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Based on the low-energy band structure of carbon nanotubes (CNs), we develop a generalized Fowler-
Nordheim theory of the CN field emission, in which the behavior of the current-voltage (I-V) character-
istics depends on the electric field and the diameter of the CNs. This formalism reveals the key differences
of field emission between conventional bulk metallic emitters and low-dimensional emitters and gives a
clear physical understanding of the non-Fowler-Nordheim feature of the I-V characteristics of the CN
field emission.
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Cold electron sources based on field emission promise a
potential application in high monochromatic electron-
beam production and in new types of displays [1].
Experimental investigations show strong evidence that
carbon nanotubes (CNs) can act as point electron sources
in high-resolution electron-beam instruments [2]. The re-
duced brightness of individual multiwall carbon nanotubes
is more than 10 times sharper than that of the Schottky
emitter and the cold field-emission gun [2]. The early
theory of field emission was developed based on the free-
electron model, which was long successful [3]. However,
the rapid progress of nanotechnology allows the synthesis
of many low-dimensional and nanoscale materials. This
development provides us with many new choices for field-
emission materials [4]. CNs exhibit excellent field-
emission features, a low threshold field, and a high current
density [1]. Nevertheless, it is found experimentally that
the current-voltage (I-V) characteristic deviates from the
Fowler-Nordheim (FN) type of behavior at the high current
density [1]. This phenomenon is usually attributed to the
space charge effect [5]. However, experimental results
suggest that the space charge effect should not dominate
this deviation phenomena from the FN behavior [1].
Another possible explanation from first-principles calcu-
lations is the field penetration effect [6]. So far, this non-
FN behavior of the CN field emission is not clearly under-
stood [1]. It should be noted that the FN theory of field
emission neglects the effect of the energy band structure of
the emitter [3]. Since the CN is a quasi-one-dimensional
object, its energy band structure plays an important role in
the electronic transport and in the field emission [7]. The
low-energy band structure of CNs exhibits the Luttinger
liquid behavior that has been observed experimentally and
attracted much attention [8]. The feature of the CN energy
band structure should help us to explain the field-emission
characteristics of CNs.

In this Letter, taking into account the low-energy band
structure of CNs, we will develop a generalized FN theory
of CN field emission. This theory may also be useful in
general to understand certain physical properties of low-
dimensional systems.

For the field emission of CNs, it is assumed that the
electrons in the conduction band of CNs move along the
tube layer under the applied field and tunnel through the
vacuum potential barrier. The emission current is given by
[7,9],
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function, where f�Eq�k�� is the Fermi-Dirac distribution
function. The D�Eq�k�; F� in Eq. (1) is the tunneling
probability through the vacuum potential barrier. The
main features of the vacuum potential barrier for field
emission can be approximated by a triangular-shaped bar-
rier U�x; F� � �� eFx, where x � 0 is set at the end of
the CN, � is the work function, and F is the local electric
field. This simple form of the potential barrier has been
valuable to explain some physical features [7,10], such as
the chiral effect [7], the quantum size effect [7], and the
Aharonov-Bohm phase effect in field emission [7]. The
tunneling probability can be expressed approximately as
[9]
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eF , and Eq�k�
is the energy dispersion relation of the CN, which is
measured relatively to the Fermi level. The k and q are
quantum numbers labeling the wave vector of the electron
along the tube and the transversal modes of the tube.

The energy dispersion relation of the single-wall CN
(SWCN) can be obtained from that of graphene. In the low-
energy approximation, the energy dispersion relation of
graphene can be obtained [11]: E�k� � ��

���
3
p
=2�atjk�

kFj, where a is the lattice constant of the hexagon and t
is the electron hopping amplitude. The energy dispersion
relation is linear and radially symmetric around the point
K. This is a typical characteristic of the Dirac electrons [8].
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The states near the Fermi level play the main role in field
emission.

For SWCNs, the electronic motion in the transversal
direction is constrained so that the energy dispersion rela-
tion is discrete in the transversal direction. For the metallic
SWCNs, one of the discrete lines passes the K point in the
first Brillouin zone shown in Fig. 1. The energy dispersion
relation around the K point is approximately symmetric,
and it can be written for low-energy levels as

 Eq�k� � q�E?; (3)

where q � 0;�1;�2; . . . , labeling the parallel lines in the
first Brillouin zone [see Fig. 1(a)], and �E? 	 �

���
3
p
=d�at is

the energy distance between the two parallel lines [11],
where d is the diameter of the tube. Using Eqs. (2) and (3)
and carrying out the integration and summation in Eq. (1),
we can obtain the emission current as [12]
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low temperatures T 
 300 K, c0kBT � 1, the third term
in Eq. (4) can be neglected. Hence we can simplify the
Eq. (4) to yield
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For semiconducting SWCNs, noting that the parallel
lines in the first Brillouin zone do not pass the K point
and considering the symmetry of the first Brillouin zone,
the energy dispersion relation can be written as Eq�k� �
���q� 1

3��E? � �q�
2
3��E?�, where q � 1; 2; . . . .

Using a similar derivation, we can obtain the emission
current [12].
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At low temperatures T 
 300 K, the second term in
Eq. (6) is negligible, and the emission current becomes

 js�F� � �
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The emission currents in Eqs. (5) and (7) give general
formulas of field-emission currents for the metallic and
semiconducting SWCNs, respectively, which modify the
conventional FN formula of the emission current [3].
Based on the parabolic energy dispersion, the elementary
FN equation can be written as [3,13] jFN�F� �

A F2

� e
�b�3=2=F, where A � 1:541 �A �eV��V��2. In order

to compare the formulas of the emission current in Eq. (5)
and (7) with the FN-type formula, we distinguish three
regions according to different fields and tube diameters.
For the cases of small-diameter tubes and low fields

(SDLF), ��1=2

Fd � y 1, coth�y� 	 1, and in the second-
order approximation for the cases of large-diameter tubes
and high fields (LDHF), y� 1, the emission current in
Eq. (5) can be expressed as
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where we used 0.5 and 2 as an approximation of the

dimensionless parameter ��1=2

Fd to separate three regions.
Similarly, for the semiconducting tubes, we can express
the emission current as
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FIG. 1. The first Brillouin zones of SWNT around the K point.
For (a) metallic tubes, q � m0 labels the line across the K point.
For (b) semiconducting tubes, q � m�1 labels the two lines near
the K point.
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It can be seen from Eqs. (8) and (9) that the behavior of
the I-V characteristic is different in different regions. To

compare the I-V behaviors in Eqs. (8) and (9) with the

FN-type behavior, we rewrite Eq. (8) in the so-called FN plot form:
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Similarly, for the semiconducting tubes in Eq. (9), we have
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The first terms in Eqs. (10) and (11) are still of the FN type,
but the second and third terms modify the FN-type be-
havior for different parameter regions. Interestingly, in the
SDLF region, the FN plot of the I-V characteristic may be
rewritten as ln�jm=F� � �b�

3=2=F� ln��=�1=2� for the
metallic tubes, which is consistent with the FN plot of the
quasi-one-dimensional model [10]. For the semiconduct-
ing tubes, the FN plot has an extra term �2��1=2=3Fd,
which means that the current decreases exponentially with
the diameter of CNs. This is because the energy gap at the
Fermi level for the semiconducting tubes is inversely pro-
portional to the diameter of the tubes [14]. In the inter-
mediate region 0:5< ��1=2

Fd < 2, the I-V characteristic
exhibits a more complicate correction to the FN-type be-
havior. The results in Eqs. (5) and (7) are compared with
the FN-type plot ln�js�F�F2 � � �

b�3=2

F � ln��d��� in Fig. 2. It

can be seen that our results agree with the FN behavior for
the large-diameter tube [Fig. 2(b)], but the modification to
the FN behavior for the small-diameter tube becomes clear

in Fig. 2(a), especially for weak fields. The non-FN behav-
ior of the I-V characteristic observed in experiments can be
understood as arising from different physical mechanisms.
In our opinion, the non-FN behavior should appear in the
SDLF region. In fact, most of the emitters investigated in
experiments are more complicated than the ones assumed
in the theoretical model, such as CN films mixed in the
multiwall and single-wall CNs, or open and capped CNs.
These complications could affect the I-V characteristic,
such as the layer-layer and tube-tube interactions, and the
localized states from defects, impurities, and caps. We
cannot clarify experimentally which factor dominates the
behavior of the I-V characteristic. Thus, it is should not
very appropriate to compare directly the theoretical results
with the experimental observations.

Interestingly, Gogolin and Komnik studied the Luttinger
liquid (LL) model of one-dimensional interacting electrons
to give a FN-like formula of emission current [15] jLL /

�F
2

� �
1=2ge�b�

3=2=F, where g is the LL parameter. The I-V

FIG. 2 (color online). The FN plots of the I-V characteristic for the SWCNs with the diameter d � 2 nm in (a) and d � 10 nm in
(b), in which we compare the generalized results in Eqs. (5) and (7) of the metallic and semiconducting SWCNs with the FN-type
behavior.

PRL 101, 027602 (2008) P H Y S I C A L R E V I E W L E T T E R S week ending
11 JULY 2008

027602-3



characteristic of the LL emission current depends on the
electron-electon interaction. For SWCN, g � 1=2, the
emission current of the LL reduces to the above FN for-
mula jFN. For the weak interaction limit g � 1, the emis-
sion current becomes jLL / �F=

����
�
p
�e�b�

3=2=F, which is
consistent with our result for the SDLF case.

The FN-type behavior jFN of conventional metals may
be regarded as the Fermi liquid (FL) behavior in field
emission. Our generalized FN theory is developed based
on the linear energy dispersion of SWCNs with quantiza-
tion transverse modes. This is a typical characteristic of
Dirac electrons. The deviation from the FN behavior in our
formalism may be regarded as a Dirac-electron behavior in
field emission. Thus, in the SDLF region of metallic tubes
��1=2

Fd > 2, the I-V characteristic in Eq. (8) corresponds to
the Dirac-electron behavior. Thus, we give a phase diagram
of the CN field emission in Fig. 3, in which we can observe
the Fermi liquid behavior in the upper region, the Dirac-
electron behavior in the lower region, and the crossover in
the intermediate region.

In summary, taking the energy band structure of SWCNs
into account, we develop a generalized FN theory of CNs
and obtain the analytic formulas of the I-V characteristics
for metallic and semiconducting CNs. This formalism
provides a tube diameter versus electric field phase dia-
gram of the I-V characteristic, identifying the modified
FN-type behavior (FL) in the LDHF region, the Dirac-
electron (DE) behavior in the SDLF region, and their
crossover in the intermediate region. Based on this theory,
the experimental non-FN-type phenomenon may be re-
garded as a Dirac-electron behavior in the SDLF region.
The field-emission behavior depends on the size of the
emitters and the field strength. Actually, the SWCN is a
typical quasi-one-dimensional system, which contains

some key characteristics of low-dimensional systems.
Therefore, this theory may be considered as describing
these characteristics of the field emission of low-
dimensional systems.
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