number, and Lllﬁl(x) is the generalized Laguerre poly-
nomial. [ is the azimuthal mode index, and p is the radial
mode index, which is related to the number of radial nodes.
The parameters R(z), w(z), and ¥ ,,(z) denote the radius

curvature of wave fronts, the beam radius, and the Gouy
phase at the propagation distance z, respectively: w(z) =
w1 +[(z—z20)/z%F,  R@) = {1 + [z/(z — 20)1},
W, (z) = 2p + |I| + 1) arctan[(z — z)/zg] with  the
Rayleigh range: zz = kw3/2, where o, is the radius of
the beam waist.

A photon state in LG ,; mode with a beam waistat z = z,
that has a radius of w, is given by [25,26]

|pl(w, 29)) = fdrlLG,,z(rl,z; wo, 20)at(r1, 2)|0), (2)

where 7|, = (p, @), |0) is the vacuum state and a¥(r, z) is
the creation operator of a single photon at position (r |, z).
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Equation (2) implies that the phase of the photonic state in
a certain LG,; mode depends on the position of the beam
waist, mainly due to the Gouy phase shift ¥,; in Eq. (1).

Next, we explain how the relative phase between differ-
ent LG modes can be controlled using Gouy phase.
Figure 1 shows a plot of Gouy phase W,(z) for [ = 0, 1,
and 2. The beam waist is located at z = 0. As the mea-
surement position z moves from —oo to co, W,(z) changes
from —arl/2 to wl/2. Thus, the phase difference 5W(z)
between the two LG modes / = 0 and [/ = 1 changes from
—ar/2 to 7r/2. This means that the phase difference at a
certain point between the two LG modes can be varied by
moving the beam waist position, i.e., by scanning the
position of the focusing lens. This phase control can be
used between more than two LG modes.

Figure 2 shows the experimental setup to observe quan-
tum correlation in LG modes using Gouy phase shift. The
photon pairs are produced by SPDC using a S-barium
borate (BBO) crystal. The pump light is focused by L,;
the beam waist is located in the plane of a thin BBO crystal
with a beam radius of w e In the idler path, the relative
phase of the measurement mode is manipulated by scan-
ning the hologram H; two-dimensionally; by contrast, in
the signal path, it is manipulated using the Gouy phase shift
by varying the longitudinal position of Lg;. We then ana-
lyzed the coincidence events between two photon counters
D I and D S-

In the following, we outline the derivation of coinci-
dence count probabilities [27] taking the effect of Gouy
phase into account. When the pump beam is in LGy, mode,
the two-photon state at the plane of the thin quadratic BBO
crystal can be written as [25,28]

| D) = Z Z Ci,,,/|P_l(w01’0)>s|Pll(w01y0)>1, (3)

I==00 p,p'=0

where wy is the beam radius of the set of LG,,; modes used
for expansion. The amplitude C; p, is determined by the
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FIG. 1 (color online). (a) Variation of beam diameter with
propagation distance z for a LG beam focused by a lens;
(b) Plot of ¥y, ¥y, and ¥, against z.

ratio of wg, to w ,. Here, the direction of z is the same as the
propagation direction of the pump beam, and its origin
(z = 0) is at the thin BBO crystal.

Although w(,; can be arbitrarily selected for calculation,
we chose an appropriate value for w; in order to simplify
the analysis. Since we use single mode fibers before the
photon detector, only photons in a particular LGy, mode
coupled to the fiber are counted. Thus, basically this LG
mode back-propagated through the lenses and holograms
to the BBO crystal can be considered as the measurement
mode. In the idler path, the beam waist of this back-
propagated mode is first positioned at the hologram Hj,
and then the first-order diffraction beam is focused by the
lens L;; so that the waist of the second beam is located at
the crystal. In the absence of phase modulation by the
hologram, the radius of the waist of the second beam will
be w(,. However, we have to carefully consider the effect
of the hologram. When a LG, mode is diffracted by H;, a
displaced phase singularity is added and the mode becomes
a superposition of an infinite number of LG,; modes [11].
Fortunately, however, it can be well approximated by a
superposition of only LGy, and LG,; modes when the
beam radius of the diffracted mode is chosen to be 0.8
times that of the incident mode, with the sum of the mode
weight of LGy, and LGy, being no less than 85.9% [27].
Therefore, in the subsequent analysis, we choose wg; =
0.8w(,. Under this approximation, the idler path’s mea-
surement mode at the plane of the BBO crystal can be
written as

| Fasis(rr, 01)) & €0 a;(rp)|00( @y, 0));
+ Bi(r)001(wey, 0));, 4

where (r;, 6;) is the position of the dislocation of the
hologram H; from the central axis of the back-propagated
LGy, mode (inset of Fig. 2). The amplitude a;(r;) and
B;(r;) are real functions of r; which are either positive for
all values of r; or always negative for all values of r;. The
relative phase between the two states depends only on ;.
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FIG. 2 (color online). The experimental setup for observing
quantum correlation using Gouy phase shift. The inset shows the
hologram pattern as viewed from the BBO crystal.
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When a photon is detected in the idler path, the projected
mode in the signal path in the plane of the BBO crystal can
be calculated as the inner product of Egs. (3) and (4). For
wo;/®, = 0.35, which is the condition used in our experi-
ment, the amplitude when p = 1 is negligibly small [29].
By using this approximation, the projected mode in signal
path can be written as

|Ssate (1, 07)) ¢ €1 CYa;(r)|00(wgy, 0))s
+ CloBi(r)]0 — Hwey, ). (5)

Similarly, measurement mode in the signal path reads

[Sbasis (75, 05)) < s ag(rg)|00(wqs, Zos))s

+ Bs(rs)|0 — L(wos, 205))s,  (6)

where (rg, 65) is the position of the dislocation of Hg from
the central axis of the back propagated mode, zyg is the
beam waist position of the measurement mode, and wy is
determined in the same way as wqy, i.e., wos = 0.8w(g
where w is the radius of the back-propagated mode in the
absence of modulation by the hologram.

From Egs. (5) and (6), and by executing four overlap
integrations, we obtain an expression for the coincidence
probability as follows:

P = [(Spasis (s, O5)|{Tpasis(rp, 671D

« A+ Bcos{— arctan<L> -0, + 93}, @)
2RI T ZRS

where zz; and zgpg are, respectively, the Rayleigh range
of the measurement mode in the idler and signal paths, and
A and B are positive real numbers [30]. At 7% = 65 —
arctan[zs/(zg; + zZgrs)}s P is @ maximum, and at 97" =
07* + ar, P is a minimum. Since arctan is a monotonic
function, 6 and @M change monotonically with zs.
This implies that the maximum and minimum positions
rotate when zg is scanned.

In the experiment (Fig. 1), a cw argon-ion laser (wave-
length: 351 nm; power: 60 mW) was focused by the lens
L, (f =900 mm) to the beam radius w, = 178 wmin the
BBO crystal (Type I, thickness: 3 mm). The lenses Lg; ,
L;, Ls, and L, had f = 200 mm. The distance from the
BBO crystal to the hologram Hg (H;) was 1030 mm. The
holograms (2 mm ¢, pitch: 6.3 um) were made by fab-
ricating the structure on a thin polymer layer on a glass
substrate using an electron beam writer, and then coating
with gold [31]. F; and Fg were narrow band-pass filters
(702 nm, FWHM: 4 nm). The photons were coupled to
single mode fibers and detected by single photon detectors
D¢ and D; (AQR-FC, Perkin Elmer). By changing the
position of Lg;, we measured the coincidence counting
rates while scanning the position of H; two dimensionally
[24]. The vertical and horizontal positions were shifted in
steps of 7 um for a grid consisting of 21 X 21 points.

Figures 3(a)-3(g) are coincidence count rate results
obtained for seven different positions of lens Lg;, shown
as 2D maps of the position of hologram H;. The position of
hologram Hg was fixed at (rg, 65) = (27 um, 0). The
count rates (C) are normalized using the minimum and
maximum count rates (C™", C™>) in each map [i.e.,
Coorm = (C — C™M)/(C™Ma* — C™in)]. The typical mini-
mum and maximum count rates are approximately 10
and 600 counts/s, respectively. The horizontal (vertical)
axis denote the horizontal (vertical) position of H;, in each
2D map. zpg was determined experimentally using back-
propagated light (reference light) with a wavelength
(680 nm) close to that of the signal or idler photons
(702 nm).

It can be clearly seen in Fig. 3 that the positions of
maximum or minimum coincidences rotate clockwise
around the origin as the position of the beam waist in
signal path (zgg) is scanned in the pump beam direction.
The azimuthal coordinate of the maximum (minimum) in
the 2D map indicates the phase of the two measurement
basis states in the idler mode given by Eq. (4) where the
maximum (minimum) coincidence events occurred. This
result shows that the relative phase of the LGy, and LGg_
measurement basis states in the signal path changed as the
beam waist zs was displaced. This phase is not explicit in
Eq. (6), but, as was previously discussed for Eq. (2), enters
through the Gouy phase shift W, in Eq. (1). Because of the
quantum entanglement in Eq. (3), the phase changed on
rotation of the maximum or minimum position. The con-
tinuity of the change also proves the quantum coherence in
the correlation shown in Eq. (3).

To analyze the data in Fig. 3, we introduce parameter
Omap Which is the angle of a line segment between the
maximum and minimum coincidence points to the hori-
zontal axis (see Fig. 3). Figure 4 is a plot of 6, (square)
against zgg.
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FIG. 3 (color online). Maps of the normalized coincidence
count rates obtained by scanning hologram H;. The distances
between Hg and Lg were (a) 250 mm, (b) 255 mm,
(c) 257.5 mm, (d) 260 mm, (¢) 262.5 mm, (f) 265 mm, and
(g) 270 mm.
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FIG. 4 (color online). Dependence of 6, on the position of
beam waist zyg. The squares represent the measured data and the
solid line represents the fitting result. The error bars are deter-
mined based on the assumption that the minimum (maximum)
points exist in the areas 6.25% of the largest (smallest) coinci-
dence counts in Fig. 3.

Noting that 0" = ¢ — arctan[zqg/(zg; + zgs)] and
o7in = 97> + 77 obtained from Eq. (7), 6y, must be
07 theoretically. From this, we define the fitting function
for 6y, as follows:

. Zos — 2

fit — __ 0S offset

Omap = arctan(iZ . > + Ooftsers (8)
RI RS

where Zgpo; and O are the fitting parameters denoting
the offset of the beam waist position of the measurement
mode in the BBO crystal and in the holograms H; (or Hy).
The solid line in Fig. 3 is the fitting result for 6,,,,. The
Rayleigh ranges were determined by using wg; s =
0.8w(, 5, where measured beam radiuses of reference light
w(; =78 pmand w(g = 70 ~ 96 wm [32]. The gradient
of the fitting curve reproduces the experimental data well.

When a hologram is shifted and scanned to change the
phase between LG modes, the original superposition state
is not maintained but converted into the Gaussian mode.
On the other hand, our proposed method using Gouy phase
shift only changes the relative phase while preserving the
relative amplitudes of the original superposition states. In
this sense, our method provides a nondestructive method to
control relative phases for multidimensional photonic
states. It is also possible to extend our scheme for quantum
tomography and Bell inequality test using the superposi-
tion state of LGy, and LGy, modes.
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