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The following procedure is recommended for
analysis of process P: (1) Define a region AB on

the Dalitz plot where the resonance A may distort
the analysis. (2) Check that AB does not include
any point corresponding to cosa»» = 0 [see Fig. 1(c)].
(3) Define a C region large enough to contain the
A'B' region. (4) For each event included in C,
go to the c.m. s. of particles 2 and 3, interchange
their direction, and make thereby a fictitious con-
jugate event. (5) Ignore the fictitious conjugate
events which do not fall into AB. (6) Remove the
true events from region AB and repopulate this
region with the fictitious conjugate events.

One should remember when making the g' fits
that the sample of fictitious events is highly cor-
related statistically to the sample of true events
from which the former were constructed.

The same method can be applied to study the
process n provided that AB does not include the
points where cos~»*=0 in the A c.m. s.

Finally, if one makes an analysis of what is in

AB region alone and subtracts from the histograms
the contributions of P and a, represented by the
two kinds of fictitious events in the B c.m. s. and

in the A c.m. s. , respectively, one can then study
the interference (i.e. , process y) by itself. One
should remember, however, that in such an op-
eration, one has subtracted the background (pro-
cess 6) twice.

An alternate technique to the one proposed above
would be to use a rotation, in the c.m. s. of the
resonance being studied, of 180' around the nor-
mal n to the plane of production (instead of the
spatial parity operation used above). This is
equivalent to the product of a spatial parity opera-
tion and a reflection with respect to the production
plane (a good operation if over-all parity is con-
served) W.ith that alternate technique, one should
remember that the conjugation inverts the com-
ponents of the decay particle spins in the plane of
production.

Two tests to check the uniformity of the background
from process 6 are (1) symmetry in cosX23* for those
events in band B but not in AB or A'B', (2) symmetry
with respect to the quantity (n&pg) ps (i.e. , left-right
symmetry about the direction of B) using the same
sample of events as in test (1).
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In this paper we show that an improved (3, 3)
isobar model for single pion production in pion-
nucleon collisions can account for the majority
of the observed mass spectra and the ratio of m'

to m+ production in m+-P collisions from 350 MeV
to 1 BeV. This is in contrast to earlier analyses
using the isobar model. 4 The essential new
feature of the present analysis is the inclusion of
the P-wave decay of the (3, 3) isobar.

Although the rough features of the shape of the
mass spectra predicted by the isobar model of
Lindenbaum and Sternheimer'~ (called LS model
hereafter) have been observed in many experi-
ments, '~ the LS model fails to describe the v - ~

mass spectra. The main approximations of the
LS model are that (a) the interference between the
two isobar diagrams (see Fig. 1) can be neglected,
(b) the isobar is produced in a S state and (c) the
isobar decays isotropically. Bergia, Bonsignori,
and Stanghellini~ (called BBS model hereafter)

modified the LS model to include the interference
between the two isobar diagrams, still, however,
making approximations (b) and (c). They show
that interference effects modify the results of the
LS model greatly.

%e have extended the work of Bergia, Bonsign-

FIG. 1. Two isobar diagrams for the reaction m+p—n.&+ z2+N .
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ori, and Stanghellini to include, in addition to the
interference between the two diagrams, (1) the
P-wave decay of the isobar and (2) requirements
of Bose statistics. %e still assume S-wave pro-
duction for the isobar. In this model, the matrix
elements for the m+-P reactions

and

are given by
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FIG. 2. Comparison of experimental data for Reactions (1) and (2) at 357, 600, and 820 MeV with isobar model
predictions. Solid curve is the model described in this paper, dashed curves represent the LS model, and the
dot-dashed curves represent the BBS model. ~ All curves are normalized to total number of events.
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and

+ g g.q 3S(p ') S(p ')
v'l5 2 D(1) D(2)

Here a,Fr q/D(1) denotes the T =; amplitude for
S-wave production of the isobar formed by pion
No. 1 and the nucleon [a corresponding defini-
tion holds for a,g q/D(2)]. The factor D(1) rep-
resents the resonance denominator for the (3, 3)
resonance and is given bye

[1"(1)]"2
D(1) W(1X) - W +fr(1)'

R

where I"(1) is the width, WR the (3, 3) resonance
energy, and W(1N) the energy of pion No. 1 and

nucleon in their center of mass [a corresponding
formula holds for 1/D(2)]. The incoming pion
direction in the over-all center of mass is given

by the unit vector q. The P-wave decay of the
isobar is given by the function

S(p, ') = [2q p, '- icr ~ (exp, ')],

where P, ' is the direction of motion of pion No. 2,
which forms the isobar, in the isobar center of
mass, and g is the nucleon spin. Apart from the
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FIG. 3. Comparison of experimental data for Reactions (1) and (2) at 900 and 10SO 4 MeV. The graph on the
lower right-hand corner is for the reaction m +P x + mo+P at 558 MeV. 4
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over-all factor g„which could be energy depend-
ent, there are no free parameters in these matrix
elements. The matrix elements for the corre-
sponding charged inelastic m P reactions involve
two parameters, the ratio of the magnitudes of
amplitudes for pion production in T ='; and T = ';

states, and their phase difference. "
Next, we compare the predictions of our model

with data on Reactions (1) and (2) at 357,"600,"
820,"910,' and 1090"MeV and m -P reactions
at 558 MeV. "

(i) The ratio of m' to w+ production as a function
of the laboratory kinetic energy of the pion is
compared with the LS model and the present mod-
el in Fig. 2 (i). The LS model predicts a constant
ratio of 6. 5, while our model gives a slowly de-
creasing ratio of about 5, which is in reasonable
agreement with data. The BBS model gives a
ratio varying from 2. 5 to 1.2.

(ii) The shape of the mass spectra for Reactions
(1) and (2) are compared with the predictions of
the present model, the I S model, and the BBS
model in Figs. 2 and 3. The projection of the folded
Dalitz plots and the Q(m+, w+) spectra for Reaction
(1), at 357, 600, 910, and 1090 MeV, are in good
agreement with the present model as well as the
LS model. For Reaction (2), the present model
accounts for the shape of all three projections of
the Dalitz plot [T(v+), T(m'), and Q(7T+, m )], in
contrast to other models. The BBS model, in
fact, leads to a pronounced interference dip in
the T(m+) and T(wo) spectra. The depletion for
small Q(m+, m') and the enhancement for large
Q(~+, m') follows from the nature of Eq. (4). As
the matrix element is almost antisymmetric in
the exchange of the two pions, it is small in the
region where the vector momenta of the two pions
are equal, while in the region where the momen-
ta are equal and opposite it is large.

(iii) Figure 2(l) shows the ratio of rr' to w+

events as a function of Q(m, v) at 820 MeV. " Here
the agreement with our model is striking. The
low value for the ratio for small Q(n, w) is a con-
sequence of the antisymmetry in Eq. (4) and the
symmetry in Eq. (3). The LS model would pre-
dict a constant value of 6. 5, while the BBS model
gives a value varying from 0.25 to 1.5.

(iv) In the Q(w+, m') spectra at 910 and 1090 MeV,
the p meson is beginning to appear near the upper
end. It is clear that the presence of a strong
(3, 3) isobar makes it very difficult to estimate
p production quantitatively. The shape of the
Q(n. +, v') curve calculated from this model is quite
similar to one which would be obtained from OPE

diagram assuming a constant m - v cross section. '4

(v) We have compared the Q(m+, n') curves at
820 ' 900 ' 910,' 1050 "and 1090' MeV with
our model. We find no statistically significant
evidence for the reported $ meson of mass 575
MeV.

(vi) The shape of the Q(m, m') spectra in the
reaction v +p-n +m'+p, at 558" MeV is shown
in Fig. 3(f), and one sees that the LS model gives
no agreement with data while the present model
agrees well with observed distribution. Good
agreement of our model with Q(~, m') spectra at
604 MeV" is also obtained.

(vii) Only in the reaction w +P -m +n++n does
the present model fail to describe the shape of
the Q(w, w+) spectra, "in particular„ the peaking
near maximum Q values. This would indicate
that there could be some two-pion interaction in
isotopic spin-zero state which modifies the simple
isobar model. However, the importance of the
(3, 3) isobar in this reaction is clearly indicated
in the pion-nucleon mass spectra in the region
below 1 BeV." We are investigating the influence
of such m - m interactions and other nonresonant
background on mass spectra and angular distribu-
tions.
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is seen to hold over a range of five decades. Here
k is the wave number of the particle being scat-
tered, der/dQ is the differential elastic cross sec-
tion, and vt t is the total cross section.

We shall show that this empirical law can be
understood in terms of an optical model in which
the medium is taken to be purely absorptive, and
to be spatially distributed according to a Yukawa
function. Thus the change in wave number in the
scattering region is

-Ark' —k =ir)s jr. (2)

The optical model gives for the scattering ampli-
tude2

f(e) =ikf I-e Z, (kep) pdp,
2i6(p)

and for the total and elastic cross sections

cr =4m j. -e pdp,
2i6(p)-

tot

It is surprising that it has not previously been
observed that the measurements of the elastic
proton-proton scattering for high momentum
transfers follow a simple power law. This is
shown by Fig. I, in which all the experimental
results of the CERN and Brookhaven groups, ' for
proton initial momentum greater than 8 BeV/c,
are shown on a log-log plot as a function of the
square of the momentum transfer, t. A relation-
ship

(4rr/kcr )2drr/dQ = const/f
tot

cr =2m, 1-e pdp,
2i6(pP '

el 0

and the phase shift is

2'(p) =f (k' - k)ds,

with r' =s~+ pn. From (6) and (2) we find 6(p)
= ir)ff, (Ap).

If we measure the momentum transfer in units
of A, y =k8/A, Eels. (8), (4), and (5) take the form

f(e) = i(k/A')Z(r), y'),

o, ,= (4v /A' )S(q),

cr = (2rr/A' )s(ri),

(8)

with

E(rl, y') =f (I —exp[-2rIK0(x) ])Jo(yx)xdx, (10)

S(ri) =E(rl, 0) =f (I —exp[-2r)K (x) pxdx,

s(rl) =f (I —exp[ 2rlK, (x)]px-dx
0

In Table I we give some values of S(r)) and s(rl),
and in Fig. 2 we have plotted (A2/4rr)atot = S(rl)
and (arel/crtot) =s(rl)/2S(g) as functions of ri.

Eq. (10) for E(rl, y~) is convenient for small y;
to find a form good for large y, write J,(yx) =-,'

X[HO'"(yx) +Hor"(yx)] and rotate the two resulting
integrals to the positive and negative imaginary
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