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We predict that interfaces of periodically curved waveguide arrays can support a novel type of surface
states which exist in a certain region of modulation parameters associated with the band flattening. Such
linear surface states appear in truncated but otherwise perfect (defect-free) lattices as a direct consequence
of the periodic modulation of the lattice potential. We show that the existence of these modes in different
band gaps can be flexibly controlled by selecting the modulation profile, with no restrictions on Bloch-
wave symmetries characteristic of Shockley states.
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Interfaces separating different physical media can sup-
port a special class of transversally localized waves known
as surface waves. Linear surface waves have been studied
extensively in many branches of physics [1]. For example,
electromagnetic waves localized at the boundaries of pe-
riodic photonic structures, such as optical waveguide ar-
rays or photonic crystals, have been extensively analyzed
both theoretically and experimentally. The appearance of
localized surface waves in photonic structures is com-
monly explained as the manifestation of Tamm- or
Shockley-type localization mechanisms [2–5]. Tamm
states, associated with the presence of a certain type of
surface defect, were first identified as localized electronic
states at the edge of a truncated periodic potential [3], and
then they were found in other systems, e.g., at an interface
separating periodic and homogeneous dielectric optical
media [6,7]. Whereas Shockley states can appear at the
edges of defect-free lattices, their existence is limited to
specific gaps [4,5].

In discrete systems, such as arrays of weakly coupled
optical waveguides [8], different types of linear and non-
linear states localized at and near the surface have also
been analyzed extensively. It was found that Tamm surface
waves can exists at the edge of an array of optical wave-
guides when the effective refractive index of the boundary
waveguide is modified above a certain threshold [9–15],
whereas strong surface localization was found to be im-
possible when all waveguides are exactly identical, as
sketched in Fig. 1(a). In the latter case, the beam launched
into array delocalizes due to diffraction [Fig. 1(b)], and it is
also strongly reflected from the boundary as illustrated in
Fig. 1(c).

In this Letter we predict, for the first time to our knowl-
edge and contrary to the accepted notion, that surface
states can exist at the boundary of a periodic array of
identical optical waveguides, whose axes are periodically
curved along the propagation direction as schematically
shown in Fig. 1(d). The periodic bending of waveguide
axes was shown to result in the modification of diffraction
[16–19], whose strength nontrivially depends on the wave-

guide’s bending and optical wavelength. An interesting
feature is that the diffraction can be completely suppressed
for particular values of the bending amplitude, and this
effect is known as dynamic localization or beam self-
collimation [16–19]. Under such very special conditions,
the beam experiences periodic self-imaging, propagating
without spreading for hundreds of free-space diffraction
lengths, as illustrated in Fig. 1(e). On the other hand, if the
beam is launched at the edge of a semi-infinite modulated
lattice tuned to the self-collimation, we observe that the
beam remains localized at the surface, in contrast to the
apparent repulsion from the edge of a straight waveguide

FIG. 1. (a)–(c) Beam propagation in a straight semi-infinite
lattice shown schematically in (a): (b) discrete diffraction away
from the lattice boundary and (c) diffraction and reflection from
the surface when beam is coupled to a boundary waveguide.
(d),(e) Beam dynamics in a sinusoidally modulated lattice,
shown schematically in (d). The modulation amplitude is chosen
to obtain self-collimation regime (A � A0 ’ 1:24 for the period
L � 3:25). Diffraction is suppressed and beam remains localized
at the input location either (e) away or (f) at the lattice boundary.
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array, where introduced or self-induced defects are re-
quired to get a mode localized at the surface [14]. Our
most nontrivial finding detailed below is that dynamical
surface localization is possible even when diffraction is
nonvanishing, in sharp contrast to the resonant self-
collimation in infinite arrays [16,19].

We study propagation and localization of light in a semi-
infinite one-dimensional array of coupled optical wave-
guides, where the waveguide axes are periodically curved
in the propagation direction z with the period L, as shown
schematically in Fig. 1(d). When the tilt of beams and
waveguides at the input facet is less than the Bragg angle,
the beam propagation is primarily characterized by cou-
pling between the fundamental modes of the individual
waveguides, and it can be described by the tight-binding
equations taking into account the periodic waveguide
bending [16,20],

 i
dan
dz
� C exp��i _x0�z��an�1 � C exp�i _x0�z��an�1 � 0;

(1)

where an�z� is the field amplitude in the nth waveguide,
n � 1; . . . , and an�0 	 0 due to the structure termination
(i.e., the waveguide with n � 1 corresponds to the surface
of the semi-infinite lattice). Transverse shift x0�z� 	
x0�z� L� defines the periodic longitudinal lattice modula-
tion. Coefficient C defines the coupling strength between
the neighboring waveguides; it characterizes diffraction in
a straight waveguide array with x0 	 0 [21] [see an ex-
ample in Fig. 1(b)]. Expression (1) shows that the effect of
periodic lattice modulation appears through the modifica-
tions of phases of the coupling coefficients along the
propagation direction z. In order to specially distinguish
the effects due to diffraction management, we consider the
light propagation in the waveguide arrays with symmetric
bending profiles, since asymmetry may introduce other
effects due to the modification of refraction, such as
beam dragging and steering [22–24]. Specifically, we
require that x0�z� � f�z� ~z� for a given coordinate shift
~z, where function f�z� is symmetric, f�z� 	 f��z�.

In order to analyze light propagation near the surface of
a semi-infinite modulated lattice, we first consider the case
of small modulation periods L, such that the parameter
� � 2�=L is large: �
 1. Then we can employ the
asymptotic expansion (see, e.g., Ref. [25]) an�z� �
uu�z� �

P
m�0vn;m�z� exp�im�z�, where un�z� have the

meaning of the averaged field values over the modulation
period, and we take into account first- and second-order
terms for the oscillatory corrections which have zero av-
erage, vn;m � v�1�n;m��1 � v�2�n;m��2. Since the modulation is
periodic, we can perform Fourier expansion of the cou-
pling coefficients as C exp��i _x0�z�� �

P
mCm exp�im�z�.

Then, in the regime close to self-collimation when the
average coupling is small, jC0j �O���1�, we combine
the terms of the same orders [25] and finally obtain the

effective equations for the slowly varying functions un�z�,
 

i
dun
dz
� C0un�1 � �C0un�1 � �1;n��1u1 � �2u2�

� �2;n
��2u1 � 0: (2)

Here � is the Kronecker delta function,

 �1 � ���1
X

m�0

jCmj2m�1;

�2 � ��2
X

m�0

X

j�0;�m

CjCm �Cj�mj�1m�1;

the bar stands for the complex conjugation, and un�0 	 0.
From these equations one can see that the effect of periodic
modulation is to introduce the ‘‘virtual’’ defects �1 and �2

at the lattice boundary. We now seek solutions in the form
of stationary modes, un�z� � un�0� exp�ikz=L�, where k is
the propagation constant. The values of jkj � 2jC0jL cor-
respond to a transmission band of infinite lattice [17],
where the modes are infinitely extended. On the other
hand, the modes can become localized at the surface of
semi-infinite modulated lattice if jkj> 2jC0jL, and we find
that such solutions exist if the modulation parameters are
sufficiently close to the self-collimation condition where
jC0j is small. Specifically, there exists one surface state if
�2 � �1 � 2 � �1 � �2, similar to the Tamm states asso-
ciated with explicit surface defects [3]. Two surface states
emerge if �2 � �1 > 2, where �1 � j�1=C0j and �2 �
j1��2=C0j

2.
We note that if the modulation is symmetric, such that

_x0�z� L=2� � � _x0�z�, then jCmj 	 jC�mj and accord-
ingly �1 � 0, meaning that the modes should always
appear in pairs. Moreover, this conclusion is valid even
beyond the applicability of the asymptotic expansion, since
we identify the exact symmetry of the model Eq. (1) in case
of symmetric modulations: for each solution an�z�,
bn�z� � ��1�n �an�z� L=2� is also a solution. Therefore,
in symmetric structures surface modes always appear in
pairs with the Bloch wave numbers of the opposite sign,
k � �LjC0j�d� d�1�, where d � �j1��2=C0j

2 � 1�1=2.
We note that this property is fundamentally different from
the existence features of Shockley states, which cannot
appear on both sides of a single band due to the different
symmetries of modes in odd and even gaps [5].

As an example, we further consider a sinusoidal modu-
lation function of the form x0�z� � A�cos�2�z=L� � 1�,
similar to the one which has recently been employed to
demonstrate dynamical localization in modulated wave-
guide arrays [16,20]. In this case, the Fourier coefficients
can be calculated analytically, Cm � CJm��A=A0�, and Jm
is the Bessel function of the first kind of order m. The
modulation amplitude A0 corresponds to the self-
collimation condition [16,26], A0 � �L=�2��, where � ’
2:405 is the first root of the Bessel function J0. Since the
sinusoidal modulation is symmetric, for each modulation
amplitude A such that A�crit <A< A�crit, where A�crit and A�crit
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are the left and right mode cutoffs, respectively, there exists
(at least) a pair of surface modes. We use our asymptotic
analysis to estimate the cutoff values in the case of small
modulation periods, A�crit=A0 ’ 1� 2C2J1���J2���=
���2�

���
2
p

 1��.

In order to confirm our analytical results, we calculate
numerically the mode spectrum of the original Eq. (1). In
Fig. 2(a) one can see that for sufficiently small modulation
periods L there indeed exists a pair of symmetric surface
modes outside the lattice transmission band, and the wave
numbers of surface modes calculated using asymptotic
expansion are in excellent agreement with those calculated
numerically. At the cross section z � 0, one mode has
unstaggered input profile [Fig. 2(b)], while the other one
exhibits staggered structure [Fig. 2(c)]. We note that
there is very weak additional phase modulation,
Im�an�=Re�an� � 10�3, in agreement with the asymptotic
analysis predicting real profiles up to second-order correc-
tions. In all the figures, we put C � 1, since results can be
mapped to the other coupling values using a simple trans-
formation an�z; C; L; A� � an�Cz;C 	 1; CL;CA�.

We further demonstrate that defect-free surface modes
in modulated lattices can be effectively generated using

single-site excitation of the edge lattice waveguide, if the
lattice modulation amplitude A is between the left and the
right cutoffs A�crit and A�crit. An example of such surface
wave excitation after some initial radiation is shown in
Fig. 3(b), where, even though the lattice modulation is very
close to the left cutoff, A ’ 1:0065A�crit, the surface wave is
still very well localized. In contrast, when the beam is
launched far away from the surface, it always diffracts if
A � A0, as shown in Fig. 3(a). This illustrates the funda-
mental difference between the dynamical localization in
infinite modulated lattices [16,26] and formation of the
defect-free surface modes in truncated modulated lattices.
While dynamical localization is a purely resonant effect
which takes place just for one single value of the modula-
tion amplitude A � A0 [see Fig. 1(e)], the families of
defect-free surface modes always exist in a finite range
of the modulation amplitudes sufficiently close to the self-
collimation value A0. If the deviation of the modulation
amplitude from the self-collimation value is greater than
the one determined by the left and the right cutoffs, the
defect-free modes disappear, and the beam always diffracts
irrespectively of its input position in the semi-infinite
modulated lattice; see Figs. 3(c) and 3(d).

For large modulations periods the asymptotic analysis is
not valid, and we use numerical simulations to find families
of the defect-free surface modes. These results are sum-
marized in Fig. 4(a), where the hatched area is the domain
of the existence of the defect-free surface modes on the

FIG. 2 (color online). (a) Defect-free surface modes in sinus-
oidally modulated lattice with modulation period L � 3:25.
Circles and solid lines show modes Bloch wave numbers k
calculated numerically and using asymptotic expansion, respec-
tively. Shading marks transmission band of the lattice.
(b),(c) Numerically calculated modes profiles at the input, and
(d),(e) their propagation dynamics are shown for the two com-
plementary modes marked 1 and 2 in (a), respectively.

FIG. 3. Beam propagation in two modulated semi-infinite lat-
tices with two different modulation amplitudes and the same
modulation period L � 9:75. Top: Lattice modulation is larger
than the left surface modes cutoff, A ’ 0:934A0. (a) Beam
diffracts when launched away from the surface. (b) Surface
wave is generated when the edge waveguide is excited.
Bottom: Modulation amplitude is less than the left surface
modes cutoff, A ’ 0:8A0. Beam always diffracts, whether it is
launched (c) inside the lattice or (d) at the surface.
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(L; A) parameter plane. For small modulation periods, the
asymptotic expansion provides an estimate for the surface
modes cutoffs (dashed lines). When the modulation period
grows, the number of defect-free modes increases, as
shown in Figs. 4(b) and 4(c). For the large modulation
periods the domain of the existence of the defect-free
surface modes is limited by the region where lattice trans-
mission band extends to the whole Brillouin zone from��
to�, and therefore localized states cannot exist. The region
where localized modes cannot exist [shown with solid
shading in Fig. 4(a)] is given by the relation L �
�=�2jC0j� � �=�CJ0��A=A0��.

We note that although the defect-free surface states were
introduced here for modulated photonic lattices, such sur-
face modes may also appear in other fields where wave
dynamics is governed by coupled Schrödinger-type equa-
tions (1) with z standing for time. In particular, by intro-
ducing special periodic shift of lattice potential it may be
possible to observe peculiar surface localization in Bose-
Einstein condensates. On the other hand, our results in-
dicate the possibility for a novel mechanism of surface
localization of charged particles in time-varying driving

electric fields, for which the possibility of the dynamical
localization has been suggested earlier [26].

In conclusion, we have demonstrated, for the first time to
our knowledge, that interfaces of modulated photonic lat-
tices can support defect-free surface states. Such surface
states appear in truncated but otherwise perfect (defect-
free) lattices as a direct consequence of the periodic modu-
lation of the lattice potential, without any embedded or
nonlinearity-induced defects. Using both asymptotic ex-
pansion technique and numerical simulations, we pre-
sented detailed analysis of the different families of the
defect-free surface states in modulated lattices.
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FIG. 4 (color online). (a) Solid lines bound domain (hatched)
of existence of defect-free surface modes in the sinusoidal
modulated lattice calculated numerically. Dashed lines show
mode cutoffs obtained from the asymptotic expansion. Solid
shading marks the region where localized modes cannot exist.
(b),(c) Families of defect-free surface modes for the modulation
periods L � 9:75 and L � 19:5, respectively. Shadings mark
lattice transmission bands.
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