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We study the statistical mechanics of small DNA loops emphasizing the competition between elasticity,
supercoiling, and denaturation. Motivated by recent experiments and atomistic molecular dynamics
simulation, we propose a new coarse-grained phenomenological model of DNA. We extend the classical
elastic rod models to include the possibility of denaturation and nonlinear twist elasticity. Using this
coarse-grained model, we obtain a phase diagram in terms of fractional overtwist and loop size that can be
used to rationalize a number of experimental results which have also been confirmed by atomistic
simulations.
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Over the past decade and a half there has been intensive
study of the mechanical properties of single molecules of
DNA and their interactions [1–3]. DNA, however, is rarely
in a simple linear configuration in vivo. Eukaryotic organ-
isms compact their genetic material by wrapping the DNA
around protein scaffolds to form nucleosomes which are
then wound into a highly condensed solenoidal structure
[4]. Bacteria store their genetic information as circular
plasmids which are compacted by twisting the DNA into
highly writhed superhelices. Variations in DNA topology
and packing are known to be important in cell regulation
[5]. Undertwisting and negative supercoiling (as opposed
to overwinding and positive supercoiling) are thought to
destabilize the duplex and promote processes which re-
quire strand separation, such as gene expression. In gene
regulation, the mechanical behavior of looped DNA is also
believed to play an important role by giving rise to long-
range interactions between different regions of the genome
[6].

Theoretical models of DNA mechanics generally fall
into two classes. Molecular dynamic simulations have
atomistic detail but are typically restricted to small DNA
fragments [7]. Elastic rod models give (linear) coarse-
grained descriptions which are valid for relatively small
deformations and long sequences [8,9]. However, recent
experiments have highlighted the need for descriptions
which bridge these two extremes. An in vivo analysis of
DNA looping in the lac operon repressor system found that
the free energy of looping was far more sensitive to the
interoperator distance than would be expected from simple
continuum theories [10]. In a study of circle formation as a
function of DNA length, Cloutier and Widom reported
cyclization probabilities for circles containing between
89 and 105 base pairs (bp) that are greater than those
expected from simple models of DNA bending [11,12],
although the implications of these experiments remain
controversial [13]. As well as anomalous bending rigidity,
smaller circles also display a more complex asymmetric

writhing behavior. Some time ago, Bates and Maxwell
showed that gyrase is only able to introduce negative
writhe into circles that contain more than 174 bp [14].
More recent studies of supercoiling in larger DNA circles
(>300 bp) observed that underwinding by less than one
helical turn induced negative writhing [15], yet it was
necessary to underwind a 178 bp duplex by 2 helical turns
in a high salt environment for negative writhing to occur
[16].

Recent improvements in the parallel performance of mo-
lecular dynamics (MD) codes for modeling biomolecules
have made it possible to simulate DNA circles as large as
178 base pairs in atomistic detail. In a recent molecular
dynamics study using the AMBER force-field simulations of
adenine-thymine (AT) and guanine-cytosine (GC)-rich
DNA sequences for circles of between 90 and 178 base
pairs in low and high salt conditions have been performed
[17]. A distinct asymmetry in the behavior of overwound
and underwound duplexes was observed. Although even
the 90 base pair overwound circles will form writhed or
supercoiled conformations in ambient salt, the formation
of negative supercoils is prohibited except in high salt
conditions and for circles larger than 148 base pairs.
Furthermore, it was observed that underwinding induces
local duplex melting at lower superhelical densities than
overwinding. These calculations generated a map of the
phase diagram describing the supercoiling of these small
DNA circles in low and high salt conditions. The study of
such long loops with atomistic detail is computationally
difficult and expensive; however, they can suggest direc-
tions for how to construct more sophisticated coarse-
grained models which encode more information about
the DNA mechanics under large deformations. The subject
of this Letter is the development of such a model.

We consider small loops of double-stranded DNA of
length L. We model them as thin (radius a� L, the
length) and possibly inhomogeneous nonlinear elastic ob-
jects. In addition we include a discrete degree of freedom
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associated with the maintenance of the structural coher-
ence of the DNA which keeps track of the formation and
breaking of the H bonds between the base pairs. We find
that nonlinearity in the twist elasticity leads to supercoiling
for underwound loops only if the loops are long or the ratio
of bend to twist elasticity is small. This provides an elegant
explanation of the experiments and MD results as it is well
known that the bending elasticity of polyelectrolytes is
strongly reduced by screening for high salt conditions
[18] while the twist rigidity remains essentially unchanged
[19]. Our results also show a competition between super-
coiling and denaturation with supercoiling favored for
longer loops and denaturation favored for small loops.

We can parametrize the filament by a right angle set of
local axes: �t̂�s� � ê3�s�; n̂�s� � ê2�s�; b̂�s� � ê1�s��. A
good description of the system is a model with monomers
with centers at position r�s� of size a which are labeled by
the continuous index 0 � s � L. We can without loss of
generality choose the first of the axes as the local tangent
vector of the filament [t̂�s� � @sr�s�], where @sF�s� � @F

@s
for any function F�s� of the variable s, choose the second as
a perpendicular axis along the length of the filament [n̂�s�],
and the third defined by the cross product of the other two:
[b̂�s� � t̂�s� � n̂�s�].

We can describe an arbitrary filament conformation by
the following local (at s) infinitesimal linear transforma-
tion [9], @sêi � �ijk�j�s�êk�s�, where �ijk is the permuta-
tion symbol. Therefore the set of functions �1�s�, �2�s�
(bend) and �3�s� (twist) define any conformation of the
chain.

We also introduce the function ��s� � 	1 which mea-
sures the structural stability of the DNA double helix.
��s� � �1 corresponds to H bonds being present at point
s and the normal double-stranded form is stable while
��s� � 
1 corresponds to denaturation or the helix falling
apart. In the absence of bend and twist, there is an energy
penalty (in units of kBT) per unit length kBTh�s� to locally
destroy the helical structure (break the H bonds) at point
s—a homopolymer, e.g., poly-AT would have constant
h�s� � hAT. It is clear then that the sequence information
is encoded in h�s�. We include also the possibility of a
cooperative long-range coupling J�s� between structure
variables (spins).

Given this we can write down a phenomenological Ham-
iltonian for a loop of length L as H �H d 
H el, where
 

�H d �
Z L

0
dsh�s���s�



Z L

0
ds
Z L

0
ds0J�s� s0���s���s0� (1)

 �H el �
1

2

Z L

0
ds�1� ���s���A1�2

1�s� 
 A2�2
2�s�


 K��3�s� �!0�
2 
 P��3�s� �!0�

3�; (2)

where !0 is the frequency of the helix determining the
ground state structure and A1; A2 are the two bending

persistence lengths (reflecting the possibility of a soft, e.g.,
the position of the major or minor groove, and hard direc-
tion of bending for the filament) and K is the twist persis-
tence length. The ground state is a straight rod about whose
axis the pair of vectors b̂�s�; n̂�s� rotate with frequency!0.
We shall be concerned in this Letter with strongly over-
wound and underwound loops requiring that we take ac-
count of nonlinear effects in the twist elasticity described
by the parameter Pwhich has dimension of �length�2. Such
conformations, however, have gentle bends adequately
described by linear bending elasticity. When the structural
(spin) state changes from�1 to
1 this leads to a softening
of the chain (� � 1) and a lower resistance to deformation.

In this Letter, we consider the homopolymer case where
J � 0 and h�s� � h, constant. We will also be mainly
concerned with isotropic bending A1 � A2. As we are
interested in supercoiling and denaturation, we start from
a reference state of ��s� � �1, 8 s and a circular loop.
Conformations of the loop must satisfy the linking number
constraint (White’s theorem) Lk � Tw
Wr � fixed,
where the twist, Tw � 1

2�

R
L
0 ds�3�s�. For conformations

close to a planar circle, we can use Fuller’s formula [20] to
express the writhe, Wr, as an expansion about a reference
curve with tangent vector t̂0�s�, in our case a planar circle

(Wr0 � 0) as Wr �Wr0 

1

2�

R
L
0 ds

t̂0�t̂
@s�t̂
t̂0�

1
t̂0
t̂
. The sta-

tistical mechanics and hence all the thermodynamic quan-
tities of this model are obtained by evaluating the partition
function, Z �

P
statese

��H , with Lk fixed.
The study of the supercoiling transition requires analysis

of the minimum energy conformation of the loop while
denaturation requires the study of the statistical mechanics
of base-pair formation and breakage. If the loop is prepared
in an arbitrary initial state, the longest time scale in the sys-
tem is the relaxation time of the conformations of the loop
[17]. On time scales longer than this, the mean conforma-
tion of the loop has relaxed to its steady-state value and we
can consider the loop conformation to be a static quenched
variable in the statistical mechanics of denaturation. In
addition, by the time the system has relaxed to the ground
state, the denaturation fluctuations will also have attained
their equilibrium values (i.e., the average values of the spin
variable can be used to calculate the loop ground state).

Linear stability analysis is sufficient for obtaining a cri-
terion for supercoiling. The nature of conformations deep
in the supercoiling regime require a full nonlinear analysis
which we will not address here. The center line can there-
fore be written without loss of generality as an expansion,
r�s� � r0�s� 
 �r�s�, about a planar circle in the x-y plane
centered at the origin with r0�s� �

1
� �cos�s; sin�s; 0�

where� � 2�=L. Since the ground state is a straight linear
chain, any loop even a planar circle, has nonzero bending
energy. The deviations from the planar circle can be written
as �r�s� � rk�s�t̂0�s� 
 r?�s�n̂0�s� 
 rz�s�ẑ where t̂0 �

@sr0 � �� sin�s; cos�s; 0�, n̂0 � �cos�s; sin�s; 0�, ẑ �
�0; 0; 1� such that n̂0 
 t̂0 � n̂0 
 ẑ � ẑ 
 t̂0 � 0. For an in-
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extensible filament, j@srj2 � 1, and for small deviations
from a planar circle it is straightforward to show that
@srk 
 �r? � @sr? � �rk and @srk 
 �r? � @srz. We
can therefore express the Hamiltonian and constraints
completely in terms of ��s� � @sr? � �rk and 	�s� �
@srz and the twist angle �3�s�, where ��	� measure the
angular deviations of the conformations from the circle in
plane (out of plane), respectively. We keep terms up to
quadratic order in �;	. For a loop with no added twist,
2�Lk0 � !0L, while for a twisted loop we can write
2�Lk � �0

3L � �!0 
 �!3�L where we have defined
�0

3 �
2�
L Lk and �!3 �

2�
L Lk�!0. The fractional over-

twist or undertwist is given as �!3

!0
� Lk�Lk0

Lk0
. For a planar

loop, all the elastic energy of overtwist is stored in twist
and �3 � �0

3 while deviations imply a nonplanar loop of
finite writhe �3�s� � �0

3 
 ��3�s�; i.e., ��3 � 0 implies
nonzero writhe. We find
 

�H el�
1

2

I
ds�1����fA��@s����2
�@s	�2��2	2�


K� �!3
��3�
2
P� �!3
��3�

3g (3)

 Wr �Wr0 �
1

2�

I
ds	�s���� @s��: (4)

We now consider the loop as �!3=!0 is increased from 0
and plot a phase diagram as a function of fractional over-
twist (undertwist) �!3=!0 (also known as specific linking
difference or superhelical density [5]) and loop length L.
We identify the following ‘‘phases,’’ undeformed circle
(C), denatured (D), supercoiled (S
; S�), supercoiled
and denatured (SD
; SD�) where 	 refers to positive
or negative supercoiling.

Denaturation: (C! D) transition.—We have a planar
loop with an elastic energy given by �Eel � "� �!3; L��H
ds�1� ���, where "� �!;L� � 1

2 �A�
2 
 K �!2 
 P �!3�

and a partition function Z � eL"�e�1
�"=h 
 e1��"=h�Lh

and mean value of � as a function of overtwist or under-
twist (and loop size L) given by h�� �!3; L�i �
tanh��"� �!3; L� � h� [21]. We define denaturation transi-
tion as the value �!den

3 of �!3 for which h�i � 0; i.e., there
are equal numbers of paired bases as nonpaired bases,
which satisfies the equation

 "� �!den
3 �L�; L� � h=�; (5)

plotted in blue on the phase diagrams (Fig. 1).
Supercoiling: (C! S) transition.—To obtain a criterion

for supercoiling we must calculate the equilibrium shape of
the loop with the mean value of � given above. This is
obtained by minimizing the energy with respect to the
functions ��s�, 	�s�, ��3�s� with the constraint, 1

2� �H
ds��3�s� 
Wr � 0. This leads to the coupled set of

differential equations,

 

�A@2
s�� 
@s	 � 0 (6)

 

�A@2
s	
 �A�2	
 
@s� � 0 (7)

 

�K� �!3 
 ��3� 

3
2

�P� �!3 
 ��3�
2 
 
 � 0 (8)

where 
 is the Lagrange multiplier which enforces the
linking number constraint and �A � A�1
 �h�� �!3; L�i�
with similar definitions for �K; �P. The functions �;	 are
periodic with ��L� � ��0�, 	�L� � 	�0�. Searching for
solutions of the form B1 cos�n�s� 
 B2 sin�n�s�, where
n > 0 is an integer, we obtain 
�n� � 	 �A�n2 � 1�1=2�,
��n; s� � �0 sin�n�s�, and 	�n; s� � �0

n
�n2�1�1=2 cos�n�s�,

where the sign of 
 depends on the sign of �!3. The value of
the constant �0 is set by making sure the solutions ��n; s�,
	�n; s� satisfy the linking number constraint. The lowest
value of n which gives a nonzero 
 is n � 2. The super-
coiling transition is obtained by using Eq. (8) to find the
value of �!sup

3 for which a solution with ��3 � 0 exists
(instability).

Let us first consider the case for purely symmetric linear
twist elasticity: If P � 0, then ��3 � �
� �K �!3. In the
planar unsupercoiled state 
 � � �K �!3 so the transition to
the supercoiled state occurs when � �K �!3 � 
�n� �
	 �A�n2 � 1�1=2�. If ��3 � 0, then for an overtwisted
loop ��3 < 0 and for an undertwisted loop ��3 > 0.
Therefore, if �!3 > 0, 
�n�< 0 and if �!3 < 0, 
�n�> 0.
The well-known supercoiling criterion is therefore set by
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FIG. 1 (color). Phase diagrams for A=K � 1=2 and � � 0:7
with lengths measured in units of ‘ � 1=h (we have used A �
250‘) for (a) P=�K‘� � 1:5, (b) P=�K‘� � 10, with no negative
supercoiled phase at these loop sizes, and (c) P=�K‘� � 17

2 ,
showing the appearance of the negatively supercoiled phase.
Inset: Typical configurations from MD simulations of all atom
90 bp homonucleotide DNA loop in circle, supercoiled, and
denatured states.

PRL 100, 238103 (2008) P H Y S I C A L R E V I E W L E T T E R S week ending
13 JUNE 2008

238103-3



j �!sup
3 �L�j �

�A
�K �

��������������
n2 � 1
p

(n � 2), i.e., at the same magni-
tude for overtwisted and undertwisted loops [22,23].

However, once we take into account the nonlinear elas-
ticity, i.e., P � 0, we observe quite different behavior.
Similar considerations obtain the supercoiling transition
(red curves on the phase diagrams in Fig. 1) as given by
(n � 2)

 �! sup
3 �L� �

8><
>:
�

�K
3 �P �1�

���������������������
1
 �6

�P
�K ��

q
�; �!3 > 0

�
�K

3 �P �1�
���������������������
1� �6

�P
�K ��

q
�; �!3 < 0;

(9)

where ��L� � � �A
�K

��������������
n2 � 1
p

� � �A
�K

���
3
p

. Implementing the

linking number constraint leads to �2
0 � 	

2
���������
n2�1
p

Ln2�
��3.

We note that the asymmetry is negligible if �P� LA, i.e.,
that the nonlinear twist elasticity is most important for
small loops.

The magnitude of the supercoiling transition is different
for overtwisted and undertwisted loops. Furthermore the
supercoiling transition vanishes for undertwisted loops if
6 �P�= �K > 1. This indicates that corrections due to higher
order nonlinearities must be included. Note however that
their inclusion leads to a supercoiling transition at much
higher values of excess linking number. This can be trans-
lated into a condition on the length of the loops and the
relative values of the elastic constants. There is a negative
supercoiled state only if L > Lc where Lc � 12�

���
3
p
�

�P
�K��

�A
�K�.

The supercoiling transition at Lc is �!3=!0��
�K

3 �P!0
�!c.

(S! SD) transition.—Once the loop is in a supercoiled
state the value of h�i will change due the additional bend-
ing contribution to the elastic energy. At values of �!3

beyond �!sup
3 �L� (but still close to the transition so that

linear theory works), for which ��3 � �!sup
3 �L� � �!3,

from Eq. (3) we obtain an expression for the elastic energy
Eel � "0� �!3; L�

H
ds�1� ���, where "0� �!;L� � 1

2 �

fA�2�1
 2
��
3
p

� j �!� �!sup
3 j� 
 K� �!sup

3 �
2 
 P� �!sup

3 �
3g. The

partition function can be evaluated as above and the tran-
sition from S! SD occurs at �!S!SD

3 �L� defined by
"0� �!S!SD

3 �L�; L� � h=� which is plotted as a green dashed
line in Fig. 1.

(D! SD) transition.—In the denatured state, as we
increase the amount of overtwist, we eventually encounter
a supercoiling transition whose properties have been de-
scribed above which is controlled by the renormalized
elastic constants �A; �K; �P.

In summary, we have introduced a new model for DNA
mechanics which extends linear elastic models of bend and
twist to include denaturation and emphasized the role of
nonlinear twist elasticity. We applied it to the description
of loops of DNA and find, in particular, that nonlinear twist
elasticity leads to supercoiling for underwound loops only
if the loops are long or the ratio of bend to twist elasticity is
small. We also find a competition between supercoiling
and denaturation with supercoiling favored for longer
loops and denaturation favored for small loops. Variants

of the model can be used as the basis of computational
studies of longer DNA segments, beyond the scope of
current atomistic simulations which become prohibitively
computationally expensive for DNA segments longer than
200 base pairs.
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