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In order to obtain an explicitly gauge-invariant
description of the Meissner effect in supercon-
ductors, Wentzel' has recently suggested an ap-
proach which differs in several essential respects
from that developed by Bardeen, Cooper, and
Schrieffer. ' Wentzel finds in the long-wavelength
limit a relation between the current density and
the magnetic vector potential which differs from
the London value given by the BCS theory. We
wish to point out that this discrepancy is due to
Wentzel's assumption that corrections to his ap-
proach possess a convergent expansion in powers
of the phonon-electron coupling constant, g. It
is our belief that this expansion does not exist.

Wentzel considers the Hamiltonian

H~H + Hg+ HA= H'+HA, -
where the three terms describe the free elec-
trons and phonons, the electron-phonon interaction
of strength g, and the coupling of the electrons

to the vector potential, A.. Coulomb interactions
between electrons are neglected. By carrying
out a perturbation theoretic canonical transfor-
mation based on the unperturbed Hamiltonian,
H„Wentzel eliminates the coupling of the sys-
tem to the vector potential through order g .
Thus he finds

H= e He = H, +H + O(g'A),0 g
where

K =K~+Kgg+Kgg

and the generators are defined by

[Ho, KA] = -HA,

[H„KgA] = -[H, KA],

[Ho, KggA]=-[Hg, KgA].

(4)

(5)

where
[H', SA]=-HA, (10)

and %0 is the ground-state eigenfunction of 8'.
8 '4~= 80,4'~.

If Sg were expanded in powers of g, one would
obtain Wentzel's expression for the current den-

To the same order in g, the transformed cur-
rent density operator is given by

j&(q) = jp.(q)+[jp.(q), K], (7)

where j&(q) is the current density operator in the
presence of the vector potential in the original
representation. Wentzel then calculates the cur-
rent density by taking the expectation value of (7)
with respect to the Bogoliubov'-Valatin' repre-
sentation of the BCS ground state appropriate to
O':-B. Since 8g is not treated as a perturbation
in this last step, a Meissner effect is obtained
and it is found that

lim Jz (q) =- — Ai (q), (8)
Q' 0

2

where p=g'N(0)=4, N(0) being the density of states
in energy of electrons of one spin at the Fermi
surface and L denotes the transverse compon-
ents. '

To understand the difficulties with this approach,
we note that the exact expression for the current
density including terms linear in A may be writ-
ten as'

Jp, (q)=(+ Ijp (q) I g)+(g I [jp (q), SA](g)
=~pKp v(q) A„(q),
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sity. The exact expression for S~ is
(4' !B~ICo)

(Cp ISTIC,t) =- ~ (&. cW~). (12)

As Schafroth' has shown, the Meissner effect
is established by considering the form of E»(q)
in the limit q'-0. We argue that for a supercon-
ductor, the excitation energies that appear in
(12) have a radically different behavior from the
free-electron excitation energies in this limit.
Thus, the free-electron energies, &I+& - ey
=q (2k+q)/2m, vanish in the limit of small q'
while the superconductor possesses a finite energy
gap, 2e „for the single-particle-like excitations
involved.

Wentzel's procedure is equivalent to assuming
that to lowest order the excitation energies which
appear in (12) may be replaced by their free-
electron counterparts and that higher-order
corrections may be included by a systematic ex-
pansion in powers of g. It is clear, however,
that such an expansion will not converge in the
limit q'-0, since the expansion parameter is
of the order of (me, /q%). The BCS approach
corresponds to replacing 8' by the reduced or
quasi-particle Hamiltonian. Indeed, it is the
fact that q. k/me, -0 in this limit which is re-
sponsible for the London value of E» (q) given
by the BCS theory. In a more complete treatment,
the BCS kernel would be corrected for the change
in density of states due to the phonon-electron
interaction, as shown by Rickayzen. ' This cor-
rection should vanish for weak coupling, leading
back to the London value, while Wentzel's ap-
proach would give a kernel which becomes vanish-
ingly small in this limit.

The BCS approach will lead to gauge-invariant
results only if the approximate eigenstates of 8'
are sufficiently accurate to satisfy the longitud-
inal f-sum rule. At present the BCS-Bogoliubov-
Valatin states are not that accurate. This appar-
ent lack of gauge invariance is resolved when the
Coulomb interactions between electrons are in-
cluded, since the plasmons play a dominant role
in satisfying the sum rule in the long-wavelength
limit. The authors have given elsewhere' an
extension of the BCS theory of the Meissner
effect in an arbitrary gauge and have shown the
BCS result to be essentially unaltered.
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Cyclotron resonance of electrons in a gas dis-
charge has been detected by Ingram and Tapley. '
We have observed this effect in low-pressure
flames at a frequency near 24 kMc/sec Starting
from the classical equation of motion of an elec-
tron moving in a homogenous, constant magnetic
field 8 and an alternating electric field one ob-
tains, for the complex electric conductivity v

perpendicular to B,
1Vt." v+ ie

(1)
m (@+i')'+u&z'

where e and m are the electronic charge and
mass, N is the number of free electrons per
cc, v the frequency of the applied electric field,
v the collision frequency of electrons with neu-
tral molecules, and ~c=eH+c the cyclotron fre
quency. The same equation can be deduced from
the Boltzmann transfer equation assuming v is
independent of the electron velocity. Cyclotron
resonance will occur near v~=& if the electron
is able to make at least one revolution in the
magnetic field before colliding with another par-
ticle, i.e., for w/v&1. In an acetylene-air flame
we found at A-band frequencies and at atmos-
pheric pressure no indication of a cyclotron re-
sonance, whereas at 100 mm Hg a broad absorp-
tion appeared which became considerably sharper
as the pressure was decreased. Figure 1 shows

408


