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Energy relaxation is studied in the spin-polarized disordered electron systems in the diffusive regime.
We derive a quantum kinetic equation in which the kernel of the electron-electron collision integral
explicitly depends on the electron magnetization. As a consequence, the inelastic scattering rate has a
nonmonotonic dependence on the spin polarization of the system.
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The study of quantum electron kinetics in metallic con-
ductors and, in particular, problems related to inelastic
electron scattering represent the basic directions of meso-
scopics [1–3]. Most theoretical and experimental research
on the quantum transport in mesoscopic systems involves
an estimate of the electron inelastic scattering time [or
corresponding length scale]. Its comparison with the physi-
cal parameters of the system allows us to understand when
the concept of electrons with the well-defined phase and
energy is relevant for the electron transport description
[1,2], and when the nonequilibrium distribution function
can be approximated by the Fermi-Dirac distribution with
an effective electron temperature [3]. The possibility to
manipulate the inelastic scattering rates with the external
fields, e.g., by a magnetic field, is one of the fundamental
questions of electron kinetics.

The typical main building block of a mesoscopic device
is a diffusive normal metal or a heavily doped semicon-
ductor wire connected to massive electrodes acting as
reservoirs. Electrons in the device interact with each other.
In addition, electrons are coupled to phonons, electromag-
netic environment, and so on. Understanding of transport
phenomena in mesoscopic devices is based on the ability to
solve the quantum kinetic equation (QKE) for the electron
density matrix f̂ in which interactions are taken into ac-
count via scattering integrals [4]. The derivation of the
scattering integrals is another fundamental problem of
electron kinetics. Electron-electron interaction usually pro-
vides the strongest mechanism for energy relaxation in
metallic conductors at low temperatures (T) which are
typical for experiments. The frequency of the inelastic
electron-electron collisions appears in the QKE formalism
as the ‘‘out-scattering’’ rate [1,5,6].

Presently, the issue of identifying scattering rates is of
much practical importance due to the significant progress
achieved in the last decade in the fabrication of devices in
which electron distributions can be directly controlled and
manipulated [3]. For example, in recent experiments a
magnetic field (H) has been used as an effective tool for
detailed study of energy relaxation in Cu [7] and Ag [8]
mesoscopic wires. Its dependence on the Zeeman splitting
can be attributed to inelastic electron-electron scattering

mediated by the exchange interaction of the electron with
magnetic impurities [9]. However, this interpretation relies
on the assumption that the wire contains magnetic impuri-
ties. The impurity concentration is determined from a fit of
the experimental data rather than from independent mea-
surements [7,8].

In this Letter we derive the QKE for the spin-polarized
disordered electron liquid and find that the kernel of the
collision integral for the scattering with the electron spin-
flip depends strongly on the magnetic field. For the small
energy transfer, j!j � jmj=�, this kernel saturates,
P���m �!� / jmjd=2�2, while for j!j � jmj=�, P���m �!� /
j!jd=2�2. At ! � 2jmj�=� this kernel has a pole related
to electron paramagnetic resonance. Here, m denotes the
average spin density, � is the thermodynamic density of
states per one spin projection, and d is the space dimen-
sion. As a consequence, the inelastic scattering rate has a
nonmonotonic dependence on the spin polarization of the
electron system. Our main result for the out-scattering rate
in the presence of the disorder and magnetic field is given
in Eq. (7). For a wire, our results imply that the energy
relaxation should be sensitive to the magnetization jmj /
�1� ��H if jmj is larger than the Thouless energy. This
prediction agrees qualitatively with the experiments [7,8]
in which the Thouless energy of the wires corresponds to
H & 0:1T and triplet interaction amplitude � � 0:3.

Below we formulate our main results in detail. For
T�� 1 and jmj�=�� 1, the QKE can be written

 D�f̂� @�f̂�
�
eE�

r�m 	 ŝ�
�

�
D@"rf̂ � I
f̂�: (1)

Here, E is an electric field,D is a diffusion coefficient, � is
an elastic scattering time, and EF is the Fermi energy. The

Pauli matrices ŝ�, � � 0; 3
���!

act in the spin space. The
collision integral in Eq. (1) is given by a sum of two terms,
I
f̂� � I0
f̂� � Im
f̂�. They describe the processes without
(I0
f̂�) and with (Im
f̂�) electron spin flips; see Fig. 1.
Choosing m in the z direction f̂ becomes diagonal. The
collision integral I0
f̂� has a magnetic field dependence
only due to the Zeeman shift of the electron energy
(in the distribution function). In the special case,
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f";� � f"� [10], we get I0
f�� � �8=��
R
d!
P����!; 0� �

P����!; 0��J�;��";!�. Here J�;�0 �"; !� �
R d"0

2� �


�1 � f"0�;���1 � f"�!;�0 �f"0�;�0f";� � f"0�;�f"�!;�0 �1 �
f"0�;�0 ��1 � f";���, "0 � "0 !=2, and "� � "�
�jmj=� is an electron energy with respect to EF. The
kernels P��;�� are the scattering probabilities in the singlet
and triplet (Sz � 0) particle-hole channels and they are
independent of jmj.

The collision integral Im
f̂� describes scattering in the
triplet Sz � 1 particle-hole channel which is accompa-
nied by a spin flip:

 Im
f�� �
16

�

Z
d!P����!; jmj��J�;���";!�: (2)

In contrast to the clean Fermi-liquid [11], the probability
P����!; jmj�� of scattering with a spin-flip does depend on
jmj. It can be presented as

 P�a��!; jmj� �
X

q

��������U�a��q;!; jmj�Re
1

Dq2 � i!

��������
2
: (3)

Here, Re
Dq2 � i!��1 estimates the time that electrons
spend in the interaction region of the order of 1=q [1]. The
dynamically screened Coulomb interaction reads

 U�a��q;!; jmj� �
Fa0 �Dq

2 � i!�

D�1� Fa0 �q
2 � i�!�

2Fa0 jmj
� �

; (4)

where Fa0 , a � f�;�g are the standard Fermi-liquid inter-
action parameters in singlet and triplet channels, respec-
tively. Contrary to naive expectations, jmj appears only in
the denominator of Eq. (4). Our results at jmj � 0 agree
with Ref. [1]. Integrating over q in Eq. (3), we obtain

 P����!;jmj��
Ad�

Dd=2

j�1���!� 2�jmj
� j

d=2�j!jd=2

�!� 2jmj
� �
�2���!�

2�jmj
� �

; (5)

where A�1
d � 
8�4��

d=2��d2� sin�d2 � and � � �F�0 =�1�
F�0 �. The strong dependence of the kernel (5) on jmj should
be taken into account in the solution of the QKE (1).
Though the collision integral Im
f̂� describes the scattering
in which electron spin flips, I
f̂� does not lead to a relaxa-
tion of spin because the operator of the total spin commutes
with the Hamiltonian. The spin density evolves according
to the equation: @�m � Dr2m.

To demonstrate that the strong dependence of the kernel
(5) on jmj can significantly modify the energy relaxation,

we compute the jmj-dependent contribution to the out-
scattering rate, 1=��m�out �"�; T�. It can be found [5] from
Im
f�� by its variation over f";� at the equilibrium when
f";� becomes the Fermi-Dirac distribution fF�"��:

 

1

��m�out

�
Z d!

2��
Y�"�;!; T�P���

�
!�

2jmj�
�

; jmj�
�
;

(6)

where Y�"�;!; T� � !
coth!2T � tanh"��!2T �. The kernel
P��� in Eq. (6) involves well-known diffusion propagators
[12] modified by the presence of the magnetic field [13].
For example, at T � 0 and for d � 3 we find

 

1

��m�out

�
21=2

3�2

j"�j3=2

�D3=2

�
�1� ��3=2 � 1�

2� �
F�

�
2jmj�
�"�

�
: (7)

The function F��z� has the following asymptotics

 F��z� �

8><
>:

1�
6�9��3���2�

�������
1��
p

2�2���
�1���3=2�1�
z jzj � 1;

9��2���
16
�1���3=2�1�

jzj�1=2 jzj � 1� �:
(8)

At jmj � �"�, the 1=��m�out -rate is strongly suppressed
because the typical interaction region becomes about�����������������
�D=jmj

p
. For jmj & �"�, the out-relaxation rate is differ-

ent for the quasiparticle states with spin " and spin # due to
the presence of the Fermi sea. In the latter case, the rate is a
nonmonotonic function of jmj at a fixed quasiparticle
energy "# and has the maximum at 2jmj=�� "# (see
Fig. 2). The maximum is most pronounced in the limit �!
0 when the kernel P��� in Eq. (6) diverges at the transferred
energy ! � 2jmj=� � "# � "". The origin of this maxi-
mum has much in common with the electron paramagnetic
resonance. The interaction F�0 flips the quasiparticle spin
and acts as an effective magnetic field. The latter appears
with frequency dependence due to diffusive electron mo-
tion. The noticeable width of the maximum (� energy of
the electrons, "#) is a result of the diffusive motion of
quasiparticles as well. With the increase of the interaction
strength, � (controlled by the electron density), the maxi-
mum is suppressed due to screening of the Coulomb inter-
action in accordance with Eq. (4). For d � 3 and T > 0 the
nonmonotonic behavior of 1=��m�out survives for energies
"� � T. For d < 3 and T > 0 one should evaluate the
integrals in Eq. (6) self-consistently [6].

The most general method to describe a nonequilibrium
low-energy dynamics in the disordered interacting electron
systems is the Keldysh nonlinear �-model [14]. For non-
zero F�0 and m, one can follow the same derivation of the
QKE as given in Refs. [14–16] except for complications
arising from noncommutativity of the plasmon and gauge
fields. Below we highlight the points where the derivation
differs from [14–16].

We write the grand partition function of the interacting
electrons in a random potential in the coherent state
basis: Z �

R
D � D expfiS
 � ; �g, where S
 � ; � �R

C dtf
R
x�

� i@t � �H
 � ; �g. Here, C is the Keldysh con-

FIG. 1. The diagrammatic illustration of the out-scattering
terms in the collision integral: (a) the magnetization-independent
spin-conserving scattering and (b) the triplet channel magneti-
zation sensitive scattering with spin-flips. The dashed line de-
notes the screened e-e interaction.
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tour, symbol sp denotes the trace over spin degrees of
freedom and H � H0 �Hint. The one-particle Hamil-
tonian H0 involves the parameters with the standard
Fermi-liquid renormalizations [17]. The interacting
part Hint�

R
drdr0f12�̂r�s�r�r0��̂r0 �2m̂r�t�r�r0�m̂r0 g,

where �s�q� � V0�q� � F
�
0 =�2�� contains the long-range

part of the Coulomb interaction V0 and �t�q� � F�0 =�2��
[12,17]. The charge and spin density operators are given as
�̂r �

P
�

� ��rt� ��rt� and m̂r �
1
2

P
�

� ��rt�ŝ��0 �0 �rt�,
respectively.

To derive the nonlinear �-model we perform the stan-
dard steps [14]: (i) we average Z over the Gaussian,
�-correlated disorder and introduce the ~Q-matrix; (ii) we
decouple the four-fermion interaction terms in Hint by the
Hubbard-Stratonovich transformation using vector field

��, � � 0; 3
!

; (iii) we perform the Keldysh rotation;
(iv) finally, we integrate out fermion degrees of freedom:
 

iS
 ~Q;�� � Tr ln
�
i@t� 	�

i
2�

~Q� ���
j �


�
j �ŝ

��̂j

�

�
i
2

Z
dtdr
���̂�1�̂z�� �

��
4�

Tr� ~Q2�; (9)

where symbol Tr denotes the trace over the spin and
Keldysh spaces combined with the time and space integra-
tions. The Pauli matrices �̂z, �̂1 � �̂0 and �̂2 � �̂x oper-
ate in the Keldysh space, 	 � p2=2me � EF where me is
the electron mass, and �̂ is the diagonal matrix in the 4� 4
�-space: �̂ � F̂=�2�� � diagf�s;�t;�t;�tg. We assume
the presence of the electric potential ’ and a static mag-
netic field H. Then, the classical components 
��0

1 � e’
and 
�>0

1 � �g�BH�, where g and �B denote the g
factor and the Bohr magneton, respectively. The quantum
components are
�

2 � 0. The low-energy description holds
for the following conditions: 
�

1 �� 1 and T�� 1�

EF�. In addition, we assume T=EF & �eH=me � 1 and
ignore, therefore, the Cooper channel and orbital effects.

The �-field has nonzero (zero) average for the classical
(quantum) components, [h. . .i �

R
�. . .� exp�iS�]:

 h���0
1 i � �

F�0
2�
�; h��>0

1 i � �
F�0
�

m�;

h��
2 i � 0;

(10)

where � is the average charge density. Hereafter, we omit
V0�q� for simplicity. This can readily be restored by taking
the ‘‘unitary’’ limit, F�0 ! 1 [1]. Next, to improve con-
vergence of the expansion of the logarithm in Eq. (9), we
perform the gauge rotation of the Q matrix [14]:

 

~Q t;t0 �r��U�t;r�Qt;t0 �r�U�1�t0;r�; Q�
R K
Z A

� �
; (11)

where U�t; r� � expfih �kig expfi� �kg with �k � k�i �
iŝ�.

In general, the gauge k and plasmon � fields can be
separated into the slow, hki and h�i, and fast, �k and ��,
contributions. The fast components describe charge and
spin fluctuations in the electron system and the slow com-
ponents are related to the gauge transformations of the
external field potentials. Assuming that EF � 1=�� T
and rs � e2=vF & 1, where vF is the Fermi velocity, we
expand the action (9) around the standard saddle-point
Q � � with Z � 0, R � �A � 1 and arbitrary K. In
the equilibrium, the Wigner transform K"�r; t� �R
dt0Kt�t0=2;t�t0=2�r� exp�i"t0� is equal to Keq

" �r; t� �
2 tanh
�"� ’� @thk�1 iŝ

��=2T�. As usual, we restrict our-
selves to second order in �k, �� and gradients ofQ within
the manifold Q2 � 1. Then
 

iS � i
Z
dt
Z
dr
���̂�1�̂x�� �b

��̂xb�

�
��
4

DTr�@rQ�2 � 4iTr�i@t � �b�Q�: (12)

Here, @rQ � rQ� i
 �g; Q��, �b � U�1�� �
� ���U�
U�1
i@t; U�� and �g � �eA=c�U�1
p; U��, where A
stands for an external vector potential. It is convenient to
write �b � h �bi � ��1� �b� ��2� �b where h �bi � h ��i � �
�
@th �ki is of the zeroth order in �k and ��, ��1� �b is the first
order term, and ��2� �b is the second order one.

The particle and spin densities can be found from
Eq. (12) as ��; 2m� � �i=2�@ lnZ=@
�

2 :

 

�
2m

� �
� �

��Tr��̂xŝ
�h ~Qi�

2�1� F�0 �
�

2�
1� F�0



�
1 � @thk

�
1 i�;

(13)

where Eqs. (10) were used and Tr acts in Keldysh and spin
spaces. The interaction renormalizations of �, 2m in
Eq. (13) agree with the Fermi-liquid theory [17].

Although the theory (12) encodes the low-energy dy-
namics of the electron system, for accurate derivation of
the QKE it is enough to consider only the saddle-point
configuration Q for a given configuration of the plasmon
and gauge fields. The saddle-point (Usadel) equation is

FIG. 2 (color online). The density plot of ��t�out�0�=�
�t�
out�jmj� as a

function of F�0 and 2jmj=��""� for panel (a), and 2jmj=��"#� for
panel (b).
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 D@r�Q@rQ� � 
@t � i �b;Q�� � 0: (14)

The general solution of Eq. (14) can be written as Q �
hQi � �Q where h. . .i denotes the average over �� fluc-
tuations. The term �Q involves fluctuations �� and �k of
the plasmon and gauge fields governed by the small pa-
rameter �EF���1 � 1. Equation (14) enables finding �Q to
second order in �� and �k. The procedure can be simpli-
fied demanding after Refs. [14–16] that the Z component
of �Q does not contain terms linear in ��, �k. This holds
if ��1�b�2 �Dr�

�1�g�2 � 0. The condition Q2 � 1 ensures
that R- and A-components of �Q are as as small as the Z
component. We get the relation between the classical
components of �� and �k demanding that the K compo-
nent of Eq. (14) with Q! hQi should vanish in the linear
order in �k and �� at t! t0:
 

�Dr�g� �b��1 �!� � �2!
Ŝ�1
! B̂!�

��Dr�g�2 �!�;

B��! �
�

8!

Z d"
2�

Tr�4ŝ�ŝ�

� hK"�iŝ
�hK"�iŝ

��;

S��! �
�
4

Z d"
2�

Tr�ŝ�hK"�iŝ
�

� ŝ�hK"�iŝ
��:

(15)

In equilibrium and for m � 0,B��! � ��� coth�!=2T� and
S��! � !���. In general, we find Ŝ! � !1̂� ̂, where
�� � �

4

R d"
2� Trf
s�; s���hK"ig.

Derivation of the QKE becomes less cumbersome in the
hki-gauge: h �bi � �0. Then, it implies ��1� �g � r� �k, ��1� �b �
� ��� @t� �k and ��2� �b � i
� ��� 1

2@t�
�k; � �k��. Then

�� � 2i"���m�=�. It is the presence of nonzero ��,
��2� �b and the matrix structure of B��! that strongly com-
plicates the derivation of the QKE for m � 0. Substituting
Q into Eq. (12), we find expanding to second order in ��:
 

iS
��� � �i��Tr���2�b2hKi�

� i
Z
dtdr
����̂�1�̂x��� ���1�b��̂x�

�1�b�

�
��D

4
Tr
��1� �g;��2�: (16)

Given Eq. (16), it is easy to find the 2-point correlation
function D��

ij �rt; r
0t0� � i4�Dh��1�g�i �rt��

�1�g�j �r
0t0�i as

 

D̂11�q;!��
Dq2

Dq2� i!
f
�1� F̂�1�Dq2� i!�� îg�1;

D̂12�q;!���2i!D̂11�q;!�
B̂!� i�Dq
2� i!��1� F̂�1�

� Ŝ�1
! B̂!� i�Dq2� i!�B̂!Ŝ

�1
! �1� F̂

�1��

�D̂22�q;!�;

D̂22�q;!�� 
D̂11�q;!��
y; D̂21�q;!��0: (17)

Substituting Q � hQi � �Q into Eq. (14) and averaging
the result over the �k-fluctuations using Eq. (17), we get
the QKE (1) for f̂ � 
2ŝ0 � hK"�r; t�i�=4.

In summary, we have derived the QKE that describes the
energy relaxation due to electron-electron interaction in
the disordered electron systems with the spin polarization.
We have found a nonmonotonic behavior of the out-
scattering rate as a function of the average electron mag-
netization. This effect can be used for switching the system
from the nonequilibrium to the quasiequilibrium regime
and back with increase of the spin polarization. The sup-
pression of the out-scattering rate for large jmj can be used
for decoupling the electron degrees of freedom from the
environment.
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