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Transport-induced-charge electroosmosis in nanopores
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We obtain analytical solutions for transport-induced-charge electroosmosis (TICEO) in
a nanopore under steady-state and transient conditions, when the applied salt concentration
difference �n0 is much smaller than the average salt concentration n0 under a moder-
ate applied electric field E. The TICEO velocity in an uncharged pore is found to be
proportional to |E|2 and the concentration gradient ∇n0. For charged pores, we define
a dimensionless parameter ξ , where TICEO governs the electroosmotic behavior over
conventional electroosmosis attributed from electric double layers when ξ � 1, resulting
in a net electroosmotic flow independent of the surface charge, making it suitable for
alternating current (ac) pumping applications. Moreover, we estimate the characteristic
time τ of TICEO development to be on the order of tens of picoseconds for a 1 M potassium
chloride aqueous solution, which suggests that ac nanopore pumping using TICEO can be
effective up to gigahertz frequency. Significantly, it is indicated that the maximum pumping
flow rate can be achieved at an optimal pore aspect ratio χc = 0.457, providing important
information to future experimental designs.

DOI: 10.1103/PhysRevFluids.9.L071701

In the past two decades, the advent of nanometer-sized pore milling techniques using transmis-
sion electron microscopy and electron-beam lithography [1,2] has shifted the dimensions of interest
in electrokinetic phenomena from the microscale to nanoscale [3,4]. In particular, the emergence
of low aspect ratio (pore length/pore diameter) nanopores offers tremendous potential for high
precision biosensing for rapid medical diagnosis and high-power-density energy conversion [5,6].
When an electric field is imposed across a nanopore, a salt gradient coexists in many cases [7,8].
For instance, Wanunu et al. demonstrated that the addition of a salt concentration bias across
nanopores leads to enhanced DNA sensing efficiency [9]. A local concentration difference may
also arise across an ion selective membrane due to the ion concentration polarization phenomenon
[10]. In this regard, the nonuniform electric field caused by the salt gradient gives rise to local ion
separation in electrolyte solutions with a thin membrane, known as the transport-induced-charge
(TIC) phenomenon [11–13]. The TIC phenomenon yields unique electroosmotic behavior that is
distinct from the classical Helmholtz-Smoluchowski flow, arising from the electric force on the
charged solution within the electric double layer (EDL). From a fundamental perspective, these two
charge types are disparate in that ion separation due to a salt gradient only occurs in nonequilibrium
conditions when an electric field is applied, whereas the interfacial charges within the EDL exist
with or without an external electric field.

Previous studies have found unique electrokinetic behavior as TIC occurs. He et al. indicated
that the induced charges near the entrance of a nanopore might facilitate the capture of DNA
molecules for resistive pulse sensing [14]. In nanochannels, Zhu et al. pointed out that locally
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induced charges yield inverse screening effects by coions, giving rise to local vortices [15]. Different
from conventional electrokinetic phenomena, such as EDL electroosmosis [3], diffusioosmosis
[16–19], and electrodiffusioosmosis [20–22], occurring in the vinicity of a charged solid, Hsu
et al. [13] indicated that the TIC does not originate from the charges in the EDL, and thus can
be generated even in uncharged pores. Due to the interwoven effects of a local electric field and a
salt concentration gradient, the solution conductivity variation renders unequal conduction current
fluxes across the nanopore and thus disparate diffusion fluxes of ions occur, resulting in local ion
separation. Interestingly, Hsu et al. found that the induced charges were inverted when the external
electric field direction was reversed, resulting in a unidirectional flow in a neutral nanopore inde-
pendent of the direction of the imposed electric field [13]. This led to a novel concept of alternating
current (ac) nanopore resistive pulse sensing. To distinguish the flow from the induced-charge
electroosmosis (ICEO) in microfluidic systems generated around a polarized metallic or dielectric
material [23,24], the term “transport-induced-charge electroosmosis” (TICEO) was introduced [13].
Note that despite a similar expression, TICEO and ICEO are different electrokinetic phenomena. In
particular, TICEO is an electrokinetic phenomenon caused by the local ion separation in the liquid,
while the latter occurs near a polarizable material, due to the polarized charge on the solid surface,
forming an induced EDL. In contrast to ICEO, which has been extensively utilized in microfluidic
acpumping, there is no requirement for metal patches in the case of TICEO, significantly simplifying
the fabrication process allowing the applicable length scale for nanofluidic ac pumping down to
sub-100 nm.

Despite previous numerical investigations of the TIC phenomenon, there are no analytical
expressions for quantitative description of TICEO and its influence on the overall electroosmotic
behavior, greatly impeding our understanding of the flow behavior. In this study, we construct
a simple analytical model and investigate suitable operating conditions of TICEO in nanopores
in the presence of an external electric field and a salt concentration difference. The investigated
system is illustrated in Fig. 1(a). The considered pore geometry is cylindrical with a typical radius
R of 2.5 nm and a length L of 20 nm. A monovalent aqueous electrolyte solution of the average
bulk concentration n0 = 1 M is filled while an external salt concentration difference �n0 and an
electric potential difference �ψ across the two ends of the pore are simultaneously imposed.
The analytical results are compared with numerical simulation modeling detailed in Supplemental
Material S1 [25], including Refs. [13,26–31]. Using the constructed analytical model, the time scale,
length scale, and typical voltage ranges for the occurrence of TICEO in a salt-concentration-biased
nanopore are clarified.

We begin the analysis by considering ion conservation. Ion transport in a nanopore obeys the
conservation of current density derived from the charge conservation equation:

∂ρe

∂t
= −∇ · J, (1)

where ρe, t , and J denote the space charge density, time, and current density, respectively. We
consider a small salt concentration perturbation where �n0 is much lower than n0. In such a
condition, the current density J can be estimated by Ohm’s Law using the bulk solution conductivity
σc, i.e., J ∼= σcE, implying that both the diffusion current and the advection current are negligible
compared with the magnitude of the conduction current [32]. Here, the electric field E equals the
sum of the electric field in absence of the concentration difference E0 and the perturbed electric
field due to the presence of the concentration difference δE, i.e., E = E0 + δE. Note that this
Ohmic assumption is valid under a small salt concentration variation across the nanopore when
�n0 � n0, although the numerical simulation indicates that the Ohmic behavior remains up to a
moderate concentration difference when �n0/n0 � 0.3 (see Supplemental Material S2 for details
[25], including Ref. [33]). Based on Gauss’s law, the relation between E and ρe can be described:

∇ · (ε0εE) = ρe, (2)
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FIG. 1. (a) Schematic illustration of transport-induced-charge (TIC) electroosmotic velocity vz,TIC distri-
bution in an uncharged nanopore when an electric potential bias �ψ and a salt concentration difference �n0

are concurrently imposed (where the dark-gray and light-gray dashed curves indicate the electric potential
and concentration variations, respectively). vz,TIC, L, and R are the TIC velocity, pore length, and pore radius,
respectively. (b), (c) Comparisons between analytical solutions (black curves) and numerical simulation results
(red curves) for the steady-state TIC density ρe,TIC (solid curves) and mean TIC electroosmotic velocity
vTIC (dashed curves) in a nanopore with the length L = 20 nm and radius R = 2.5 nm, n0 = 1 M, where
(b) �n0 = 0.1 M for different �ψ and (c) �ψ = 2.5 V for different �n0. (The simulated values of ρe,TIC

and vTIC are derived from the average values on the cross-sectional area in the middle of the pore.)

where ε0 is the permittivity in a vacuum and and ε the dielectric constant. Equation (2) becomes
Poisson’s equation when expressing E in terms of electric potential ψ (i.e., E = −∇ψ).

In the following, we separately investigate steady-state TIC electroosmotic flow (EOF) and
transient TIC EOF, including either a constant applied electric potential difference or an alternating
current field. Substituting Eq. (2) into Eq. (1) at ∂ρe/∂t = 0, the steady-state charge distribution in
the solution is obtained as [34]

ρe = ε0εE ·
(∇ε

ε
− ∇σc

σc

)
. (3)

Because both ε and σc are temperature dependent, TIC can also be generated under a temperature
gradient according to this equation, which is known as electrothermal effects [35]. In a similar
vein, the TIC phenomenon can occur at the junction of two solutions with asymmetric viscosity
or permittivity, as long as a nonuniform conductivity or permittivity field exists (in addition to
the applied electric field). Owing to the small concentration perturbation, we assume a linear
distribution of the salt concentration along the axial direction in the nanopore without a permittivity
gradient (see Supplemental Material S3 for justification [25], including Ref. [42]), when Joule
heating is negligible. In combination with the assumption of equal ionic diffusivities between cations
and anions [such as potassium chloride (KCl) solutions], the steady-state TIC charge density ρe,TIC

can be approximated as

ρe,TIC = −ε0εEpore

L

(
�n0,pore

n0

)
, (4)

where Epore and �n0,pore denote the axial electric field in the nanopore and salt concentration
difference across the nanopore, respectively. Note that owing to the external electric field and circuit,
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there exists a net ionic current in the system, implying the influence of asymmetric ionic diffusivity,
which is ignored here, will differ from the electroosmotic effect in diffusioosmosis under an open
circuit condition [17].

Attributed to the small concentration perturbation, we consider δE � E0 and thus a constant
electric field in the nanopore Epore

∼= Epore,0 is taken into account, where Epore,0 is the axial electric
field in the nanopore in absence of the concentration difference. We employ Hall’s form of access
resistance, where the electric potential drops are analyzed by a circuit model [36]. When �n0 � n0,
the variation of σc between the reservoirs is negligible. Thus, the net resistance is equal to the sum
of the pore resistance Rpore = L

σcπR2 and the access resistance Raccess = 1
2σcR at the junctions of the

nanopore and reservoirs. Consequently, Epore can be expressed as a function of the external electric
potential difference �ψ as [37,38]

Epore
∼= Epore,0 = − 2�ψ

πR + 2L
. (5)

This implies that the induced charge distribution is uniform in the nanopore under a small concen-
tration difference as indicated by Eq. (4), which is close to previous numerical results [13]. On the
other hand, an additional condition is required to acquire the concentration variation in the nanopore
[39]. We consider that at the junctions between the nanopore and reservoirs, ρe,TIC inside the pore
is close to that within the hemispherical access regions. This results in a constant product of the
potential drop and concentration difference within each region, yielding

�n0,pore = πL�n0

8R + πL
, (6)

where �n0,access = �n0 − �n0,pore is the concentration difference within the hemispherical access
regions (see Supplemental Material S4 for details [25], including Refs. [36,40]).

The electroosmotic velocity in the axial (z) direction vz(r) can be described by the Navier-Stokes
equation:

η
1

r

d

dr

(
r

dvz(r)

dr

)
+ ρeEpore = 0, (7)

where the dynamic viscosity η is assumed as constant when the viscoelectric effect is insignificant
at low surface charge densities [41], and r is the radial coordinate. Equation (7) assumes that the
inertia force and pressure difference arising from the pore boundary effects at the inlet and outlet
are small. The TIC EOF is driven by the electric force acting on the TIC, and its velocity profile
vz,TIC(r) follows a parabolic distribution:

vz,TIC(r) = −ε0εR2E2
pore

4ηL

(
�n0,pore

n0

)[
1 −

(
r

R

)2]
. (8)

As a result, the mean TIC electroosmotic velocity vTIC becomes

vTIC = −ε0εR2E2
pore

8ηL

(
�n0,pore

n0

)
. (9)

For verification, we conduct numerical simulations using the coupled Poisson-Nernst-Planck (in-
cluding the advection and diffusion terms), Navier-Stokes (including the inertia and pressure terms),
and continuity equations (detailed in Supplemental Material S1 [25], including Refs. [26–29]).
The analytical solutions and numerical results at steady state are compared in Figs. 1(b) and 1(c),
showing close agreement for both ρe,TIC and vTIC. It is worth highlighting that although the model is
constructed under the low �n0 and linear concentration distribution in the nanopore (which is valid
when �ψ is small), the typical errors are less than 5% for ρe,TIC and less than 10% for vTIC even
at relatively high �ψ = 2.5 V and �n0 = 0.5 M. The errors decrease as �ψ and �n0 decrease,
indicating that the assumption made in Eq. (7) is valid within the investigated ranges of parame-
ters; that is, the velocity change due to the pressure drop induced across the nanopore is negligible
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compared with vTIC according to the numerical simulation results (see Supplemental Material S5
for justification [25], including Refs. [33]). The simulation results suggest that ρe,TIC ∝ �ψ�n0

and vTIC ∝ (�ψ )2�n0 following Eqs. (4) and (9). The deviations between the analytical model
and numerical simulation results at high �ψ and �n0 are primarily due to the decreased apparent
concentration difference in the pore and the polarization of the TIC, respectively. A detailed analysis
can be found in Supplemental Material S3 [25], including Ref. [42]. The electric field magnitude
in the pore |Epore| is between 4.18 × 106 and 1.04 × 108 V/m for 0.1 V � �ψ � 2.5 V, close
to previous experimental systems [43,44] [estimated by Eq. (5)]. Despite the large electric field,
previous molecular dynamics studies have shown that the ions remain fully hydrated even under a
higher electric field magnitude at 109 V/m [45,46], justifying the present model.

The analysis so far is based on an uncharged nanopore for an ideal case; in practical systems, the
EDL at the liquid-solid interface can yield significant effects on electroosmotic behavior in addition
to the TIC EOF. To suppress the EDL EOF, which largely depends on the surface charge property,
a solution pH near the material’s isoelectric point should be selected, or operating conditions in
which the TIC EOF is dominant must be employed. To demonstrate the latter, we incorporate the
effects of surface charge and examine the competition between the EDL EOF and TIC EOF in
a charged nanopore of which the Debye length λD is thin compared with the pore radius R for
high salt concentrations, rendering the Dukhin number, Du, much less than 1 [26]. The EDL EOF
velocity profile vz,EDL(r) in a cylindrical pore in the absence of an external pressure gradient can be
expressed as [26]

vz,EDL(r) = −ε0εζEpore

η

[
1 − I0(κr)

I0(κR)

]
, (10)

where ζ is the zeta potential, κ the reciprocal of the Debye length, and I0 the zeroth-order modified
Bessel function of the first kind. The mean EDL electroosmotic velocity vEDL can be obtained as

vEDL = −ε0εζEpore

η

[
1 − 2

κR

I1(κR)

I0(κR)

]
, (11)

where I1 is the first-order modified Bessel function of the first kind [47]. The net EOF comes from
the electric force acting on both the charges of the EDL and the TIC. By considering a linear com-
bination of these two effects, viz., vz(r) = vz,TIC(r) + vz,EDL(r) (a similar superposition approach
has been adopted in other systems [24,48]), the mean electroosmotic velocity v = vTIC + vEDL can
be derived as

v = −ε0ε

η

{
R2E2

pore

8L

(
�n0,pore

n0

)
+ ζEpore

[
1 − 2

κR

I1(κR)

I0(κR)

]}
. (12)

In this equation, the first-order term of Epore comes from the EOF due to the charges in the EDL,
while the quadratic term is attributed by the TIC in the solution throughout the nanopore. There
exhibits a reinforcement or competition between the EDL electroosmosis and TIC electroosmosis
according to their directions. When the TIC has the opposite sign to the counterions of the charged
surface, there is competition between the EDL EOF and the TIC EOF. For better control of the flow
behavior, we define a dimensionless number ξ = vTIC/vEDL to evaluate the dominant source of the
EOF:

ξ = −R2Epore

8Lζ

(
�n0,pore

n0

)[
1 − 2

κR

I1(κR)

I0(κR)

]−1

, (13)

where ξ = 1 when v = 0. Hence, when ξ � 1, the EDL EOF is dominant, whereas when ξ � 1,
the TIC EOF governs the flow behavior at high applied voltages.

The electroosmotic behavior in a nanopore is schematically illustrated in Fig. 2(a), which shows
a negatively charged surface with negative TIC, implying that E and ∇n0 are in the same direction.
In this case, the velocities generated by EDL EOF and TIC EOF in the pore oppose each other. Note
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FIG. 2. (a) Schematic illustration of the electroosmotic flow (EOF) behavior in a charged nanopore,
depicting the competition between the electric double layer (EDL) EOF and the TIC EOF with respect to
the dimensionless number ξ . (b) Steady-state electroosmotic velocity profiles vz(r) = vz,TIC(r) + vz,EDL(r) in
the pore at voltages of 0.5 V (ξ < 1), 1.25 V (ξ = 1), and 2 V (ξ > 1). (c) Variations of steady-state mean
electroosmotic velocity v and its velocity components vEDL and vTIC from EDL EOF and TIC EOF, respectively,
as a function of the applied electric field �ψ . [For (b) and (c), n0 = 1 M, �n0 = 0.5 M, ζ = −1 mV,
L = 20 nm, and R = 2.5 nm.]

that λD
∼= 0.3 nm at n0 = 1 M for KCl solutions is much smaller than R = 2.5 nm. Hence, the EDL

EOF is close to uniform near the axis. The transition of the velocity profile from low to high ξ is
shown in Fig. 2(b). Figure 2(c) shows the variation of v and its velocity components. The numerical
results are consistent with the analytical solution, verifying the linear superposition assumption in
Eq. (12). For ξ � 1, the EDL EOF is dominant, yielding a unidirectional EOF distribution in spite
of the concave velocity profile near the axis. For ξ = 1, the net flow rate of EDL EOF is balanced
by that of TIC EOF. It is worth emphasizing that the TIC charge density (−0.7 C/cm3) is still
much lower than the space charge density from the EDL in the vicinity of the surface (6.8 C/cm3),
implying that the presence of TIC does not substantially distort the charge distribution from EDL.
However, the no-slip surface remarkably suppresses the development of the EDL EOF, while having
less impact on the parabolic TIC EOF. For ξ � 1, the TIC EOF is dominant, and the velocity profile
becomes close to parabolic.

Prior to the analysis of ac electrokinetic pumping, we investigate the transient variation of
induced charge ρ∗

e,TIC(t ) at a fixed external potential difference �ψ . Considering the case where ε

is constant and ρ∗
e,TIC(t ) is uniform in the nanopore, we derive a first-order differential equation for

ρ∗
e,TIC(t ) from Eqs. (1) and (2):

dρ∗
e,TIC(t )

dt
+ σc

ε0ε
ρ∗

e,TIC(t ) = −σcEpore

L

(
�n0,pore

n0

)
. (14)

Equation (14) is solved under the initial condition that ρ∗
e,TIC(0) = 0, implying no induced charge

when the electric field is absent. Increasing the electric field in a step from 0 to Epore at t = 0, we
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FIG. 3. (a) Comparisons between the analytical solutions (black curves) and numerical simulation results
(red curves) of the transient TIC density ρ∗

e,TIC (solid curves) and mean TIC electroosmotic velocity v∗
TIC (dashed

curves) in a nanopore at �n0 = 0.1 M and �ψ = 1 V, where τ is the characteristic time ∼= 46.3 ps derived
from Eq. (16). (b) Analytical solution (solid curves) and numerical simulation results (dashed curve) of the
mean ac flow velocity v∗∗ (black curves) and the ac induced charge density ρ∗∗

e,TIC (green curve) at ζ = −1 mV
with respect to the dimensionless time (ωt) at α = 1 V, �n0 = 0.5 M, and ν = 100 kHz. The inset shows
the simulation results of the time-averaged mean ac flow velocity v∗∗

av,t, where v∗∗
av is the time-averaged mean

electroosmotic velocity during each period when it approaches a constant. Other parameters are n0 = 1 M,
L = 20 nm, and R = 2.5 nm.

derive the transient variation of ρ∗
e,TIC(t ) as the following relaxation expression:

ρ∗
e,TIC(t ) = −ε0εEpore

L

(
�n0,pore

n0

)
(1 − e−t/τ ), (15)

where, for monovalent electrolytes, the characteristic time τ is

τ = ε0ε

σc
= ε0εkBT

2e2n0D
, (16)

where kB, T , e, and D are the Boltzmann’s constant, temperature, element charge, and arithmetic
mean ionic diffusivity, respectively. Hence, the transient TIC electroosmotic velocity v∗

TIC(r, t ) in
a circular channel and the corresponding transient mean TIC electroosmotic velocity v∗

TIC(t ) can
be derived by assuming a quasi-steady-state response to ρ∗

e,TIC(t ) in the flow behavior, because the
diffusion of ions is much slower than the diffusion of fluid vorticity (by a factor of ∼10−3 ∼= D/νf,
where νf = η/ρ is the kinematic viscosity and ρ the solution density):

v∗
TIC(r, t ) = ρ∗

e,TIC(t )
R2Epore

4η

[
1 −

(
r

R

)2]
, (17)

v∗
TIC(t ) = −ε0εR2E2

pore

8ηL

(
�n0,pore

n0

)
(1 − e−t/τ ). (18)

Figure 3(a) shows that there is good agreement between the analytical and numerical solutions
for the transient variations of ρ∗

e,TIC(t ) and v∗
TIC(t ). τ is derived as ∼=46.3 ps for KCl solutions at

n0 = 1 M and T = 298 K, where the charge induction process reaches steady state in ∼=100 ps. The
momentum balance equation gives a time scale of τν,f = R2/νf for the diffusion of fluid vorticity
due to viscosity [24]. For a nanopore with a radius of 2.5 nm, τν,f = 1.6 ps, which is one order of
magnitude smaller than τ , indicating that the redistribution of ions is the time-determining step for
the development of TIC EOF.
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Under an ac field, where the applied electric potential difference �ψac(t ) = α sin (2πνt ) is a
sinusoidal function of the amplitude α and frequency ν, the ac induced charge density ρ∗∗

e,TIC(t )
follows Eq. (14):

dρ∗∗
e,TIC(t )

dt
+ βρ∗∗

e,TIC(t ) = γ�ψac(t ). (19)

In these expressions, β = 1/τ and γ = 2σc
(πR+2L)L ( �n0,pore

n0
). Using the initial condition that ρ∗∗

e,TIC(0) =
0, ρ∗∗

e,TIC(t ) can be solved as

ρ∗∗
e,TIC(t ) = αβγ sin (ωt ) − αγω[cos (ωt ) − e−βt ]

β2 + ω2
, (20)

where ω = 2πν. Accordingly, the mean ac flow velocity v∗∗(t ) has contributions from both EDL
EOF and TIC EOF, and can be expressed as

v∗∗(t ) = 2�ψac(t )

πR + 2L

{
−ρ∗∗

e,TIC(t )R2

8η
+ ε0εζ

η

[
1 − 2

κR

I1(κR)

I0(κR)

]}
. (21)

Typical behaviors of ρ∗∗
e,TIC(t ) and v∗∗(t ) under an ac field are shown in Fig. 3(b) (taking positive

values as the TIC EOF direction). Given that ξ ∼= 0.8 < 1 when �ψac = 1 V in this case, the EDL
EOF is dominant as ρ∗∗

e,TIC(t ) < 0, resulting in a negative velocity. Both the EDL EOF and the TIC
EOF are in the positive direction when ρ∗∗

e,TIC(t ) > 0, giving rise to an obvious rectification of v∗∗(t )
between the different voltage directions. The inset of Fig. 3(b) shows the time-averaged mean ac
flow velocity v∗∗

av,t = 1
t

∫ t
0 v∗∗(t )dt , which approaches a stable value in a few cycles, yielding a net

flow in the same direction under an ac field.
Accordingly, we investigate suitable time and length scales for ac electrokinetic pumping using

TICEO in nanopores. When the flow reaches an approximate statistical steady state, the time-
averaged mean electroosmotic velocity v∗∗

av during each period 1/ν can be derived by integrating
v∗∗(t ) over time:

v∗∗
av = ν

∫ 1/ν

0
v∗∗(t )dt

= α2βγ R2

8η(β2 + ω2)(πR + 2L)
[ �= f (ζ )]

∼= α2γ R2

8ηβ(πR + 2L)
, when ω � β. (22)

Importantly, the net zero contribution from the EDL EOF for each cycle means that v∗∗
av , which is

proportional to α2, is independent of ζ , regardless of the magnitude of ξ . The variation of v∗∗
av as a

function of the pore aspect ratio χ = L/D, where D = 2R is the pore diameter, is shown in Fig. 4.
For a fixed R, v∗∗

av increases monotonically for a shorter L (black curves). Conversely, v∗∗
av attains a

maximum value when the first derivative of v∗∗
av with respect to χ is zero as χ increases at a fixed L

(green curves). This occurs when χ is equivalent to a critical value χc:

χc =
√

1 + π2/2 − 1

π
∼= 0.457. (23)

Although the numerical simulation shows that the zero pressure gradient assumption becomes
invalid for ultrathin nanopores when χ < 2, the maximum TIC EOF appears as χ approaches
approximately 0.5 close to the prediction from Eq. (23) (see Supplemental Material S5 for details,
including Ref. [49]). Thus, the maximum flow rate per unit area can be achieved using low-aspect-
ratio pores whose length and radius are similar. On the other hand, when the angular frequency of
the ac field is much smaller than 1/τ , the time-averaged mean flow velocity can be regarded as a
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FIG. 4. Variation of time-averaged mean electroosmotic velocity v∗∗
av over each period 1/ν under an ac

sinusoidal field as a function of the pore aspect ratio χ = L/D at different frequencies ν when α = 2.5 V,
n0 = 1 M, and �n0 = 0.1 M. L and R (=D/2) are fixed at 20 nm for the green and black curves, respectively.
The optimized pore aspect ratio χc can be obtained from Eq. (23).

constant and is independent of the frequency. At n0 = 1 M, β/2π is approximately 3.4 × 109 Hz.
Therefore, v∗∗

av is independent of the frequency when ν � 1 GHz.
In summary, we have analytically investigated TICEO for three cases: (i) the steady state, (ii)

transient variations under a constant applied voltage, and (iii) transient variations under a sinusoidal
ac field. The analytical results are in good agreement with the numerical simulations. We defined a
dimensionless number ξ to evaluate the dominance of TICEO [Eq. (13)]. When ξ � 1, TIC EOF is
dominant over EDL EOF, allowing for a unidirectional flow. Under an ac field, a net unidirectional
flow occurs, regardless of ξ . Furthermore, we obtained the characteristic time τ [Eq. (16)] for the
TIC phenomenon, which is on the order of tens of picoseconds for 1 M KCl electrolytes, allowing
for pumping applications with a high frequency up to the gigahertz level. Finally, the optimal pore
aspect ratio χc was determined [Eq. (23)], which shows that the largest mean electroosmotic velocity
under a sinusoidal ac field occurs when L ∼= 0.457D. These results provide direct guidance for the
nanopore design of ac pumping, paving the way for precise flow control in nanopores.
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