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A generic 3D laser-pulse-shaping scheme is proposed towards the generation of a uniform ellipsoidal
particle distribution, an ideal distribution due to the linear dependence of the space-charge force on the
particle position. The shaping is accomplished via spatiotemporal coupling of the laser dynamics via
chromatic aberration in an optical lens. Particle tracking simulations show that the electron beam initiated
by such a laser pulse in a high-gradient radio-frequency photoinjector delivers very low emittance, ideal
for beam-based light sources such as the x-ray free-electron laser.
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X-ray free-electron lasers (XFELs) are now under con-
struction in the U. S. and in Europe [1,2]. Because of their
unprecedented coherence, brightness, and short pulse du-
ration, they are envisaged to open a new horizon for
femtochemistry, nanoscale dynamics in material science,
and molecular biological science [3]. These x-ray free-
electron lasers require short, high-brightness electron
bunches that are typically obtained from a photoinjector.
The desired charge is on the order of 1 nC and the emit-
tance must be less than 1 mm mrad. The benefit of simul-
taneously having a high beam change and a low beam
emittance in an XFEL is that the beam energy or the
number of undulators can be reduced, thus making for a
more efficient facility. Electron bunches of this quality or
better are also indispensable for ultrafast electron diffrac-
tion experiments and time resolved electron microscope
[4], and other beam-based light source facilities such as
energy recovery linacs [5].

According to the laws of physics, however, high charge
and low emittance are naturally conflicting goals, as can be
seen from the definition of the emittance:
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hx2ihx02i � hxx0i2

q
: (1)

Here the brackets denote averaging over the particle en-
sembles, and x and x0 are the transverse phase space
coordinates. As x0 / px / Es / C=�2� (where �, �, and
C are the relativistic factor, the speed of the particle, and
the beam current, respectively), the emittance can grow
significantly at low � with high current while at large � the
emittance is frozen. To solve this problem, the theory of
emittance compensation was developed [6,7] and one of
the results of this theory is that the emittance growth due to
the linear portion of the space-charge force can be fully
recovered. Thus a 3D Kapchinskij and Vladimirkij distri-
bution [8] or a uniform ellipsoidal (UE) beam, with only
linear space-charge field [9], is a highly desirable beam
distribution.

Because of technical difficulties in realizing a UE beam,
however, a uniform cylindrical (UC) beam is proposed for
the XFELs [1,2] and other applications. The suggestion of
ultilizing space-charge blowout [10] and the refined ‘‘rec-
ipe’’ [11] have sparked a new excitement for generating a
UE beam. In the recipes [11,12], a very thin pancake beam
initialized by an ultrashort laser pulse (<30 fs) with proper
transverse profile is expected evolve into a UE beam. How-
ever, the scheme breaks down at larger charges due to the
image charge field in the vicinity of the cathode [11,13].

To mitigate image charge effects at high beam charge,
one possibility is to apply a UE laser pulse to the cathode:
simulation [14] for the XFELs has shown clear advantages
of the UE pulse over a UC pulse. However, generating a
UE pulse remains a challenge [14]. The difficulty arises
from the requirement of full spatiotemporal control of the
pulse while the existing shaping techniques normally work
independently in either the time [15,16] or space domain
[17]. Spatiotemporal control via structured optical ele-
ments [18] is complicated and needs further exploration.

In this Letter, we present a generic scheme for generat-
ing a quasi-UE laser pulse that gives a beam emittance
approaching that of an ideal UE pulse. The scheme is based
on the coupling of spatiotemporal dynamics of a broad-
band laser in a chromatic focusing lens. The dependence of
the refractive index upon the optical frequency in a chro-
matic lens gives rise to the well-known chromatic aberra-
tion [19] 1=f�!� � �n�!� � 1��1=R1 � 1=R2�. Here f is
the focal length; R1, R2 are the radius of curvature of its
front and back surfaces, respectively; and n is the refractive
index. The change of the focal length �f due to a shift in
frequency �! is

 �f � �
f0

n0 � 1
��!; (2)

where f0 is the nominal focal length at!0. We assume that
the frequency shift is small, hence � � dn=d! is constant.
For a Gaussian beam, the beam size at the nominal focal
plane is [19]
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Here w0 � N�0=� is the beam waist at the nominal wave-
length �0, with N the numerical aperture, and zR �
�w2

0=�0 is the Rayleigh range. It is obvious from
Eqs. (2) and (3) that, if one can program �! in time, a
time-dependent beam size can be controlled. For �!�t� �
!�t� � w0, w�t� 	 j�f�t�j=N at �f
 zR. To generate an
ellipsoidal envelop with maximum radius of R and full
length of 2T, the transverse beam size as a function of time
is w�t� � R�1� �t=T�2�1=2, which in turn gives the fre-
quency shift as a function of time as j�!�t�j � �!�1�
�t=T�2�1=2. Here �! � �n0 � 1�NR=�f0 is the maximum
frequency shift. The phase of the pulse is therefore
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where � � 1=2. To keep the laser flux jA�t�j2=w�t�2 con-
stant over time, we have
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�
	
; (5)

with 	 � 1=2. Equations (4) and (5) represent a laser pulse
that is expected to generate a UE flux distribution at the
focal plane of a lens. However, the above analysis cannot
treat the diffraction and other dispersion effects such as
group velocity delay (GVDE) and group velocity disper-
sion (GVDI), which are critical for broadband laser-pulse
manipulation. These effects are numerically evaluated us-
ing a Fourier optics model, elaborated in Ref. [20], in
which the field distribution at the focal plane can be
calculated in the frequency domain and then Fourier trans-
formed back into the time domain:
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Here u�!� � FfA�t� exp��j��t��g is the Fourier transform
of the input pulse, P, 
, and � are the lens radius, the ray
location, and the azimuthal angle, respectively. � is the
lens transfer function:
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Here kl � nka and ka � !=c are the wave numbers in the
lens and in air, respectively. We assume a circular input
beam with a uniform spatial profile.

In fact, the GVDE and diffraction effects prevent us
from generating a perfect UE pulse, and � and 	 are

adjusted in Eqs. (4) and (5) for better emittance. The
time and frequency domain representation of a pulse with
excellent performance is shown in Figs. 1(a) and 1(b), with
T � 6 ps, �0 � 0:25 �m, and �!=! � 8%. The spatio-
temporal flux at the focal plane of an f0 � 150 mm fused
silica lens is given in Fig. 1(c).

The intensity in Fig. 1(c) displays the basic features of a
UE pulse but with noticeable distortions. Most prominent
is the recess in the leading edge and the protrusion at the
trailing edge due to the group delay between rays travers-
ing the lens at different radii, with the maximum delay of
�t � �P2� dn

d� =2cf�n� 1� [20] and is determined by the
lens parameters. With longer pulses, the impact can be
much reduced. The distribution also displays diffractions.
The detail of the structure also depends on the laser band-
widths. The pulse can be image relayed onto the cathode
using achromatic optics to maintain the temporal-spatial
fidelity.

To analyze the dynamics of a beam initiated by such a
laser pulse, we generate a quasi random particle distribu-
tion with minimized statistic noise, shown in Fig. 2(a),
using a Hammersley series [21]. The transverse dimension
is scaled to R � 1 mm. The calculation of particle dynam-
ics includes 105 macroparticles representing 1 nC of
charge and is performed using the code GPT [22]. A non-
equidistant mesh is used to solve the Poisson equation.

The transverse space-charge field distribution in free
space is plotted in Fig. 2(b) in comparison with that of a
UE beam, which is linear [9]. The shaped beam shows an
obvious deviation from the linear distribution. However,
due to the cathode image charge and other dynamic effects,
the beam leaving the cathode can assume a different dis-
tribution from the laser flux distribution. To analyze this,

FIG. 1 (color online). (a) Time and (b) frequency domain
representation (heavy solid line: intensity; heavy dashed line:
phase), and (c) the spatiotemporal intensity distribution of a laser
pulse that gives an excellent emittance [� � 1=2 at t < 0, and
� � 1 at t 
 0, and 	 � 1=2 in Eqs. (4) and (5)]. The pulse has
a 5% full bandwidth at 249 nm (about 1% full width at half
maximum). The thinner lines in (a) represent a pulse with
significant error in amplitude (solid) and phase (dashed) [� �
1 and 	 � 1 in Eqs. (4) and (5)], and (d) is its intensity
distribution. A P � 25 mm and f � 150 mm fused silica lens
is used. The dashed lines in (c) and (d) are the edge of an ideal
ellipsoid.
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we use the injector setup [23] for the Linac Coherent Light
Source (LCLS) [1], one of the XFELs under construction.
The injector consists of a 1.6-cell rf gun at 2856 MHz, a
solenoid, a drift space, and two 3-m traveling-wave linacs
starting at 1.5 m from the cathode. We use 140 MV=m gun
and 35 MV=m linac gradients [23]. The UC and UE laser
pulses are used to benchmark the result. The parameters
and the optimized injector setting are listed in Table I. To
reveal the effect of the beam geometry, optimization is
performed without the thermal emittance (see below).

Figures 2(c) and 2(d) depict the particle and the space-
charge field distributions extracted from the shaped case
after a propagation of 2.4 cm from the cathode. Interest-
ingly, the particle distribution is more ellipsoidal in com-
parison with that in Fig. 2(a). Furthermore, the space-
charge field distribution [Fig. 2(d)] narrows signifi-
cantly in comparison with that in Fig. 2(b). In contrast,
for the UE case, the space-charge field distribution broad-
ens somewhat.

Figures 3(a) and 3(b) give the evolution of the beam size

x and emittance "x as functions of propagation distance
without the booster linac at the optimized setting. For the
UC case, the result in [23] is reproduced, showing double
emittance minima and a laminar beam waist corresponding
roughly to the local emittance maximum. The shaped case
also demonstrates the double emittance minima. For the
UE case, in contrast, only one emittance minimum is seen.
The laminar beam waists are located approximately at the
linac entrance of z � 1:5 m, fulfilling the invariant envelop
requirement for emittance compensation [7].

After capture by the linac, the emittance starts to cascade
down as pictured in Fig. 3(c). The emittances at 10 m from
the cathode are listed in Table I. With zero thermal energy,
the emittance for the shaped and UE case are "x � 0:38
and 0:36 mm mrad and represent 38% and 40% reduction
from the UC case of "x � 0:61 mm mrad, respectively.
The emittance for the pancake (PC) scheme is minimized
at 0:86 mm mrad, due to the severe distortion of the final
beam geometry. When including an initial electron energy
of 0.775 eV with a half-sphere momentum distribution, the
emittance becomes 0.57, 0.57, 0.79, and 0:95 mm mrad for
the UE, shaped, UC, and PC cases, respectively. Again, the
performance of the shaped pulse closely matches that of
the UE pulse and is significantly better than that of the UC
pulse. Note that with thermal energy, the initial emittance
is 0:5 mm mrad for the UC beam but smaller for the other
beam geometry at about 0:45 mm mrad. The UE case is
more robust when errors in the accelerator setting are
considered (Fig. 4).

The excellent performance of the shaped pulse might be
the result of the image charge effect that apparently im-
proves the particle distribution for the shaped pulse but
causes distortion for the UE pulse, evidenced by the space-
charge field distribution in Fig. 2(b)–2(d). This is further
evidenced in simulations for 0.1 nC charges, where the im-
age charge effect is significantly reduced and the difference
between the optimized emittance is widened considerably,
at 0.05 and 0:12 mm mrad (no thermal emittance) for the
UE and the shaped pulse, respectively. The dynamics of
this apparent self compensation remains to be elucidated.

The phase in Eq. (4), though apparently complicated, is
dominated by the common third order phase that can be

TABLE I. The 1-nC beam parameters and the optimized ac-
celerator setting for gun and linac phase �, �linac, and solenoid
field B. The final transverse beam size 
x and longitudinal
emittance "z are also given. Superscript t and d denote cases
with thermal emittance and phasing errors, respectively.

Beam Shaped UE UC PC

R (mm) 1 1 1 1
TFull (ps) 12 12 10 0.1 rms

"x (10�6 m rad) 0.38 0.36 0.61 0.86
0:57t 0:57t 0:79t 0:95t

0:65t;d 0:95t;d


x (mm) 0.8 0.6 1.3 0.75
"z (10�7 eV s) 6.2 6.4 4.8 1.4

� 27.4� 32� 40� 27.5�

B (T) 0.3122 0.311 0.31 0.31
�linac 45� 20� �42� 0�
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FIG. 3 (color online). (a) Transverse beam size and (b) emit-
tance as functions of propagation distance at optimal launch
phase and solenoid field without the booster linac; (c) beam
emittance as a function of propagation distance with the booster
linac for different laser-pulse shapes. Thermal emittance is not
included nm here.
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FIG. 2 (color). Particle distribution projected onto the z-x
plane and space-charge field distribution for the shaped (colored)
and an ideal ellipsoidal (black) laser beam case: (a, b) in free
space; (c, d) 2.4 cm away from the cathode in the rf gun. The
field plots are color coded by the z position of the particles for
the shaped laser case as shown in (a) and (c).
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generated via self-phase modulation and is exploited in
various laser applications. For precise control, one of the
possible practical but not necessarily trivial solutions is the
acousto-optic programmable dispersive filter (AOPDF)
[16]. AOPDF uses the transient Bragg effect in a crystal
induced by an acoustic wave to manipulate the phase and
amplitude of a laser pulse. In comparison with the effort
using an AOPDF to generate a UC pulse [24], a more
precise amplitude control is expected in our case as the
ripples associated with the cut-off due to the finite crystal
length are minimal because the signal goes more smoothly
to zero at the edges. Indeed, using the waveform and phase
in Fig. 1(a) as input, an AOPDF simulation reproduced the
spectrum in Fig. 1(b) with an error smaller than 0.1% [25].
Though it is difficult to pinpoint the effect of a variety of
shaping errors, we note that the edge sharpness in our case
is mostly defined by the edge sharpness of the input beam,
in contrast to the case for a cylindrical beam where the
phase error directly maps into the sharpness of the rising
and falling edges. A typical 1-ps rising and falling edge of
a cylindrical pulse [24] increases the emittance signifi-
cantly, from 0.79 to 0.95 mm mrad (with thermal emit-
tance) in our simulation. Simulation for a shaped pulse
with significant error in both phase and amplitude [de-
picted in Figs. 1(a)–1(d)] shows an increase of emittance
from 0.57 to 0:65 mm mrad (with thermal emittance). We
also note that the emittance of 0.95 mm mrad for the
distorted UC beam is very close to the recently measured
value of 1.1–1.3 mm mrad [26].

In conclusion, the generic 3D shaping scheme generates
quasiuniform ellipsoidal laser pulses that initiate beams
with emittance approaching that of an ideal uniform ellip-
soidal pulse. The shaping can be implemented using the
techniques such as AOPDF and is robust against shaping
errors. Further optimization of the laser pulse and adoption
of more complex compensation schemes [23,27] is pos-
sible, but this involves a larger parameter space and thus
needs sophisticated optimization algorithms such as the
one used for a DC photoinjector [28].
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FIG. 4 (color online). Beam emittance at the end of the booster
linac as a function of (a) solenoid field error, (b) the launch phase
error, and (c) the charge fluctuation. Thermal emittance is not
included here.
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