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SIMPLE APPROXIMATION FOR THE NON-

UNIQUE FIRST FORBIDDEN TEtANSITION*

Tsuneyuki Kotani~ and Mare Ross
Department of Physics, Indiana University,

Bloomington, Indiana
(Received July 28, 1958}

It is well known that the energy spectra of
many nonunique first forbidden P transitions

V= $'vo+ $w, , (2)

E' = $'y, - 2 $(u, +x,) (1+y, ) '.
Here the subsidiary parameters have the follow-
ing significance:

t) = - C fr R(-2), t)w, = CA fo'r R(1),

$'t)vo= CA fiys R(-1), 7)ua= C ftoxrR(1),

$'qyo=-C finR( 1), t)so=--C frR(l)

The energy-independent quantity R(v) entering in
the matrix element involves the ratio of the ac-
tual electron wave function to the point charge
function evaluated at the nuclear surface (and
thus R depends on the electron angular momen-
tum quantum number z shown). We do not need
to know the details of R, if we do not evaluate the
nuclear matrix elements themselves. In this
way, finite nuclear size effects are taken into
account, in the g-approximation.

The parameters uo, ..., yo are defined so they
may be of order unity (except, of course, that
some may vanish due to selection rules). For
this purpose, a parameter, $', is introduced to
relate the relativistic to the nonrelativistic ma-
trix elements. It has been theoretically predic-
ted that

g'= $X, with X = 1,' or 2.'

have roughly statistical shapes. That is, the
energy shape correction factor, C, is constant.
This can be understood by expanding the transi-
tion probability in powers of the nuclear radius
p. ' The leading terms are assopiated with the
Coulomb factor $ -=o.Z/2p = Z/A' and they give
constant C.' The approximation of keeping only
the leading terms in powers of p (i.e. , in des-
cending powers of $) we call the "$-approxima-
tion. " (This approximation has been expressed
by (» EVO, where R', is the maximum P-ray en-
ergy. ') In this letter we shall examine the accu-
racy of the $-approximation and show its conse-
quences for other observables such as the longi-
tudinal polarization and P-y correlations.

Let us assume that the (local) V and A inter-
actions'~4 and the two-component theory of the
neutrino, C~= C~' and Cg= Cg', ' characterize
the P decay. In the $-approximation the shape
correction factor is energy independent:

C= )V)2+ [E'(2,

where
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If the next term in the $-expansion is included,
the shape correction factor has the form

C = k(1+ aW+ b/W),

where k, a and b are independent of the P-ray
energy, W. (Full expressions for the constants
k, a, and 5 are given, for example, by Kotani
and Ross. ) If (5) is assumed, a and b are of
order I/$. Thus, it may be expected that the /-
approximation is poor and the shape correction
factor is energy dependent for low-Z nuclei. For
example, in the case of K, $ =7.1 and Wo = 4.9.
But experimental results do not show any energy
dependence of C. " This may be explained by
some accidental cancellation among the nuclear
parameters which are included in a. If so, other
observable quantities, which have different com-
binations of nuclear matrix elements from a,
should be examined.

One of these observables is the P-y directional
correlation:

N = 1+ e(3cos'8-1)/2,

where 8 is the angle between P and y. The coef-
ficient & has the form

e = (p'/W) (R,/C) + nzp(I, /C),

neglecting o.ZW/p terms. " Here R and I, are
energy-independent combinations of the nuclear
parameters' (if the time-reversal assumption is
correct for the weak interaction, I, vanishes).
If $'= $A. , R,/C is of order (1/$). Even though R
includes some numerical constants (less than
unity) which depend on nuclear spins, the experi-
mental results for Cise& 3 X & and As ~ seem
very small ( IR, /C I=0.01 to 0.03). It may be
natural, then, to conclude that the next term in
the $-expansion is only a few percent even for
small Z. So it seems favorable to use $'= gX

with X & 2, or to assume that $' does not become
small for low Z as indicated by (5).

These data are not sufficient, however, to
yield a definite conclusion. We hope that attempts
will be made to observe other deviations or lack
of them from the $-approximation in the same
decays. We present, now, some features of the
$- approximation for several observables. We
can state that, for every observable normally
occurring in the allowed transition, the expres-
sion for the same iluantity in the nonuniilue first
forbidden transition can be obtained in the $-ap-

proximation by using the substitution

CM gV,

C

where CF, MF, COT, and MGT are coupling
constants and matrix elements for the Fermi
and Gamow- Teller transitions, respectively
(thus, allowed transition experiments suggested
for testing general properties of the P-decay can
be carried through for first forbidden transi-
tions").

If we include the next term in the g-expansion,
the allowed-transition expressions no longer
apply. " In this case, the longitudinal polariza-
tion, for example, can be writtens (for P -decay)

P =-(p/W) [I+(R,/NC) (1/W)

+ nZ(1, /XC) (1/p) ], (10)

*Supported in part by the National Science Founda-
ti n.

On leave from Tokyo Metropolitan University,
Setagaya, Tokyo.

i We use units 5 = c=me = 1.
See, for example, H. Mahmond and E. Konopinski,

Phys. Rev. 88, 1266 (1952).
3Herrmannsfeldt, Maxson, Stahelin, and Allen,

where R, and I, are energy independent, I, van-
ishes if there is time-reversal invariance, and
N is defined by Eil. (7). Neglecting (nz)' terms,

R,/C = -b/(I+a W+ b/W)

in the notation of (6).
Empirical determination of the accuracy of the

$-approximation can be made by observing the
deviation of I P& I from P/W, by observing the
deviation from P/W of the energy dependence of
circular y- ray polarization, and by observing
the energy dependence of E compared to Eq.
(6) 8~ 18

It should be noted that the $-approximation is
not good in special cases where there is a large
cancellation among nuclear parameters, (3), as
in R~F or in very high-energy decays where
Wo=), as in the C" case. Also there are some
examples, aside from these extreme cases,
which show small deviations from the $-approxi-
mation in the energy spectrum, e.g. , A'"~'
Sb'~ ~" and Re'~." In these decays, the meas-
urement of the deviation from the $-approxima-
tion of various observables mentioned above
gives some useful information about the nuclear
matrix elements.
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A wedge type magnetic spectrometer has been
employed to analyze positive pions from the re-
action y+P-n+ + n produced in a liquid hydrogen
target by the bremsstrahlung beam of the Caltech
Synchrotron, The spectrometer magnet focussed

charged particles from the target into a system
of three scintillation counters. The pulse heights
from these counters were monitored so that par-
ticles with greater ionization than the pions were
not detected. The peak energy of the brems-
strahlung was adjusted so that pions from reac-
tions other than single-pion production were
energetically impossible at the angle of observa-
tion and in the energy range accepted by the
spectrometer.

A fourth scintillation counter was placed be-
tween the hydrogen target and the entrance aper-
ture of the magnet. This front counter served to
eiiminate the cosmic-ray background and to re-
duce the background from radiation shields and
the outer Mylar window of the hydrogen target,
when a properly delayed coincidence was re-
quired with the rear counter system. Under
these conditions the empty-target background was
only 3% of the full-target counting rate, in gen-
eral, and only 9/o at the most forward laboratory
angle, 13.1'. The experimental arrangement was
similar to the schematic diagram shown in Fig.
1 of the Jf+ report by Donoho and Walker, ' ex-
cept that in the present experiment no absorber
was used between the front counter and the tar-
get or between the first two counters in the rear.

The data obtained from this measurement have
been corrected for empty-target background,
pion decay in flight, nuclear absorption of the
pions, and muon contamination from n - p decay.
The pion decays before the counters resulted in
the loss of 12 to 22% of the pions. However, the
muon correction of 4+2 to 7 +3/o based on a
preliminary estimate resulted in a net correc-
tion of 8 to 15% for decay and muon contamina-
tion. It is estimated that a more exact calcula-
tion of the muon contribution will not result in
more than a three percent change in the cross
sections presented in this report. The effect of
the half-inch Pb absorber between the last two
counters was measured, and the absorption in
the counters and target was calculated using the
geometrical cross sections. The absorption
correction was typically 14%. Reversal of the
magnetic field demonstrated that counts from
electrons made a negligible contribution to the
hydrogen counting rate, so no correction was
needed for positron contamination in the present
results.

The absolute cross sections in this report are
assigned errors including the statistical standard
deviations compounded with the errors in the
corrections indicated above. The calibration of
the copper-air ion chamber used as a beam mon-
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