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We investigate the hydrodynamic evolution of the system formed in ultrarelativistic heavy-ion
collisions and find that an appropriate choice of the initial condition, specifically a simple two-
dimensional Gaussian profile for the transverse energy, in conjunction with a realistic equation of state,
leads to a uniform description of soft observables measured at the relativistic heavy-ion collider. In
particular, the transverse-momentum spectra, the elliptic-flow, and the Hanbury-Brown–Twiss correlation
radii, including the ratio Rout=Rside as well as the dependence of the radii on the azimuthal angle, are all
properly described.
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The notorious difficulties in simultaneous description of
various features of the soft hadron production in the
nucleus-nucleus collisions at RHIC are well known [1].
In particular, the so called RHIC puzzle [1–4] refers to
problems in reconciling the large value of the elliptic-flow
coefficient, v2, with the Hanbury-Brown–Twiss (HBT)
interferometry in numerous approaches including hydro-
dynamics [5–9]. In these approaches, which convention-
ally use the initial transverse profile from Glauber
calculations, the description of v2 favors longer hydro-
dynamic evolution times, while the HBT radii, sensitive
to the size and life-time of the system, are reproduced when
the evolution time is short. In particular, the ratio of the out
to side radius obtained from hydrodynamics has been
25%–50% above the data, thus posing a major difficulty
for the credibility of the hydrodynamic approach. In this
Letter we show that this puzzle may be resolved with a
proper choice of initial condition for hydrodynamics in
conjunction with the realistic equation of state and the
inclusion of all resonances in the modeling of freeze-out.

The basic finding of this work is that the choice of the
initial condition for hydrodynamics is a very important
element. Ideally, and this remains a challenge, the initial
density and flow profiles should be provided by the early
dynamics, for instance the color glass condensate [10,11].
In practice, however, the theory of the partonic stage
carries some uncertainty in its parameters, moreover, there
may exist other effects in the early dynamics, see, e.g.,
[12,13]. It is then practical to use a simple parameterization
of the initial profile. Here we investigate boost-invariant
systems, which approximate well the RHIC collisions at
midrapidity. We take the Gaussian initial energy-density
profile of the system in the transverse plane (x, y) at the
initial proper time �0 � 0:25 fm (we use c � 1 throughout
this Letter),

 n�x; y� � exp
�
�
x2

2a2 �
y2

2b2

�
: (1)

The values of the a and b width parameters depend on
the centrality class and are obtained by matching to the
results for hx2i and hy2i from GLISSANDO [14], which
implements the eccentricity fluctuations of the system in
the Glauber approach [15,16]. Essentially, �a2 � b2�=2
describes the overall transverse size of the system, while
�b2 � a2�=�b2 � a2� parameterizes its eccentricity. The
use of the Gaussian profile (1) results in a stronger trans-
verse flow as compared to the Glauber initial conditions,
which is crucial for the success of the approach. The values
for centrality classes used in this work are collected in
Table I. The energy-density profile (1) determines the
temperature profile via the equation of state [17]. The
initial central temperature, Ti, dependent on centrality, is
adjusted to reproduce the total pion multiplicity.

The hydrodynamics used is inviscid, baryon-free, and
boost invariant. The equation of state is taken to be as
realistic, as possible. We use the lattice-QCD simulations
of Ref. [18] at high temperatures, T > 170 MeV, the had-
ronic gas including explicitly all resonances from the
particle data tables as implemented in SHARE [19] at T <
170 MeV, and a smooth interpolation in the vicinity of
170 MeV, which implements the smooth crossover. In fact,
only the temperature dependence of the sound velocity cs,
shown Fig. 1, is relevant, as all other thermodynamic
quantities follow from it [17] via thermodynamic identi-
ties. The equations are solved with the technique of
Ref. [20]. The entropy-conservation test is satisfied at the
relative level of 10�5 or better, proving the numerical
accuracy of the method.

TABLE I. Shape parameters of Eq. (1) for various centrality
classes used in this work.

c [%] 0–5 20–30 20– 40

a [fm] 2.65 1.94 1.78
b [fm] 2.90 2.52 2.45
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At the temperature Tf � 145 MeV (model parameter)
the system freezes and hadrons (stable and resonances) are
generated according to the standard Cooper-Frye formal-
ism [21]. Lower values of Tf lead to larger sizes of the
system and larger transverse flow. This in turn results in
flatter pT spectra and larger splitting of the v2 of pions or
kaons and protons. The freeze-out hypersurfaces for two
centrality classes are shown in Fig. 2. We note a similarity
of their volume-emission parts (with timelike normal vec-
tors) to the blast-wave parameterization [22], with a short
lifetime: about 9 fm for central (c � 0–5%) and 7 fm for
midperipheral (c � 20%–30%) collisions. However, our
freeze-out hypersurfaces contain also the surface emission
parts (with spacelike normal vectors), absent in the tradi-
tional blast-wave parameterizations. We have checked that
the potential problems from the noncausal surface emis-
sion [23–25], are negligible, as less than 0.5% of particles
are emitted back into the hydrodynamic region. The reason
for this very small fraction is the sizable transverse flow
velocity at large radii, as indicated by labels in Fig. 2,
which pushes the particles outward, as well as the fact that
the hypersurfaces are not bent back at low values of t. We
have determined that about half of the produced particles
comes from the volume part and about half from the
surface part of the freeze-out hypersurface. The surface
emission is crucial for fitting the HBT data from RHIC, as
also advocated in [26,27].

For comparison, in Fig. 3 we show the hypersurfaces
obtained in a calculation of [28] performed with the com-
monly used Glauber initial condition (and with the same
equation of state). Following the same strategy as in this
work, the parameters were adjusted in such a way that the
soft observables are globally described as closely as pos-
sible. Similarly to other hydrodynamic studies, it was
impossible to reach as good agreement as in this work,
with the HBT radii described at the level of 15%–20%
only. The ratio Rout=Rside � 1:25 in [28], while typically
reaching the values around 1.5 in other hydrodynamic

calculations. The reason for this difference, or for the
success of the present approach, can be seen by comparing
Fig. 3 and bottom of Fig. 2. We note that the Glauber initial
condition results in hypersurfaces of a smaller transverse

FIG. 2 (color online). Freeze-out hypersurfaces for c �
0%–5% (top) and c � 20%–30% (bottom), obtained with the
condition Tf � 145 MeV. The two curves show the in-plane and
out-of-plane sections. The labels indicate the transverse flow
velocity.

FIG. 1 (color online). Temperature dependence of the sound
velocity squared. A smooth crossover is implemented between
the high-temperature lattice-QCD region and the low-
temperature hadronic gas region.

FIG. 3 (color online). Freeze-out hypersurfaces for c �
20%–30% for the calculation starting from the Glauber initial
condition with parameters optimized to fit the data as described
in [28]. Notation as in Fig. 2.
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size and a longer evolution time, which translates into
lower Rside and larger Rout. More generally, we note a quite
different shape of the hypersurfaces in Figs. 2 and 3,
however, the flow values are similar, which results from
the fact that the model parameters are adjusted in such a
way that the slopes of the pT-spectra and the v2 coefficient
are reproduced. This leads to practically the same values of
the flow velocity at freeze-out for the two compared
calculations.

Possible elastic rescattering processes among hadrons
after freeze-out are neglected, thus they stream freely, with
the resonances decaying on the way. This stage is simu-
lated with THERMINATOR [29], which incorporates all reso-
nances from the particle data tables. The collision rate after
freeze-out is not very large for the obtained hypersurfaces.

It can be estimated as follows: one considers a pion
straight-line trajectory and counts the number of collisions,
i.e., the encounters with other particles closer than the
distance corresponding to the cross section. Averaging
over all pions yields the number of these trajectory cross-
ings about 1.5–1.7 per pion. Hence the single-freeze-out
scenario [30] seems to be a fairly good approximation for
the present case. The use of hadronic afterburners model-
ing the elastic collisions has been described, e.g., in [31–
33].

Our results for central and midperipheral collisions with
the centrality classes adjusted to the available PHENIX
[34,35] and STAR [36] data are shown in Figs. 4 and 5. We
note a uniform agreement for all soft phenomena studied.
In particular, the transverse-momentum spectra, the pionic
elliptic flow, and the HBT radii, including the ratio
Rout=Rside, are properly described. The dependence of the
HBT quantities on the transverse momentum of the pair,
kT , is correct. The value of Rlong is slightly too large, which
may be due to the boost-invariant approximation. We note
that we use the two-particle method with the Coulomb
corrections described in [37] for the femtoscopy. This
approach follows closely the experimental procedures,
thus is most appropriate when comparing to the data. The
results obtained for other centralities are of similar quality
as those in Figs. 4 and 5. We conclude that the choice of the
initial profile (1) is crucial for this agreement, with the
reasons mentioned in the discussion of Figs. 2 and 3 above.

Having properly described the HBT radii, we may deal
‘‘as a bonus’’ with the azimuthally sensitive HBT interfer-
ometry [38] and consider the second-order Fourier coef-

FIG. 4 (color online). The transverse-momentum spectra of
pions, kaons and protons for c � 0%–5% (upper panel), c �
20%–30% (middle panel), and the elliptic-flow coefficient v2 for
c � 20%–40% (lower panel), plotted as functions of the trans-
verse momentum and compared to the data from [34,35].

FIG. 5 (color online). The pion HBT radii Rside, Rout, Rlong, and
the ratio Rout=Rside for central collisions, compared to the data
from [36].
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ficients defined as the averages over the azimuthal angle,
R2
i;2�kT� � hR

2
i �kT; ’� cos�2’�i, where i � side or out

(R2;long � 0). The results shown in Fig. 6 display a remark-
able agreement between our model and the data.

In conclusion: (i) With a proper choice of the initial
profile (Gaussian) and a realistic equation of state one may
obtain a uniform description of the soft observables
(pT-spectra, v2, and pionic HBT radii) at RHIC, solving
the ‘‘RHIC HBT puzzle.’’ Two elements are crucial here:
the initial profile (1) and the equation of state with the
crossover phase transition. The resulting hypersurfaces at
freeze-out have relatively short evolution times and larger
transverse sizes, which allows to properly reproduce the
HBT data. (ii) Azimuthally-sensitive HBT is described in
agreement with the data. (iii) The inclusion of all reso-
nances in the hadronic phase is important, as has been well
known from other calculations in statistical models.
(iv) The backward emission problem for the obtained
freeze-out hypersurfaces is negligible. (v) The obtained
realistic picture of the space-time evolution of the fireball
may be used for further studies, e.g., modeling of hard-
probe dynamics such as jet quenching.
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[12] S. Mrówczyński, Phys. Lett. B 314, 118 (1993).
[13] B. Muller, arXiv:0710.3366.
[14] W. Broniowski, M. Rybczyński, and P. Bożek,
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