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Semianalytical model of optothermal fluidics in a confinement
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In this paper, we provide the semianalytical solution of the temperature and flow fields
of a fluid confined in a narrow space between two parallel plates. The temperature increase
is triggered by photothermal effects of fluids and/or boundaries due to the absorption of a
focused Gaussian beam irradiated perpendicular to the fluid film, and then the temperature
variation induces the flow fields through a buoyancy force and/or thermo-osmotic slip. The
semianalytical solution to this optothermal fluidic system is validated by comparing with
the results of numerical simulation, and is applied to typical optothermal fluidic problems.
In particular, the optothermal trap of nanoparticles observed in our previous experiment
[Tsuji et al., Electrophoresis 42, 2401 (2021)] is investigated in terms of thermophoretic
force and flow drag that are obtained semianalytically. The semianalytical solution can be
shared through open-source codes that are available to researchers without the background
of fluid mechanics.

DOI: 10.1103/PhysRevFluids.9.124202

I. INTRODUCTION

Photothermal effect is an energy conversion from light to heat through light absorbing to
materials, and has two remarkable features from the view point of microfluidics and nanofluidics.
First, since the efficiency of the conversion is dependent on the combination of materials and the
wavelength of light, selective heating in a fluid system can be realized by a suitable choice of
the light source, a working fluid, and a channel design. Second, light can be easily localized in
microscale by focusing a laser, or even smaller nanoscale beyond the diffraction limit by utilizing
near-field optics and thermoplasmonics [1]. These two features enable noncontact local heating in
a microfluidic system, leading to fine temperature shaping and resulting flow generation toward
applications such as pumping [2] and molecular manipulation [3]. The heating methods can be
roughly divided into three: (i) bulk heating (or fluid heating) [3—17], (ii) boundary heating (or
surface heating) [18—41], and (iii) dispersion heating [42-52]. The cases of (i) and (ii) are both
considered in this paper and thus schematically shown in Figs. 1(a) and 1(b), respectively.

Despite the increasing number of researches using photothermal effects recently, a systematic
analytical method to investigate the temperature and flow fields is absent; the goal of this paper is
to give an easy-access and instant computational tools that are fully open to researchers with or
without the background of fluid mechanics.

Before going into the description of the framework of the present paper, let us first overview the
methods of heating using photothermal effects. Fluid heating [Fig. 1(a)] is enabled by a wavelength
A of a near-infrared light ~1.5um [3-13] for a water solution. The absorption coefficient at
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FIG. 1. Photothermal effects of (a) fluids and (b) surfaces. (a) Three-dimensional heat source is localized
at a laser focus where a beam intensity is high. (b) Two-dimensional heat source is localized in a thin-film
attached to the surface of a solid (i.e., a fluid channel wall). Schematic of thermally induced flows: (c) thermal
convection and (d) thermo-osmotic slip.

A~ 1.5um is about 2 x 103> m~! and is much higher than, e.g., 4 x 1072 m~! of visible wavelength
A =532 nm. The absorption at A &~ 2.0um [14] or 3.0 um [15] is more significant although
experiments will be more delicate due to limited choices of optical components. One can add some
light-absorbing molecules to solvent [16,17] when a light source with suitable wavelength is not
available. The simplest case of surface heating [Fig. 1(b)] uses a thin metal film of several tens of
nanometer thickness as a light absorber; Au films [18-28], Cr films [29-31], and amorphous silicon
layers [32,33] were deposited on fluid channel boundaries (e.g., a glass substrate). Alternatively,
Au particle [34,35] or Janus particle [36] fixed on boundaries, plasmonic [37-39] or dielectric
[40] nanostructures fabricated on substrates, graphene oxide-doped polydimethylsiloxane (PDMS)
[41] are also available as light-absorbing boundaries. Note that most cases of boundary heating are
surface heating, i.e., the light absorption occurs at the interface of the solid and the fluid [Fig. 1(b)].
Alternatively, light-absorbing dispersed particles, such as Au nanoparticles [42-44], Au nanorods
[45], titania metal-oxide particles [46], polystyrene (or silica) particles containing iron oxide [47] (or
Ref. [48]), melamine formaldehyde particles covered by the uniformly distributed Au nanoparticle
[49], core/shell magnetic polystyrene particle [50], single walled carbon nanotube [51] are also
available. In the case of the heating of dispersed particles, a generated heat may bring the particles
to the heated spot, resulting in additional heating and the positive feedback loop to accumulate
the particles [43,45,52]. The choice of heating methods strongly depends on the wavelength of
available light sources, nanofabrication resources, and required power efficiency. Recent review
papers [53-55] are also useful to overview the variety of heating methods, where main applications
are the manipulation of nanomaterials, exploring so-called optothermal manipulation.

Generated heat inherently induces fluid flows such as thermal convection [Fig. 1(c)] and thermo-
osmotic slip [Fig. 1(d)]. Thermal convection (or natural convection) is a buoyancy-driven flow due to
the thermal expansion of a fluid and is usually modeled by using the Boussinesq approximation [56].
Thermo-osmotic slip is a creeping flow along the solid-fluid interface induced in the direction of
temperature gradient [21,34,57,58] (see also Refs. [59-64] for the results of molecular simulation).
Thermo-osmotic slip can be modeled as a slip boundary condition with a slip coefficient, but
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FIG. 2. Schematic summary of the present problem and notations. A laser is irradiated to a fluid film
between two parallel plates (i.e., substrates). The plates (solid 1 and 2 in the figure) are coated with light-
absorbing thin films. The fluid and/or the thin films can be heated by the laser because of the photothermal
effect. As a result, thermal convection and thermo-osmotic slip are induced in the channel.

the theoretical determination of a slip coefficient for a given set of fluid and surface properties
is challenging; readers are referred to as a classical attempt to obtain the thermal-slip boundary
condition for liquids by Derjaguin et al. [65] (see also the comprehensive review paper Ref. [66])
and recent microscopic theory of thermo-osmosis [67,68]. Therefore, we set the slip coefficient
a given constant in the present paper. Because of these thermally induced flows, a thermofluid
simulation is usually required to analyze the experimental results of photothermal heating. In
fact, some of the references mentioned above carried out numerical simulations of temperature
and/or flow fields based on a finite-element method using commercial software (mostly, COMSOL)
[4,6,18,20,21,23,25,26,32-34,36,37,40,43,44,47,51]. Due to the localized heat generation, the char-
acteristic lengths of temperature and flow fields can be multiscale, i.e., from the size of nanoscale
localized heat to the size of millimeter-scale fluid channels. Inherently, some trial and error in
mesh construction and/or long computational time is required. These difficulties prevent systematic
parameter study on the temperature and flow fields and the search for optimized experimental
conditions. Moreover, when not familiar with fluid mechanics, the construction of the code, the
interpretation of numerical results, and their validation are time-consuming, being “costly”” not only
in the sense of a license fee of commercial software.

A typical setting of photothermal experiment is a fluid film confined between two parallel plates,
where a laser is irradiated in the perpendicular direction to the plates, as shown in Fig. 2. To be
more precise, the laser is typically a Gaussian beam that has a beam intensity profile described by
a Gaussian function in the plane perpendicular to the beam axis (see Fig. 2), and thus the resulting
temperature and flow fields are safely assumed to be axisymmetric under microfluidic conditions
such as millimeter-scale (or less) distance of the plates. For steady axisymmetric problems with
the photothermal effect of Gaussian-type beams, a semianalytical approach based on Hankel
transformation is applicable, and temperature fields for a two-dimensional material [69] and for
a laser without focusing effect (i.e., constant beam width in the beam propagation direction) [70]
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were obtained. (Unsteady temperature field was treated in Ref. [71].) The present study tries to
solve semianalytically both temperature and flow fields for more general setting described in Fig. 2
which covers a wide range of steady cases introduced so far, and provide an easy-access instant
computational tool (see the Supplemental Material of this paper shared through Ref. [72]); as an
application of this developed tool, we also investigate the underlying mechanism of the optothermal
trapping of nanoparticles observed in our previous paper [12]. Here, the presence of the thin film
is approximated by using an asymptotic expansion with respect to the film thickness, deriving the
approximate boundary conditions at the liquid-solid interface. In addition to the assumption of the
smallness of the film thickness, it should be noted for users of the developed computational tool
that the limitation of the present result is the ignorance of (i) nonlinear effects, i.e., the convective
terms in the heat-conduction and the Navier-Stokes equations and (ii) the temperature dependence
of transport coefficients such as thermal conductivity and viscosity.

The structure of the paper is as follows. Section II introduces the statement of the problem,
which can be decomposed into several linear systems. The semianalytical and numerical methods
for solving these linear systems are explained in Sec. III. Then, the results are given in Sec. IV which
is divided into two parts: first, the obtained semianalytical and numerical solutions are validated in
Sec. IV A. Next, the semianalytical solution is applied to some typical situations of photothermal
studies: thermal convection (Sec. IV B 1), thermo-osmotic slip (Sec. IV B 2), and optothermal trap
(Sec. IV B 3) to investigate their physical characteristics. Finally, the conclusion will be given in
Sec. V followed by some future perspective.

II. FORMULATION

We consider thermally induced fluid flows where the temperature rise is triggered by the
photothermal effects of (a) fluids and/or (b) surfaces of a fluid channel, as shown in Figs. 1(a)
and 1(b), respectively. Selective heating of the surface can be realized by, for instance, coating
the channel wall by light-absorbing materials such as an Au thin film. The temperature fields can
induce fluid flows owing to (c) a buoyancy force due to gravity and/or (d) thermo-osmotic slip
at the surfaces, as shown in Figs. 1(c) and 1(d), respectively. The former is the so-called thermal
convection or natural convection and is modeled through the Boussinesq approximation; the latter
is phenomenologically modeled as a thermal-slip boundary condition with a slip coefficient. When
the slip coefficient is negative, which is usual, the slip flow is directed from the colder to the hotter
sides, as shown in Fig. 1(d).

In the present paper, we restrict ourselves to linear cases as detailed below, and thus two heating
effects [Figs. 1(a) and 1(b)] and resulting flows [Figs. 1(c) and 1(d)] can be superposed. Therefore,
a single formulation including all these effects will be presented, where quantities associated with
(a) fluid heating, (b) surface heating, (c) thermal convection, and (d) thermo-osmotic slip will be
denoted with superscript “(a),” “(b),” “(c),” and “(d),” respectively. For instance, the absorption
coefficient of the fluid is denoted by A®.

A. Problem

Let us consider a thin fluid film with a thickness of H confined between two planar walls made
of solid 1 and solid 2 with heights H; and H,, respectively, as shown schematically in Fig. 2. In
most experiments, the solid parts (i.e., substrates) are thicker than the fluid film, i.e., H; > H. The
other faces of solid parts are in contact with stationary ambient air and are assumed to be kept at a
constant temperature 7y. Thin films 1 and 2 with thickness Hy,; and Hy,», respectively, are attached to
the inner surfaces of the corresponding solid parts. The film thickness Hy,; (j =1, 2) is negligibly
small compared to the characteristic length scales of the temperature and flow fields, e.g., the linear
dimension of a heat source. Then, we can consider the thin films as “surfaces” of the solid parts.
The density, kinematic viscosity, thermal conductivity, and thermal expansion coefficient of the fluid
are denoted by p, v, k, and B, respectively, where S has a superscript “(c)” because it is the
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coefficient of the driving force of thermal convection (see also Fig. 1). The thermal conductivities
of the solid j and the thin film j (j = 1, 2) are denoted by «; and «y,;, respectively.

A focused Gaussian beam with a wavelength of A and power P is irradiated to the above
three-layer system (i.e., solid-fluid-solid layers) in the perpendicular direction to the surface, where
the beam width w is a function of the position z in the direction of beam propagation. The beam
width takes its minimum wy at a focal plane z = zp. The acceleration of gravity g is directed in the
negative z direction. The beam can heat up both fluid and surfaces (i.e., thin films), resulting in an
inhomogeneous temperature field of fluid T'(r, z) and those of solids 7;(r, z) (j = 1, 2), where r is
a radial direction and an axisymmetric state is assumed. The absorption coefficients of the fluid and
the thin film j (j = 1, 2) are denoted by A® and A®), respectively.

The temperature fields can induce fluid flows v(r, z) = (v.(r, 2), v.(r, z)) and pressure field
p(r, z) due to thermal convection and/or thermo-osmotic slip at the surfaces, as shown in Fig. 2.
The slip coefficient at the surface j is denoted by K/ (j = 1, 2). The radial dimension R of the
whole system is assumed to be much larger than the vertical dimension H. Therefore, the flow and
the temperature variation vanish as r — oo.

We investigate the steady state of temperatures 7', 71, 7>, and a flow field v under the following
assumptions:

(1) The transport coefficients (k, «;, kyj, V), the fluid density p, the thermal expansion coeffi-
cient (¢, the absorption coefficients (A®, A®)), and the slip coefficient K@) are all constant.

(2) The Reynolds number Re = Lyvy/v, where Ly and v are the characteristic length and speed,
respectively, is so small that the nonlinear convection terms in the Navier-Stokes equation and the
energy equation can be neglected.

These two assumptions allow us to linearize the whole system and to simplify the analysis so
that an analytical approach is possible.

B. Basic equations

Because we neglect the convection terms, the temperature fields are decoupled from the flow
field. Therefore, we first present the energy equation for the temperatures. The temperature of a
fluid subject to a Gaussian beam and the temperatures of solids j(= 1, 2) are described by steady
heat-conduction equations:

9*T ,

K(A||T+3—Z2)+A(d)l(r,z)=0 0 <z<H), (la)
3%T

K1 A”Tl+8_22 =0 (—-H; <z<0), (1b)
3’7

K2 A”T2+8_22 =0 (H<z<H+H), (1o

where A is a short-hand notation of a differential operator:

1/0 0]

Here, I(r, z) in Eq. (1a) is the intensity distribution of a Gaussian beam defined as

Ir2) =1 W, 2 =2t (3a)
n)=h—~exp(-——=) b=-—73,
VP T ) T Tl
z—20)? Tw3
w(@) = wo (14 S22 T (3b)
R A

where Ij is a reference intensity and zg is the Rayleigh length. The laser power P is defined as P =
Iowa. The boundary conditions of Eq. (1) are usually the continuity conditions of the temperature
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fields and energy fluxes at the interfaces z = 0 and H. However, because of the presence of heat-
absorbing thin films, the boundary conditions are modified as

VHm [ 8T 9T,
T—le——““( + 1),

2 oz T
or arm S & 1 (c=0), (4a)
K— — kj— = —ACVH ] — K1 Hp Ay(T + T1),
0z 0z 2
1Hy [ 0T aT
Tz - = 5— Kza— + Ka— y
- a;mz ¢ ¢ 1 (z=H), (4b)
2
ky— — k— = —ADH I — —kpHm A|(Tr + T),
0z 0z 2

the derivation of which are summarized in Supplemental Material A [73]. Note that setting Hy,,; = 0
(or Hppp = 0) recovers the usual continuity conditions of temperature and heat flux at the interface
z =0 (or z = H). It should also be noted that the energy flux due to the work done by viscous stress
is neglected here because it is a nonlinear effect. The terms with beam intensity / in Eq. (4) represent
the heat generation due to the photothermal effect of the thin films. The boundary conditions of 7;
at the outer faces are

h=T @=-H), h=T =H+H), ®)
and the conditions in the radial direction are
oT oT;
—=—J -0 (r=0, r— ), (6)
ar or

where the condition at r = 0 is due to the axisymmetry.
The fluid motion is described by the Stokes equation under the Boussinesq approximation:

v, v, 0y

=0, 7

or r 0z (72)
1dp v, 9%,

—— =v| Ay, — — , 7b
o or v( e r2+ 822) (70)
19 9%,

__]7 =V AHUZ +—— )+ gﬂ(c)(T — To), (70)
0 0z 072

where the temperature 7' enters in Eq. (7c¢) as an inhomogeneous term representing the buoyancy
force. Boundary conditions for v = (v,, v,) are

oT

Ur — _K(dl)y’ UZ = O (Z = 0)’ (8a)
oT

v, = —K(dz)g, v, = 0 (Z = H)» (8b)

where K@D and K2 are thermal-slip coefficients. The conditions in the radial direction are

av,
WZWZO (r=0), v,=v,=0 (r— 00), 9
where the condition at r = 0 is due to axisymmetry.

It should be remarked that the macroscopic equations, i.e., the heat-conduction equations (1)
and the Stokes equation (7), may not be valid at molecular scales. To be more specific, the Fourier
law for the heat-conduction equation may not be valid in a thin film [74] when the film thickness is
comparable or smaller than the mean free path of phonons. In such cases, alternative molecular-scale
frameworks should be required to analyze heat conduction [75]. In liquids, the Navier-Stokes
equations are invalid below nanometer length scale [76,77]. In gases, when the characteristic length
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scale is comparable or smaller than the mean free path of gas molecules (about 70 nm at atmospheric
pressure), the Boltzmann equation is adequate to describe the gas behavior [78] instead of the
Navier-Stokes equations.

In experiments, micro- and nanoparticles may be dispersed in the fluid. When passive particles
are dispersed in the fluid, the forces that act on them can be expressed in a simple form, as described
below. Here, the particles are assumed to be small and the suspension is dilute so that there is
no inter-particle interaction and the presence of the particles does not modify Eqgs. (1) and (7).
Moreover, the inertia of particles is neglected, resulting in a quasi-steady motion where the Stokes
drag is opposed by the thermophoretic force [79]. Under these assumptions, the forces F = (F;, F)
acting on the particles at rest are expressed as

F =3ndn(v—DyVT), (10)

where n = pv is the viscosity of the fluid, d is the diameter of the dispersed particle, v is the
flow velocity, and Dy is the thermophoretic mobility of the particle. When Dy is positive, the
thermophoretic force, i.e., the second term on the right-hand side of Eq. (10), is directed from hot
to cold along the temperature gradient. It should also be mentioned that to obtain a more accurate
expression of the force, we need to integrate the stress over the sphere surface, and Eq. (10) should
be considered as a rough approximation. Moreover, thermophoretic particles may drive the flow
around them (e.g., Ref. [58]) but the present model neglects it.

Finally, we give a brief remark on the characterization of thermophoresis in experiments. It is
difficult to separate the thermophoretic motion near the boundary from the particle transport caused
by thermo-osmotic slip flows, because both motions are directed along a temperature gradient near
the boundary. Therefore, when only the particle motion along the boundary is discussed, there is a
risk of mistaking these two effects. For example, negative thermophoresis (from cold to hot) cannot
be distinguished from particle transport caused by the usual thermo-osmotic slip (from cold to hot)
near the boundary. Therefore, thermophoretic motion away from boundaries is preferable when
focused only on thermophoresis, as discussed in Ref. [80]. Note that the case of negative Dr is
rare (see, e.g., Refs. [19,23,24,29,80-82]). Thus, when evaluating negative thermophoresis near the
boundary, it is vital to examine carefully the effect of thermo-osmotic slip by changing physical
parameters such as surface modification and/or the distance between particles and a substrate.

C. Nondimensional expression

The system presented in Sec. I B includes three physical parameters A®, A®D and A®?), i.e., the
parameters characterizing the absorption of light into the fluid, surface 1, and surface 2, respectively.
These absorption effects are directly related to the amount of heat generated there. Heating of the
fluid, surface 1, and surface 2 are termed (a), (b1), and (b2) and induce inhomogeneous temperature
fields, respectively. These temperature fields then cause three types of fluid flows, i.e., thermal
convection and thermo-osmotic slip flows at surface 1 and surface 2, which are termed (c), (d1),
and (d2), respectively. These effects of the 3 x 3 types can be separated in the analysis due to the
linearity of the system. In the following, we introduce nondimensional parameters to systematically
decompose the system. A schematic of the decomposition is illustrated in Fig. 3.

First, we introduce the magnitude of characteristic temperature variation (scaled by 7j) due to
absorption:

TowZA® /i TowZA®) /i
Ty ’ Ty

The beam waist wy is chosen as the characteristic length of temperature variation (i.e., the char-

acteristic linear length of the heat source). Then, we introduce nondimensional position variables

(7, Z) through the relation (r, z) = wo(7, Z). In the same manner, the nondimensional thicknesses

of th~e QuidNH , the solid A ;, and the thin film H, ; are defined by the relation (H, H;, Hy;) =
wo(H, Hj, Hyj). The beam radius w(z) and the beam parameters are nondimensionalized as

(a) _ (bj) _
o = 0 =

(J=12). an
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FIG. 3. Schematic of decomposed problems.

w(z) = wow(2), zo = woZo, and zr = woZr/ /2. The thermal conductivity of the fluid, «, is taken
as a reference value, and the thermal conductivities of the solids and thin films are expressed as
Kj = Klzj al’ldej = Klzmj (] = 1, 2)

Using the nondimensional parameters introduced in Eq. (11), the temperatures are decomposed
as

T(r,2) = To(1 + (7, 7)) = To(1 + 8 t@(F, 2) + 67V OV (7, 2) + 8071 OV(F, 7)),  (12a)
Ti(r,2) = (1 + 17 2) = To(1 + 8Pt (7, 2) + 8PVt OV, 2) + 607 P2 (7, 7)), (12b)
T(r,2) = To(l + (7. 2) = T (1 + 8"V 7. 2) + 60 VPV (7, 2) + 8071 (7,2)) - (12¢)

(see also Fig. 3) and then Egs. (1), (4)—(6) can be rearranged as

327 ™ 1[0/ 0
Ayr™® 0 =0 (A ==(—(F= , 13
Tt e T =707 Uo7 (132)

R A W O S (13b)
T =0V, T —— =0,
II 322 12 822

5 (x) (x)

Kmi Z .

— 1

o (z=0), (13¢)
% -k % = (I + KmlAu( @ 4 g )) mls

1H (X) (x)
‘L’z() ™ = 3 —m2 IC2 ad )

Fu2 z=H), (13d)
_ oY 0™ ®) ® -
T T oz (I * K“‘ZA"( T ))H >
t™W=0 ¢=-H) =0 G=H+H), (13e)
9 (x) 9 (x) P (x)
o8 R g =0, 7 0), (13f)

aF  oF oF
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where the superscript (x) is an indicator of the heat source, i.e., x = a (fluid heating), b1 (surface 1

heating), or b2 (surface 2 heating); ™) ‘L'l(x), and rz(x) are the nondimensional temperature variation

and Z®, Ifx), Iéx) (x = a, bl, b2) are the inhomogeneous terms defined as

~2 = _ = )\2
T® — i(f’, )= 17}21(2) exp (— wzzr(z)>, wE@) =1+ 2(Z2—2Z0),
R

I =1 0, T =IF H), IV =79 =10 =70 =7 =7 = 0. (14

In a similar manner, we decompose the system for the fluid motion Eqgs. (7) and (8). First, we
introduce nondimensional parameters that characterize the magnitude of two types of fluid flows,
i.e., thermal convection and thermo-osmotic slip flows, scaled by the reference speed vy = v/wg as

gw BTy /v s — K“YTy /wo
’ u -

§© —
! vo Vo

(=12). (15)

Then, denoting by py = ,ovg a reference pressure, the flow velocity v(r, z) and the pressure p(r, z)
of the fluid can be decomposed as

vV =1you = v0(5¥‘)81ﬁ°)u(a’°) + ag”agd”u@’d” + S(Ta)éfldz)u(a*dz)

+8éb1)5£c)u(bl,c) 4 8r}b1)8l(ldl)u(bl,dl) 4 8%b1)8l(1d2)u(bl,d2)

T 8%"2)5510)11(1’2’6) +8F(Fb2)81(1d1)u(b2,d1) + S(sz)sﬁdz)u(bz,dz))’ (162)
P = pop = Po(fs%a)fsl(f)ﬁ(a’c) 4 8%&)8Sdl)ﬁ(a,d1) 4 B%a)(SL(IdZ)ﬁ(a,dZ)

_}_(Sébl)al(lc)ﬁ(bl,c) + S%bl)gl(]dl)ﬁ(bl,dl) + a%bl)al(ldz)ﬁ(bl,dZ)

1 8%b2)5£c)ﬁ(b2,c) + Sfrb2)51(ld1)ﬁ(b2,dl) _I_(S%bz)sl(ldmﬁ(bz,dz)), (16b)
where u*Y)(# %) and p*Y) (7, Z) with the superscripts x = a, bl, b2 and y = ¢, d1, d2 are the
nondimensional flow velocities and the nondimensional pressures, respectively, with the superscript
y being an indicator of induced flows. For instance, u®® is (c) the thermal convection induced by

(a) the heating of the fluid; u®"-9? is (d) the thermo-osmotic slip at surface 2 induced by (b) the
heating of the surface 1 (see Fig. 3). Now, Egs. (7)—(9) are rearranged as

8u§x’” ng,y) Buéx’”

=0, 17

a7 7 0z (17)
aﬁ(x,y) - ung)') 82M£X,}’)

= Ay — - 17b

a7 I%e 72 922 (e
aﬁ(x’y) ~ *x.y) 821/{?(’)/) (x,y)

e = AHMZ v + —322 + j Y s (17C)
ut = g W =0 E=0), (17d)
ulY = gV WY =0 z=H),

8 (x,y)

T _u =0 G=0), (17¢)
a7

U =4 =0 (F— 00), (17)
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where the inhomogeneous terms are defined as

9t™ 0 ot™
JEO = g0 gwd _ R ’
o7 ar
Jod) = 7602 _ (18)
(x0) _ 7(d2) _ g(xe) _ o(xdl) _
\71)(0 — 1X _jzxc _‘72)( —O,

with x = a, bl, b2. Note that thermal convection is usually investigated in terms of the nondi-
mensional parameters such as the Rayleigh number and/or the Grashof number. Here, the Grashof
number (based on the channel height H) can be expressed by Gr = (g8 ©H?3/v?)AT, with AT a
characteristic temperature increase. Since AT & maxy Séx)To, where max is taken for x = a, bl, b2,
we then have Gr &~ maxy 8§X)81(]°)(H /wg)?. The Rayleigh number is then defined as Ra = GrPr with
Pr the Prandtl number, which is about Pr = 7 for water. These observation will be used later in
Sec. IV B 1 when discussing thermal convection.

The systems Eqgs. (13) and (17) with the beam intensity Eq. (14) include the physical parameters

%, . H, H;, &, Hnj, &y (j=12). (19)
These systems are solved semianalytically in Sec. III A and numerically in Sec. III B. Note that the

beam intensity Iy, the acceleration of gravity g, the absorption coefficients A® and A®/, the thermal

expansion coefficient 8, and the slip coefficient K“/) are all included in S(Tx) [Eq. (11)] and 8
[Eq. (15)] and excluded from the systems Eqgs. (13) and (17).
Finally, nondimensional force f acting on the dispersed particles is defined as [see also Eq. (10)]

Ty

WoVo

F = 3ndnvof = 3ndnvy(u — DrVt), D=

Dr, (20)

where D7 is a nondimensional thermophoretic mobility and V is a gradient operator in the (7, %)
space.

III. METHOD OF ANALYSIS

A. Semianalytical solutions

The derivation of the semianalytical solutions below is based on the Hankel transform and is
described in Supplemental Material B [73]. Here, only the overview of the results is given.

The solutions of Eqs. (13) and (17) for the fluid, namely, t®, ™Y, and u™", together with
related derivatives used in Eq. (20), can be expressed as, for x = a, bl, b2 andy = c, d1, d2,

T® X (s, 2)Jo(s7)
9T /o7 o | =5t (s, 2 (57
a0z | = / s| @0 /9200(57) |ds, @1
) 0| & (s DN T
u™y i (s, 2)Jo(s7)
where Jy and J; are the Bessel functions of the order 0 and 1, respectively, and ™ (s, %), @Y (s, %),
and @Y (s, 7) in the right-hand side are the Hankel transforms of 7™, ™Y, and u™Y, respectively;

they are explicit functions of (s, Z) though lengthy and are given in Supplemental Material C [73].
Therefore, 7, 1™, and u®™Y are semiexplicit: a single numerical integration yields the solutions
for each decomposed problem [Egs. (13) and (17)]. The solution to the full problem Eqs. (1)—(9)
can be obtained by the weighted superposition [i.e., Eqs. (12a) and (16a)] of ®, u™Y, and u{*"
with weights 8 [Eq. (11)] and 8% [Eq. (15)]. Other quantities such as 7™, z{*, and p*) can be
treated in the same manner as T but the details are omitted here (see Supplemental Material B

[73] for more details).
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Because there is no iterative procedure, which is usually required in the numerical simulation
of partial differential equations, the computation of Eq. (21) is practically instant. For instance, a
couple of seconds is required for the computation of the entire domain with descent grid points of
O(10%) using a standard laptop. A Python or Fortran code to compute the temperature and flow
fields is freely available in the Supplemental Material with a user guide [72].

B. Numerical analysis

We carry out the numerical analysis of the problem shown in Sec. II B and Fig. 2. The detail
of a numerical scheme and its accuracy check is presented in Supplemental Material D [73] and
we briefly state here the motivation and overview of the numerical analysis. In short, the role of
the numerical analysis is twofold: (i) the validation of the thin-film approximation Eq. (4) (see also
Supplemental Material A [73]) and (ii) the validation of the semianalytical solution Eq. (21).

The point (i) is done by comparing two numerical solutions. One is the numerical solution of the
temperature [i.e., the solution of Egs. (1)—(6)] with the boundary condition Eq. (4) using the thin-film
approximation. We call this system the three-layer system. The other is the numerical solution of
the temperature in a five-layer system shown in Fig. 2 without the thin-film approximation. Note
that the boundary conditions without the thin-film approximation mean that the right-hand sides
in Eq. (4) all vanish (e.g., T = T; at z = 0). In the five-layer system, in addition to the three-layer
system [Egs. (1)—(6)], we solve numerically the heat-conduction equations inside the thin films of
thicknesses Hy,,; and Hyy,, together with the continuities of the temperature and the heat fluxes in the
surface-normal direction at the interfaces. We omit the governing equations for the temperatures in
the thin films because they are essentially the same as those for the fluid and the solids except for
the thermal conductivities. The point (ii) is validated by comparing the numerical solution of the
three-layer system and the semianalytical solution Eq. (21).

We use a standard finite-difference method with a second-order central difference scheme to
obtain the temperature fields [see Eq. (1)]. The steady state is obtained by an iteration procedure
using the Gauss-Seidel method. To obtain the flow velocity field, Eq. (7) is solved based on a
stream function-vorticity formulation. That is, the Stokes equation Eq. (7) is converted into the
coupled partial differential equations of the vorticity w, = & — % and the stream function v, that

0z
satisfies the relation (v,, v,) = (% %, —% '3;’; = ). Note that the equation for vorticity incorporates the

source terms due to the temperature variations, as shown in Supplemental Material D [73]. We use
finite-difference methods similar to the temperature solver to obtain the numerical solutions of i,

and w,.

IV. RESULTS AND DISCUSSION

A. Some validations using the numerical solutions
1. Validation of the semianalytical solution

We compare semianalytical and numerical solutions using physical parameters in Table I, i.e.,
cases A (fluid heating) and B (surface heating). For the numerical solution, the finest grid parameters
Al and B1 in Table S4 of Supplemental Material D [73] are used.

Figure 4 shows the result of case A (fluid heating). The left and right halves show the flow
velocity vectors and the temperature contours, respectively. Note that # = 0 is the axis of symmetry.
The semianalytical (or numerical) solution is shown using blue (or pink) vectors and solid (or
dashed) contours. First, we describe the flow behaviors in Fig. 4. It is seen that the fluid is heated
and so are the solids due to the heat conduction. Concerning the flow field, the overall thermal
convection in the counter-clockwise direction occurs due to the elevated temperature. In addition to
the convection flow, thermo-osmotic slip flows near the interfaces at 7 = 0 and Z = 4 in the negative
7 direction are also induced. These slip flows enhance (or cancel out) the thermal convection near
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TABLE 1. Physical parameters used in Sec. IV A. (TC) thermal conductivity; (FP) focal plane; (AC)
absorption coefficient.

Parameters common to cases A and B

Kk [W/(m K)] 0.5 TC of fluid wo [wm] 10 beam width at FP

k1 [W/(m K)] 1.0 TC of solid 2 Zo [wm] 0 z position of FP

k> [W/(m K)] 1.0 TC of solid 1 P [W] 5 x 1072 laser power

H [um] 40 height of fluid film X [nm] 1480  wavelength of the laser
H [um] 80 height of solid 1 v[m?/s] 1x 107® kinematic viscosity

H, [um] 80 height of solid 2 g[m/s?] 9.8 gravity acceleration
B© [1/K] 2.4 x 107* thermal expansion coef.  Tj [K] 208  reference temperature
K9 [um?/(s K)] -2 slip coef. at surface 1 p[kg/m3] 1 x10° fluid density

K [um?/(s K)] -2 slip coef. at surface 2

Parameters different in cases A and B

Case Case
A B A B
kmi [W/(mK)] 0 1.0 TC of thin film 1 A®[1/m] 2.4 x 10° 0 AC of fluid
Hyyy [um] 0 0.5 thickness of thin film 1 A®D [1/m] 0 1 x 10* AC of thin film 1
Hyp [um] 0 0 thickness of thin film 2 A® [1/m] 0 0 AC of thin film 2

7 = 0 (or Z = 4). There is little difference between the semianalytical and numerical solutions; one
may notice a slight difference in the temperature field near (7, Z) = (0, 2).

Next, we describe the flow behaviors in Fig. 5 for case B (surface heating), where the legend of
the figure is basically the same as Fig. 4. Streamlines are added here to facilitate grasping the overall
flow structure. The fluid (and the solid 1) is heated near (7, Z) = (0, 0) in the thin film, although the
magnitude of the temperature increase is milder than that of case A. Thermal convection in the
counterclockwise direction is strongly enhanced near Z = 0 through a significant thermo-osmotic
slip flow induced by the localized temperature increase. At Z = 4, the temperature variation is almost

S[ [soiaz 7 x 100 Solid 2 19
B < semi-analytical g
B ~<- numerical 1

a 14
[ ot vy 1
S I A |

3 S oo IIIIIlIlll 13
[+ =« =« « = ~~ ~w N x N \ ]
i NN e
Flo. o« - 2 -« = ~ NN Y | i

2? ,,,,,,, \\\\:i —72
[ R | | | ]
I [EEPEVRFRR I | H-W 1

N IR it i
Fh o o v e e - = = - 7 N
Fh e e e e e - > > - ’/fff E
b e e - e - - - PSR 1

O?fluwd to
L [solid 1 lid 1 ]

-1_|S(\)I\\\l\\\\l\\\\l\\\\ls?lwwwlww\\l\\\\l\\\\l_-1
4 7 3 4

FIG. 4. Case A: fluid heating (see Table I). (left) flow velocity field u for semianalytical solution (blue
arrows) and numerical solution (pink arrows). (right) temperature field t for semianalytical solution (solid
contours and heatmap) and numerical solutions (dashed contours). Note that no thin film is present in case A.
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SlgEp TR
F < semi-analytical
< numerical

AU 1_q

FIG. 5. Case B: surface heating (see Table I). (left) flow velocity field u for semianalytical solution (blue
arrows) and numerical solution (pink arrows). Streamlines are also shown to visualize the flow in the region
where |u| is small. (right) temperature field T for semianalytical solution (solid contours and heatmap) and
numerical solutions (dashed contours). Note that only the thin film 1 is present in case B, which is shown near
Z = 0 with yellow color.

absent and so is the flow. As in the case of Fig. 4, there is little difference between the semianalytical
and numerical solutions.

To compare the semianalytical and numerical solutions in Figs. 4 and 5, we define their relative
difference Epym—ana(X) (X = 7, 1) as Epym—ana(X) = |[Xnum — Xana|/ Max | Xana |, where max in the
denominator is taken over whole grid points in the fluid domain and the subscript “num” and “ana”
indicate the numerical and semianalytical solutions, respectively. The temperature and flow velocity
show the differences Epym—ana(7) = 0.7 % and Egym—ana(#) = 1.5% in case A (fluid heating);
Erum—ana(7) = 0.7 % and Eym—ana(#) = 0.8 % in case B (surface heating) at most. The difference
is caused by the numerical error in the numerical solution, because improving the accuracy of the
numerical integration of the semianalytical solution Eq. (21) does not change these values while
the numerical solution is affected by the accuracy (i.e., the number of the grid points) as separately
investigated in Supplemental Material D [73]. From the comparison, we conclude that both the
semianalytical and numerical scheme are validated.

2. Validation of the thin-film approximation

We compare the numerical solutions of the three-layer system and the five-layer system to
validate the thin-film approximation Eq. (4) (see also Supplemental Material A [73]). Note that
the temperature field inside the thin film is also numerically computed in the five-layer system.
Here, we show only the temperature field because the thin-film approximation explicitly applies to
the temperature field. We use the grid parameters Al and B1 (or AL and BL) for the three-layer
system (or the five-layer system) in Table S4 in Supplemental Material D [73].

Figure 6 shows the temperature field  for case B (Table I; surface heating) with different «y,;, i.€.,
the thermal conductivity of the thin film. Figures 6(a) and 6(b) are the results of (a) Ky = k1 /6 = 2
[assume «p,; =1 W/(m K) for e.g., polymer] and (b) £ = kmi/k = 630 [assume ky = 315
W/(m K) for metal such as gold], respectively, where x = 0.5 W/(m K). Solid contours with
heatmap (or dashed contours) indicate the results of the three-layer (or the five-layer) system.
Figures 6(c) and 6(d) are the magnification inside the thin film of Figs. 6(a) and 6(b), respectively.
A white region (—Hm = —0.05 < z < 0) indicates the thin film, and only the data of the five-layer
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(@) Fom1 = 2 (b) iy = 630
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FIG. 6. Temperature field 7 in case B (surface heating; see Table 1) with (a), (¢) £m = 2 and (b), (d)
Km1 = 630. The results of the three-layer system with the thin-film approximation (solid contour and heatmap)
and those of the five-layer system without the thin-film approximation (dashed contours) are overlaid. (a), (b)
overview and (c), (d) the magnification inside the thin film 1.

system are available. It is seen that t increases near the heat source at 7 ~ 0 inside the thin film
(—Hn <7 <0; Hy =0.05), and the generated heat spreads over the fluid and solid domains.
The case of high thermal conductivity &, [Fig. 6(b)] results in larger temperature increase than
that of low thermal conductivity [Fig. 6(a)]. The magnification [Figs. 6(c) and 6(d)] shows that the
solid contours (the three-layer system) are almost identical with the dashed contours (the five-layer
system) even though the former is obtained without solving the interior of the thin film. From the
figure, we can conclude that the three-layer system reproduces well the results of the five-layer
system.

To compare the numerical solutions of the three-layer system and the five-layer system quanti-
tatively, we define their relative difference E3; 51 as E3p.s;, = max(|t3L — Ts1|/|t30]), where max
is taken over whole grid points in the fluid domain and the subscripts “3L” and “5L” indicate
the temperatures of the three- and five-layer systems, respectively. The quantity Esp s; indicates
a relative error due to the introduction of the thin-film approximation.

Figure 7(a) shows the effect of the film thicknesses H,1 on E51_s1. for various thermal conductivi-
ties K1, while the other physical parameters are set according to the case A (fluid heating) in Table I.
For moderate values of &y, the error E31 51, is proportional to 1-7311, as predicted by the asymptotic
expansion in Supplemental Material A [73] [see, e.g., Eq. (A18) with ¢ = H, = Hy/wol. For
large Rmi, E31-s51 & Hmi, which is worse than A2, but still the error can be considered negligible:
H,1(= &) = 0.1 results in the error Ex s, < 0.1 %. Figure 7(b) shows the corresponding analysis
for the case B (surface heating) in Table I. In this case, 7 itself is proportional to H, as predicted
by the semianalytical solution Egs. (Cla) and (C2) with x = b1. Therefore, the relative error E3 5.
should be proportional to I-?rfﬂ, which is realized in Fig. 7(b) for moderate %y,;. As &y becomes
large, the behavior Esp 5. oc H2, transits to Esps; o< Hy as in the case of panel (a). Nonetheless,
the error can be considered negligible: Hyi (= &) = 0.1 results in the error E3 51, < 1% for a wide
range of &p,;. Through this comparison, we conclude that the validity of the thin-film approximation

is quantitatively confirmed.
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FIG. 7. Relative difference Es_s. as a function of the (nondimensional) film thickness H,, for various
values of thermal conductivity &, of the thin film in (a) case A (fluid heating) and (b) case B (surface heating).
Other physical parameters are set according to Table I. The lattice systems for this figure are coarse ones: we
use A3 and B3 for three-layer systems and ALc and BLc for five-layer systems in Table S4.

B. Applications of the semianalytical solutions

In the following, we present the semianalytical solutions obtained using the open source [72]
developed in this study. That is, all the results can be reproduced by anyone with simple steps
without any computational burden.

In this section, we present dimensional quantities to obtain intuition from experimental view
points. Note that the temperature increase and the resulting flow speed are linear functions of
some physical parameters because of the linearization assumption [see also Egs. (11), (12a) for
temperature and Eqgs. (15), (16a) for velocity]. To be more precise, the temperature increase and the
resulting flow speed depend linearly on the laser power P(= Iy wg), the absorption coefficients A®@
(and A®)), the gravity acceleration g, the thermal expansion coefficient 8, the slip coefficients
K@) (j =1, 2),and v='. However, wy and « are used as reference quantities. That is, they affect
the physical parameters Eq. (19), which enter the semianalytical solution in a complicated manner
as shown in Supplemental Material C [73]. Therefore, the effects of beam width wy and thermal
conductivity x on the flow behavior are not apparent and thus will be investigated below.

1. Thermal convection induced by fluid heating

In the photothermal experiments of microfluidics, the effect of thermal convection is inevitable
under the presence of gravity. Here, we demonstrate the convenience of the present semianalytical
solution [see Eq. (21) in Sec. IIT A] focusing on the characteristics of thermal convection over
various physical parameters.

In this section, we use the parameter set case A in Table I unless otherwise stated. The “reference”
case (white circles) in Fig. 8(a) shows the dependence of the channel height H in the range from 0.1
wm to 1 mm on the maximum temperature increase max | — Tp|, where max is taken over (7, z) in
the whole fluid domain. It should be noted that the cases with H = 0.1 um and 1 mm corresponds
to the Rayleigh number Ra = 4 x 10~ and Ra = 4 x 10?, respectively. In the same figure, we also
show the cases of the focal plane zyp = H/2 (sky-blue triangles), the beam width wy = 1 um (orange
diamonds), the beam width wy = 3 um (red diamonds), and the thermal conductivities k; = x, = 10
W/(m K) (light-green squares) and x| = k, = 0.1 W/(m K) (green squares). Figures 8(b)-8(g)
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FIG. 8. (a) Maximum temperature increase for various physical parameters, where unmentioned parame-

ters are set to case A in Table I. (b)—(g) Temperature fields for some selected physical parameters in panel (a);
note that the different length scales are taken for the r and z axes to grasp overall features.

show the corresponding temperature fields for some selected parameters: (b), (c) H = 100 um and
(d)~(g) H = 1 um; (b), (d) reference, (¢), (€) wo = 1um, (f) k1 = k2 = 10 W/(m K), (2) k1 =12 =
0.1 W/(m K).

Figure 8(a) shows that the temperature increase is proportional to H when H is comparable or
smaller than wy [see, reference (wg = 10 um), wo = 1 wm, and wy = 3 um], and tends to saturate as
H becomes larger. The position of the focal plane zy does not effectively influence the temperature
increase (see, reference and zo = H/2). Smaller wy leads to higher temperature increase; smaller (or
larger) thermal conductivities of the solids (i.e., channel walls) yield larger (or smaller) temperature
increase. Note that the temperatures at large H exceed the boiling point of water, indicating that
the laser power P = 50 mW is too strong for experiments using water in a microchannel with
moderate H (say, H = 100 um). Figures 8(b), 8(c) and 8(d), 8(e) show the effect of the beam width
wo on the temperature profile for large H and small H, respectively, and it is seen that using the
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FIG. 9. (a) Maximum of the magnitude of temperature gradient for various physical parameters, where
unmentioned parameters are set to case A in Table L. (b), (c) Temperature-gradient vectors and the heatmaps of
their magnitude for (b) k; = k, = 10 W/(m K) and (c) ¥; = k, = 0.1 W/(m K) in panel (a) at H = 100 um.

smaller wy can localize and intensify the temperature increase. Figures 8(d), 8(f), and 8(g) show the
effect of the thermal conductivity of the solid parts. Large/small thermal conductivity «; (j = 1, 2)
decreases/increases the temperature variation. It is also seen that the temperature contours are more
aligned horizontally near » = 0 in the case of large «; [Fig. 8(f)], indicating the weak temperature
gradient in the r direction. By contrast, the case of small «; [Fig. 8(g)] results in the temperature
contours more aligned vertically, indicating the weak temperature gradient in the z direction.

We then focus on the magnitude of the temperature gradient for the same parameter set.
Figure 9(a) shows the magnitude of the maximum temperature gradient max |V T |, where the legend
is the same as that of Fig. 8. First, the effect of wy shows that the magnitude of the temperature
gradient increases in proportion to H for H < wq and approaches constant values as H becomes
large. The positions at which the maximum occurs are on the beam axis » = 0 um and on the surface
of the solid z = 0 um, except for the case of k; = x, = 0.1 W/(m K). To see this, Figs. 9(b) and
9(c) show the temperature-gradient vector and its magnitude for the cases of (b) k; = k, = 10 and
(c) k1 = k2 = 0.1 W/(m K), respectively. Figure 9(b) indicates that |VT| becomes maximum at
the origin and is directed in the z direction while |VT| becomes maximum near » &~ 10 ym and
z~ 25yum in Fig. 9(c), being directed to the r direction. These features are consistent with those
of the temperature field shown in Figs. 8(f) and (8g). Note that the temperature-gradient profile is
important when thermal forces acting on dispersed objects (i.e., thermophoresis) are considered.
As for the case of zg = H/2 in Fig. 9(a), i.e., the focal plane placed at the middle of the channel,
max |VT| decreases at large H. This is because the distance between the positions of the maximum
temperature gradient (i.e., r = z = O um) and the maximum temperature rise (i.e., the focal plane
z = H/2) becomes larger as H.

Finally, we show in Fig. 10(a) the maximum flow speed, max |v|, for the same parameter set
as in Figs. 8 and 9. Note that the flow magnitude less than 0.1 um/s is so small that it may be
practically undetectable in experiments. Therefore, the plots for roughly H < 10 um in Fig. 10(a)
are physically irrelevant for the condition in Table I, but here we include these plots in the discussion
below to investigate the fundamental flow characteristics.

It is seen from Fig. 10(a) that the flow speed increases in proportion to H* and H? for small H and
large H, respectively, where the transition between these two behaviors occurs near H = wy [see the
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FIG. 10. (a) Maximum flow speed for various physical parameters, where unmentioned parameters are set
to case A in Table I. (b), (c) Flow velocity vectors and the heatmaps of their magnitude for (b) H = 1 um and
(c) H = 100 um for the reference case in panel (a).

plots of reference (wyg = 10 um), wy = 1 wm, and wy = 3 um]. To investigate the difference of these
two trends, Figs. 10(b), 10(c) show the corresponding flow velocity vectors and the heatmaps of its
magnitude at (b) H = 1 pm and (c) H = 100 um for the reference case in Fig. 10(a). In addition to
the almost 10°-order-of-magnitude difference between Figs. 10(b) and 10(c), the positions of the
maximum speed are different. That is, the maximum speed occurs away from the beam axis (r = 0)
for small H while it is on the axis for large H. The latter is intuitively natural because the driving
force for thermal convection is a buoyancy force in the z direction, whereas the former is due to the
tight confinement which suppresses the flow in the z direction.

Unfortunately, it is difficult to explain explicitly the scaling transition from |u| ~ H* to |u| ~
H? using the semianalytical solution, because naive power-series expansions of the semianalytical
solution with respect to H(= H/wy) do not work: H appears in the semianalytical solution together
with s [e.g., exp(sI:I )], where s is an integration variable in the inverse Hankel transform ranging
from O to co. We note that the origin of the scaling transition in a similar situation was explained
in Sec. IVB of Ref. [10]. In Ref. [10], for small H [i.e., the case with max |u,| > max |u,|; see
Fig. 10(b)], the scaling u, ~ H* was derived using a lubrication approximation under the condition
that the temperature increase does not depend on H. Since the temperature increase in our case
scales as ~H as shown in Fig. 8(a), we expect |u| ~ H* for small H. For large H [i.e., the case
with max |u.| > max |u,|; see Fig. 10(c)], Ref. [10] derived the scaling u. ~ H? using the balance
between the viscous term and the buoyancy-force term.

As for the case of zp = H/2 in Fig. 10(a), i.e., the focal plane placed at the middle of the
channel, there is no difference compared with the reference. The cases of large (or small) thermal
conductivities of the solids in Fig. 10(a) results in smaller (or larger) flow speed for small H.
However, for large H, the effect of thermal conductivity of the solid is less significant on the flow
speed.

2. Thermo-osmotic slip flow induced by a quasi pointlike heat source

Using the thin-film approximation, we can imitate a pointlike heat source such as Au plasmonic
nanoparticle (say, a diameter of ~100 nm) attached to the channel wall, by reducing the beam width.
In this section, we investigate the thermo-osmotic slip induced by this quasi pointlike heat source.
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FIG. 11. (a) Effect of beam width w, on the maximum temperature increase and the maximum flow speed
for H = 10 um and H,,; = 0.05 pm, where unmentioned parameters are set to case B in Table 1. (b), (c) Flow
velocity vectors and the heatmaps of temperature increase for (b) wy = 5 wm and (c) wy = 0.2 um in panel (a).

To do this modeling, we assume that the thin film 1 has a thickness of Hy,; = 0.05 wm and thermal
conductivity kK = k(= 1) W/(m K). Other parameters are set to those in case B in Table I unless
otherwise stated. Suppose that we set the beam width to wy = 0.2 um. [Then, the ratio Hy,;/wy =
0.25, which is a small parameter ¢ in the thin-film approximation, results in the error of £ ~ 6%
according to the asymptotic analysis in Supplemental Material A [73]; this trend has been confirmed
in Fig. 7(b).] With this condition, the heat source, which is cylinderical in the thin film, has the
approximate volume of 7wjHm & 6 x 10° nm®. This means that the heat source has an equivalent
radius of ryp & 110 nm if it is considered as a sphere [see the inset of Fig. 11(a)]. Since the thermal
conductivity of the thin film is matched to that of the solid 1 (k,; = x1), we can consider that the
heat source of a nanoscale sphere with radius rnp is embedded in the surface of the solid 1. From the
channel-scale viewpoint with the order of micrometers, this spherical heat source can be regarded
as a quasi pointlike heat source.

Figure 11(a) shows the maximum temperature increase (green circle) and the maximum flow
speed (red square) for various beam width wy. As described above, when wy becomes small, being
comparable to the film thickness Hy,;, we can consider the heat source as pointlike. As wy is
decreased, the maximum values of the temperature increase and the flow speed are enhanced in
proportion to ow,, ! and xXW,y 2, respectively. Figures 11(b) and 11(c) display the corresponding
temperature and flow fields for (b) wy = 5 um and (c) wy = 0.2 um in Fig. 11(a). Note the difference
of the displayed rz ranges between Figs. 11(b) and 11(c). For smaller beam width wy, it is seen
that the temperature increase of O(10) K leads to the flow speed of O(100)wm/s, and both the
temperature and the flow are localized near the heat source.

Let us now compare the present method using the quasi pointlike heat source with the existing
study that employed an Au nanoparticle as a heat source. In Ref. [34], an Au nanoparticle with
a radius of rnp = 125 nm is attached to the upper surface of a micro channel (H = 5um) with
the thickness of the solid parts H; = H, = 75 um. The nanoparticle is heated by the laser and
its temperature increase was estimated as 80 K. The resulting temperature and flow fields was
investigated in Ref. [34] and we use the value of the slip coefficient K42 = —4.36 um?/(s K)
reported there. (Note that x in Ref. [34] is related to K4? as K9 = —y /T.) For other parameters,
we use the values of k = 0.6 W/(m K), Hy,; = 0 nm (i.e., no heat source at the bottom surface),
Hy, =50 nm, kpp =1 W/(m K), zo = H, wy = 0.3 um, which is equivalent to rnp &~ 150 nm,
A®) =2 % 10* m~', and the rest of the parameters are set to those in case B of Table 1.
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5 r[pm] 10

FIG. 12. A demonstration of temperature and flow velocity fields for a quasi pointlike heat source: a trial
to reproduce Figs. 1(c), 2(b) in the main text of Ref. [34] and Fig. 6 in the Supplemental Material of Ref. [34].
(a) Temperature increase; contours are separated by 2 K unless otherwise indicated (see Fig. 2(b) in Ref. [34]
for comparison). Maximum value is 7' — Ty & 36 K. (b) Flow velocity field; vectors show only the direction of
the flow and heatmaps indicate the magnitude (see Fig. 1(c) in Ref. [34] for comparison). Maximum value is
|v| & 350 um/s. (c) The magnification of the panel (b). (d), (¢) Heatmaps of (d) v, and (e) v,; contour values
are restricted to the range from —1 to 1 to compare with Fig. 6 in the Supplemental Material of Ref. [34].

Figures 12(a) and 12(b) show the temperature contours and flow velocity vectors, respectively,
and Fig. 12(c) is the magnification of Fig. 12(b). Here, the vectors only display the flow direction,
and the flow magnitude is described by the heatmap. Although the magnitudes of the temperature
and flow velocity are slightly different from those in Ref. [34] (e.g., the maximum speed here is
slightly overestimated), the shapes of the contours and vectors are in reasonable agreement (see
Figs. 1(c) and 2(b) in Ref. [34]). It should be noted that T — Ty is proportional to the inverse of
the distance from the heat source: the Green’s function for a point-heat source is ~#~! with 7
the distance from the heat source (see, e.g., [1,83]). To be more specific, Fig. 12(a) realizes this
trend by observing, e.g., the contours for T — Ty = 1, 2, and 4 K. Figures 12(d) and 12(e) are the
corresponding heatmaps of v, and v, that should be compared with Fig. 6 in the Supplemental
Material of Ref. [34]. The shapes of the heatmap, especially the borders of v, 2 0 and v, 2 0 are
well reproduced by using the present simplified model of the pointlike heat source.

It should be remarked that the effect of thermal convection in Fig. 12 is negligible. In fact, recall-
ing the decomposition (16a), we notice that the terms §>8u®>® and 8”5 u®292) represent
thermal convection [superscript (c)] and thermo-osmotic slip [superscript (d2)], respectively, both
of which are induced by the heating of surface 2 [superscript (b2)]. In the semianalytical solution,
we can separately evaluate these terms and it is confirmed that

max |6§b2)8§°)u(b2’°) |

max |8¥’2)8§d2)u(b2*d2) |

~3x 107°,

which indicates the effect of thermal convection is negligibly small compared with that of thermo-
osmotic slip for the parameter set in Fig. 12.

The limitation of the quasi pointlike heat source should be described. If a heat source has
nanoscale structures, such as bowtie nanoantenna [84] or low-thermal conductivity plasmonic
nanostructure [85], a temperature field cannot be considered as pointlike near these structures. For
such cases, a Green function approach [86] is useful to obtain a temperature field semianalytically,
although a flow field requires some efforts on simulation. If a heat source is pointlike and one is
interested in larger scale of temperature and flow fields, then the present method may be applicable
even when the heat source is not necessarily originated from photothermal effects. For instance, a
pointlike heat may be created by the Joule heating of fabricated micro electrode pattern [87].
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FIG. 13. Schematic of the experiment in Ref. [12]. (a) A microslit containing fluorescent particles with a
diameter of 500 nm was irradiated by a near infrared laser from below. Fluorescence was observed from the
bottom and recorded by a camera. The slit width H varied from H = 20 um to 90 um. (b) Camera view for
H < 40 um (left) and H > 50 wm (right). The laser is irradiated at the center in the direction perpendicular to
the view.

3. Optothermal trap

As the last example of the application of the present semianalytical solution, we investigate the
optothermal trapping of nanoparticles in a microslit [12]. First, we explain the overview of the
experimental results in Ref. [12]. Figure 13(a) shows the schematic of the experiment: a microslit
with the slit width (i.e., channel height) H contains a water solution with dispersed fluorescent
polystyrene particles with a diameter of 500 nm. The slit width H was variable from 20 um to 90 um
by a mechanical stage attached to the top acrylic plate. A near-infrared laser is loosely focused at
the bottom of the slit using an objective lens, generating a heat in the fluid. The fluorescence of
the particles are recorded by a camera through the same objective lens. Figure 13(b) shows the
resulting quasi-steady particle distribution at a fixed H: left (or right) shows the cases of H < 40 um
(or H > 50 um), where the laser position is the center of the view. There was a clear threshold
between H = 40 and 50 um in the particle behavior. That is, for H < 40 um, (i) most particles are
depleted from the laser (i.e., the heated region), whereas (ii) a few particles were trapped at the very
center of the view; for H > 50 um, (iii) the particles are trapped in a ring-like region (or possibly a
toroid), showing rotating motion as shown in the figure. Moreover, the radius of the ring-like region
increased as H. Hereafter, these three features are investigated using the semianalytical solution.

In the following, we show the (approximate) force field Eq. (10) acting on the particles, which is
the sum of the drag and the thermal force. Note that other forces caused by particle-wall interaction
and/or inter-particle interaction may be significant in experiments but they are neglected here. The
optical force is considered negligible, since the laser is loosely focused. The present discussion is
limited to the contribution of the flow and temperature fields. It should be remarked the particles
are so small that the acceleration can be neglected. Therefore, the observation of the force field is
directly related to the particle motion without the Brownian motion.

The physical parameters are set according to the experiment as summarized in Table II. It should
be noted that the parameter D7 and K¢ are difficult to measure; we determine them empirically
as follows. In Ref. [12], a surfactant was added to the water solution. Therefore, the particle’s

TABLE II. Physical parameters used in Sec. IV B 3. Other parameters are the same as those of case A in
Table I.

K W/mK)] 06 H [um] 20-90 P W] 46 x 102

k1 [W/(m K)] 1.4 H, [um] 170 K [um? /(s K)] —1 (or —4, —16)
k2 [W/(m K)] 0.15 H, [um] 103 K@ [umz/(s K)] —1 (or —4, —16)
wo [um] 4 Dr [um?/(s K)] 0.85
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FIG. 14. Force field acting on the particles using a physical parameter set in optothermal-trapping experi-
ments [12] with various height H# from (a) 20 um to (f) 70 um. Vector and heatmap show F/|F| and log,, |F/Fo|,
respectively, where Fj is a reference magnitude of the force. Note that the vector length is uniform. The value
log,, IF/Fy| = =5 indicates that |F| is O(1) fN.

surface and the channel’s surface are both considered to be covered with the surfactant molecules,
yielding similar slip coefficients. In Ref. [58], it was shown that when the particle’s surface has a
thermal slip coefficient K®, the thermophoretic mobility Dy is given as —(2/3)KP& with & =
3k /(2 + «p) and «p, the thermal conductivity of the particle. Here we put x, = 0.2 W/(m K) as
the thermal conductivity of polystyrene and thus & = 1.286, leading to Dy & 0.85 um? /(s K) when
K® = —1um?/(s K). The value of K4 (= K®) is determined so that the order of magnitude is
the same as the thermal slip coefficient of the other polymer-coated surface [34].

Figure 14 shows the direction of the force vector F [Eq. (10)] with the heatmap in the log-scale
magnitude, log,, |F/Fy|, where Fyp = 3wdnvo(® 1.2 nN) is a reference magnitude of the force. The
channel height H is varied from (a) 20 um to (f) 70 um. For smaller height H < 40 um [Figs. 14(a)—
14(c)], the particles are subject to the forces in the positive r direction, except near the bottom
surface z = 0 um. This is the case in which the thermophoretic force beats the fluid force, explaining
the feature (i) in Fig. 13(b). As the height H increases [Figs. 14(d)—14(f)], there arises a region in
which the force almost vanishes, i.e., log,, |F/Fy| ~ —7, indicated by “P” in the figure. The distance
of P (say, the force-free region) from the laser increases as H.

To understand the origin of the force-free region, Fig. 15 shows the force vector F = (F,, F.)
with the isolines of F, = 0 (red dashed curve) and F, = 0 (blue dash-dot curve) for (a) H = 40,
(b) 50, and (c) 60 um. It is seen that the curves for F, = 0 and F; = 0 do not intersect when H =
40 um. However, as H increases to H = 50 or 60 um, these two curves approach and start to intersect
at two points P and P’, generating the force-free points. It turns out that P’ is a saddle point but P
is the center of a vortex. In fact, Figs. 15(b) and 15(c) show the streamlines (orange curves) near P
and P’. Therefore, the particles near P are expected to keep rotating around the force-free region. In
the experiments, we observe from the bottom, and thus the particles are distributed in the ring-like
(or a toroidal) region. This explains the feature (iii) in Fig. 13(b) for H > 50 um.
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FIG. 15. Drastic change of the force field between H = 40 um and H = 50 ym. Force vector F = (F,, F,),
the isolines of F, = 0 (red dashed) and F, = 0 (blue dash-dot), and the streamlines of F near P and P’, at which
the forces vanish, are presented for the cases of (a) H = 40 um, (b) H = 50 um, and (c) H = 60 um.

Finally, to investigate the feature (ii) in Fig. 13(b), Fig. 16 shows the magnification near r = z =
Owm for H = 40 um. Here, vectors indicate F and the isolines are F, = 0 (red dash) and F, =0
(blue dash-dot); Figs. 16(a)-16(c) show the case of (a) KW = 1, (b) —4, and (c) —16 umz/(s
K), respectively. To trap the particle of diameter 500 nm, which is schematically inserted in Fig. 16,
F, < 0and F, < 0 are necessary near the origin. It is seen that the case of K/ = —1 um? /(s K) and
K@D = —16 um? /(s K) show the smaller region of F, < 0 and F, < 0, compared with the case of
K@ = —4um?/(s K). This indicates that to achieve the trapping at the origin the moderate value of
the slip coefficient K@) (or its ratio to the thermophoretic mobility D7) is supposed to be important.

Note that, without the slip, there never arises the region of F, < 0 unless the thermophoretic
mobility Dr is negative (i.e., negative thermophoresis). In the experiment [12], however, Dy is
obviously positive [the left schematic of Fig. 13(b)], and thus we consider that the slip does the job
in the optothermal trapping. Further analysis including collective particle dynamics together with
systematic experiments will be future work.

It should be noted that when particles are very close to wall surfaces, as in the case of optothermal
trap, some additional hydrodynamic effects manifest. First, a correction on the Stokes drag and a
torque acting on the particles appear [88,89] (see also the text book in Ref. [90], Chap. 7 “Wall effect
on the motion of a single particle”); these effects depend on the ratio d/h, where d and h are the
particle diameter and the distance from the wall, respectively, and the effective drag is increased in
such situation. In addition, there usually arise shear flows near walls; the force and torque acting on
the particles occur due to the shear [90,91]. Remark that nonlinear and/or inertia effects are absent
in this study, and thus lift forces arising from Magnus effect [92] and Segre-Silberberg effect [93]
are neglected.

®
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FIG. 16. Effect of thermal slip coefficient K" on the optothermal trapping. Force vector F = (F,, F.),
the isolines of F, = 0 (red dashed) and F, = 0 (blue dash-dot) are presented for the cases of H = 40 um and
(a) K = —1, (b) —4, and (c) —16 um?/(s K).
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Our analysis here do not take into account above-mentioned near-wall effects and should be
considered qualitative when the particles are close to the walls. Nonetheless, we believe that the
present form Eq. (10) is simple and useful enough to predict the particle motion qualitatively.

V. CONCLUSION

In this paper, we have provided semianalytical temperature and flow fields induced by photother-
mal effects of fluids and/or boundary surfaces under the irradiation of a single focused Gaussian
beam. Although we have neglected the nonlinear effects, which are supposed to be minor in
micro- and nanofluidic conditions, the semianalytical solution can give an instant answer to the
temperature and flow characteristics, leading to the deeper understanding of the photothermal
experiments and the search for more desirable experimental conditions. Note that the case of the
irradiation of multiple laser is also possible to analyze by superposition, as long as the linearization
assumption is not violated. The semianalytical solution is provided as an open source [72] available
to researchers without computational-fluid-dynamics tools.

The next step is to implement the motion of dispersed particles and molecules using the Brownian
dynamics or Fokker-Planck type equations to understand optothermal manipulation, including time-
dependent cases [94]. Including an air-liquid interface (e.g., bubbles [35]) or a liquid-liquid interface
[95] will be also a useful extension because these interfaces result in rich physics and applications.
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