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REI ATIVISTLC CORRECTIONS TO THE
FERMI MATRIX ELEMENT

k . k k

where 4t, 4f are the initial and final nuclear
states and P is a Dirac matrix. The matrix ele-
ment of P( ) is equal to the matrix element of
(1 - v&'/2c ) to this order in v/c. The calculation
of this matrix element will be made first in the
shell model with harmonic oscillator wave func-
tions. The kinetic energy of the proton in an
(nl) orbital is

(2)

Only the kinetic energy of the last particle ap-
pears in the correction term. Using oscillator
parameters determined from Coulomb energy
differences we find

for 0": T = 1S.1 Mev, 1p proton;

for C]. : T = 21.4 Mev, 1d proton. (3)

A. Altman and W. M. MacDonald
Physics Department,

University of Maryland,
College Park, Maryland

(Received November 20, 1958)

The ft values for J = 0 -J = 0 positron de-+ +

cays of 0", Al", and Cl" have been used to
determine the magnitude of the Fierz interfer-
ence term. ' The analysis is subject, however,
to an uncertainty in the variations of the ft
values which could be produced by the Coulomb
interaction or by the energy-dependent relativ-
istic correction terms, The Coulomb correction
for Cl'~ has been calculated to be -1.5%%ua.

' We
now consider the effect of relativistic terms.

There are no relativistic correction terms to
the vector nuclear matrix element for a transi-
tion between two states of zero angular momen-
tum. The scalar nuclear matrix element would
have a relgtivistic correction term, however.
The question one must answer is whether the
energy dependence of the correction term would
be sufficient to mask the presence of a Fierz
interference term. It is important to realize
that only a change in the ratio of the ft values
will affect the limit on the magnitude of the
Fierz term.

The scalar matrix element is

The relativistic correction terms decrease the
scalar nuclear matrix elements for the Cl'»-S'4

4*and 0'4-N ~ (2.81 Mev) positron decay by the
amounts 2.3%%uq and 2.0%%uo respectively. The ratio
of the ft values for the 0'~ and Cl'4 decays would
deviate from unity:

ft (Cl' )/ft (0' ) = 1.003. (4)

This ratio is calculated assuming equal amounts
of the scalar and vector interaction.

The interesting aspect of this result is that
the relativistic corrections are individually
large, yet the effect on the ratio of the ft values
is very small.

To check whether the result is sensitive to the
shape of the potential, the calculation was done
by using the Dirac wave function for a particle
in a finite square well. The radial functions are
simply spherical Bessel and Hankel functions.
The complete solution can be determined by in-
serting the nuclear binding energy of the last
proton and the radius into a characteristic equa-
tion obtained from the requirement of continuity
of the current across the circumference of the
well.

The nuclear binding energy used must not in-
clude the Coulomb energy. The Coulomb energy
to be subtracted was found from the differences
in binding of mirror nuclei by making a correc-
tion for the changes in radius produced. by the
addition or subtraction of a neutron. The bind-
ing by the nuclear potential of the 1p proton in
0' was found tobe 8.15 Mev; and of the ld
proton of Cl'4, 11.48 Mev. The radii used were
the equivalent uniform-model radii deduced from
high-energy electron scattering experiments.
These radii are 3.24 x10 "cm for 0'» and 4.19
&10 "for Cl'4.

Using these radii and nuclear binding energies
of the last proton, we find the relativistic cor-
rections to produce a decrease in the scalar
nuclear matrix elements of 2.8% for Cl'~-S'4
and 1.8% for 0'4-N'4 (2.81 Mev). The ratio of
the ft values is then calculated to be

ft(C1' )/ft(0'~) = 1 005 (5)

The comparison of Eqs. (4), (5) shows that
while the effect of the relativistic corrections to
the ratio of the ft values is uncertain in the ex-
act value, the magnitude is a fraction of one
percent. These correction terms are insuffi-
cient, therefore, to mask the presence of a Fierz
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term larger than the limit set by Gerhart.
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Because of the requirement of gauge invar-
iance, the electromagnetic coupling of a charged
spin-zero field consists of two terms,

-ie] q Q).8 q(z) -8pq (s').q'{'g) [A (s') (la)(
p,

e'y -Q)y(x)&pb)&pg) (lb)

In lowest-order perturbation theory (ignoring
for the moment all strong interactions) the two
self-energy terms are represented by the dia-
grams in Fig. 1.

To separate the contributions of the two terms
(each of which is gauge dependent), it is useful
to choose the gauge in which the photon Green's
function in momentum space takes the form

X K

E K ( pv E'
p,

With this choice, the contribution of the terms
(la) to the self-energy are seen to be logarith-
mically divergent, since

, td'X
(4)

which behaves as A', if A is a cutoff momentum
for the photon. With this choice of gauge, the
familiar result that the spin-zero boson electro-
magnetic self-energy is quadratically divergent'
is made very transparent. As would be expected
on dimensional grounds, it is also clear that the
dominant term [(1b) in this gauge], which is the
quadratically divergent one, is independent of
the mass of the boson. On these grounds, if it
is assumed that the mass difference between
charged and neutral members of the same mul-
tiplet is purely electromagnetic, one might ex-
pect the result

to hold to good accuracy.
It is of course necessary to enquire how this

result is affected by the inclusion of strong in-
teractions. The terms of the type shown in Fig.
2 (a) correspond to taking into account, for ex-
ample, the fact that in the strong interaction
"box, "which changes the boson mass from the
bare to the physical mass, the masses of inter-
mediate charged and neutral members of a
multiplet are their physical (slightly unequal)
masses. We expect the contribution of these
terms to the electromagnetic mass difference to
be rather small. There are also terms of a type
exhibited in Fig. 2 (b). We do not, of course,
know how to calculate these terms but, if we
assume that the vertex operator behaves in a
way similar to that indicated by perturbation

The contribution of the term (lb) is quadratically
divergent. It is proportional to
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FIG. 1. Lowest order electromagnetic effect. FIG. 2. Strong interactions corrections.


