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Data-driven low-dimensional model of a sedimenting flexible fiber
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The dynamics of flexible filaments entrained in flow, important for understanding many
biological and industrial processes, are computationally expensive to model with full
physics simulations. In this paper, we describe a data-driven technique to create high-
fidelity low-dimensional models of flexible fiber dynamics using machine learning; the
technique is applied to sedimentation in a quiescent, viscous Newtonian fluid, using results
from detailed simulations as the dataset. The approach combines an autoencoder neural
network architecture to learn a low-dimensional latent representation of the filament shape,
with a neural ordinary differential equation that learns the evolution of the particle in the
latent state. The model was designed to model filaments of varying flexibility, characterized
by an elastogravitational number B, and was trained on a dataset containing the evolution
of fibers beginning at set angles of inclination. For the range of B considered here (100
10 000), the filament shape dynamics can be represented with high accuracy with only
four degrees of freedom, in contrast with the 93 present in the original bead-spring model
used to generate the dynamic trajectories. We predict the evolution of fibers set at arbitrary
angles and demonstrate that our data-driven model can accurately forecast the evolution of
a fiber at both trained and untrained elastogravitational numbers.

DOI: 10.1103/PhysRevFluids.9.084101

I. INTRODUCTION

The dynamics of flexible filaments in flow are an active area of interest, with applications in many
biological and industrial systems [1,2]. Biopolymers, such as DNA, can behave like elastic fibers
suspended in flow, and understanding their dynamics is important for designing and understanding
various medical procedures [3]. In paper manufacturing, the development and processing of fibers
from wood pulp is vital for creating product at given specifications and for optimizing production
to reduce waste [4]. The relationship and competition between hydrodynamic forces acting on the
particle and elastic forces acting along the fiber can produce a range of interesting behavior [5-7].

In recent years, modeling the sedimentation dynamics of flexible filaments has been explored
through experiments and numerical analyses. Xu and Nadim [8] investigated the sedimentation of
a flexible slender particle with a small deformation in quiescent viscous fluid. They performed
a theoretical analysis of a slender body undergoing small amplitudes of deformation using the
Euler-Bernoulli beam theory, showing a U-shape conformation at long settling times. Schlagberger
and Netz [9] furthered this analysis by performing computational simulations of the system. Using
numerical computations of a settling filament of a bead-spring model, they expanded this analysis
to understand the dynamics at higher amplitudes of deformation. Lagomarsino et al. [10] continued
the use of bead-spring models to investigate the sedimentation of highly flexible filaments. They
analyzed very flexible filaments with a bead-spring model, revealing a stable W-shape confirmation
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for sufficiently high degrees of flexibility. Li et al. [11] used analytical and numerical analysis
to understand the settling dynamics of an elastic fiber when oriented along its major axis. They
applied a slender body theory to highly flexible filaments, identifying a buckling instability when
sedimenting in this configuration. Shojaei and Dehghani [12] investigated the rotational dynamics
of a flexible filament settling in quiescent flow. Using numerical simulations of a slender beam
model, they identified different rotational behaviors of filaments at different degrees of elasticity.
Delmotte et al. [13] developed a generalized formulation of bead spring models with which to
investigate the dynamics of flexible fibers outside of Stokes flow. Their approach allowed them to
explore the dynamics of elastic filaments at finite Reynolds numbers. Marchetti et al. [14] performed
both experiments and numerical computations to analyze the settling behavior of flexible filaments.
Using a bead-spring model, they successfully demonstrated a quantitative agreement between
these studies, identifying distinct regimes of particle deformation. Cunha et al. [15] compared
the dynamics of non-Brownian and Brownian flexible filaments settling in quiescent fluid. Using
experiments and numerical simulations, they demonstrated good agreement between the observed
and computed dynamics for both filament regimes.

As the interplay between the hydrodynamic and elastic forces in these studies can be complex
and the entire particle structure must be adequately captured, full physics simulations of fluid
dynamics can be computationally expensive [16,17]. One potential solution to model fluid and
particle mechanics without long computational times is to develop low-dimensional, data-driven
models [18-20]. These models, created though machine learning, can capture the evolution of a
dynamical system with significantly fewer dimensions than full physics simulations, with minimal
loss of prediction accuracy [21-23]. These models use latent representations of the full-field data
to learn a parametrization of the manifold on which the dynamics of a system exist, primarily
through the use of undercomplete autoencoder neural networks [24-26]. By combining this with
a time-integrating neural network, either in discrete or continuous time, the full dynamics of the
system can be captured with much less computational expense [27,28].

Here, we develop data-driven models to forecast the dynamics of a flexible fiber settling in a
quiescent Newtonian fluid in the Stokes flow regime. To our knowledge, such modeling approaches
have not been applied to deformable-particle dynamics problems. Specifically, we will model the
trajectory and shape evolution of a filament, beginning lineally aligned at rest at an arbitrary angle of
initial orientation and evolving until the fiber reaches a terminal configuration. We train autoencoder
neural networks to learn a low-dimensional representation of the shape of a fiber, then use a time-
integrating neural network to learn both the evolution of the filament shape and the position; these
are combined to produce a single low-dimensional model of the fiber dynamics. We demonstrate
that the fiber structure and dynamics can be captured at significantly lower dimensions than the full
state. We demonstrate that our model can forecast the evolution of fibers at arbitrary angles of initial
inclination and can predict the dynamics of fiber shape and position at a range of elastogravitational
numbers with minimal error.

II. FORMULATION
A. Physics-based model

Consider a flexible filament of length L entrained in a quiescent, viscous Newtonian fluid of
viscosity u, driven by a gravitational force Fg, and experiencing a viscous drag Fg,s, dependent on
the instantaneous fiber shape. The fiber begins aligned in the xy plane at rest, set at an arbitrary initial
angle of inclination 6y, relative to the x axis. The filament is allowed to settle under an external force
(typically considered to be gravity), whereupon the elasticity of the fiber induces a deformation of
its shape, trending toward a U-shape bending [8]. At long times, the shape of the fiber will approach
a terminal U shape, with the particular shape dependent on the balance between gravitational and
elastic forces, given by an elastogravitational number 5 [14]. A diagram of the problem is shown in
Fig. 1.
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FIG. 1. A flexible filament of length L settling under an external force F, in a quiescent Newtonian fluid.
The filament begins at an arbitrary initial inclination 6, relative to the x axis and evolves until it reaches a
terminal shape. The fiber is modeled as a series of N beads of radius a connected by springs, with the center
bead, which has position ¢(#), shown in red.

To model this system, we apply a bead-spring model, wherein the fiber is discretized into a series
of N = 31 spherical beads of radius a, shown by Marchetti ez al. [14] to adequately capture the range
of rotational dynamics of interest in this paper. The spheres are connected by massless springs of
equilibrium length [y = 2a with an equilibrium angle formed by three beads of & = . The fluid is
modeled as a viscous Newtonian fluid of viscosity u governed by the Stokes equations, with fluid
and particle inertia neglected. The evolution of the filament shape and position is governed by a
force balance, with each bead experiencing gravitational and viscous drag forces, and the beads
interacting through multibody hydrodynamic interactions and elastic forces. The velocity of bead
«, given by X, at position X* and interacting with beads g at position X? is given by [14]

BZ/l

Here, M?’jﬂ is the position-dependent N-body mobility tensor, which accounts for hydrodynamic

interactions between spheres @ and 8 [29], and F” is the external force exerted on each bead by
gravity, which in a viscous fluid is balanced by Stokes drag and is given by F# = 67 uaUj, where
U; is the Stokes settling velocity. The elastic potential I/ stems from a discrete form of the wormlike
chain model, written as [9]

+1 2
U= Z {aS(Xy ’ ) + 2%(1 - cos@“’“)]. (2)

For an isotropic elastic cylinder, the stretching modulus § and bending modulus B depend solely on
the cylinder radius and Youngs modulus E, such that S = Ena? and B = Ema*/4, respectively;
this formulation allows the stretching and bending of the filaments to be governed by a single
physical parameter and has been shown to accurately capture the dynamics of flexible fibers [14].
The geometric dependence of the elastic potential is given by the distance between neighboring
beads y and y + 1, X”7*! = X7*! — X7, and the angle between neighboring springs X”*¥*! and
X7¥=! gv-y+1 The inter-particle mobility tensor is selected as the Rotne-Prager- Yamakawa tensor,
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given for o # B by [14]

posf s, R s s X
af _ = ij a? = ij . a?
Mij = 6rpa | 4| X2 * (X_ﬂ)3 T3 3(M)3 (xa«ﬂ)S ' ©)

a a a

The chosen tensor accounts for hydrodynamic interactions between particles up to order

O(5as )3, where X*# = |X*#| = |X# — X¢| is the distance between beads « and 8. A full Rotne-

Prager-Yamakawa tensor, which provides a separate formulation for X%# < 2a and is positive
definite for all particle configurations, has been observed by Marchetti et al. [14] not to significantly
change the filament dynamics in the parameter range of interest in this paper, as the spheres in
the bead-spring model do not significantly overlap. The self-mobility M is given by the Stokes
mobility [14]. The bead velocity equation can be nondimensionalized by the length scale a and the
force scale 67 waUy, resulting in

: ~ ot A au
a § apf B
B J

where X(7) is the dimensionless bead positions, and F j‘g is a downward unit vector. Now a dimen-
. 2 . . .
sionless modulus £ = 6E 29 appears as the only parameter in the formulation. This can be related
7 nals

to the elastogravitational number by B = 32Apgt?/Ea* = 24(a/l)~3/&; here, the volume of the
filament is calculated via a bent cylinder encompassing the bead-spring system, the use of which
has been shown to successfully match the behaviors of flexible fibers in experiments [14].

In this paper, we investigate the settling dynamics of settling fibers with elastogravitational
numbers in the range 100 < B < 10000. At each B, we calculated the trajectory of filaments
beginning at 23 initial orientations, evenly spaced in the range 0 < 6y < 117 /24. Integration of
the positions of the bead-spring system was performed using the DOPRI integrator of the ordinary
differential equation (ODE) solver in Python, an explicit Runge-Kutta method of order (4)5, in a
method adapted from Marchetti e al. [14]. The shape and position of each filament was allowed
to evolve until the fiber reached a terminal shape, dependent on B, taking a total settling time
T =T(B,6).

The evolution of the shape of filaments of B = 1000 at 12 initial orientations is shown in Fig. 2. In
each trajectory, the filament bends into a U-shape configuration and rotates into a position such that
the shape is symmetric in the x direction. The terminal shape is identical for all initial orientations
for filaments of a given B.

Shown in Fig. 3 is the trajectory of the center bead of a modeled filament, beginning at 12
different initial angles of inclination. The initial positions of the filaments are arbitrary and are
shown here set at y = 0 and offset in the x direction to differentiate between trajectories. The total
distance traveled by each filament depends on the initial orientation, as the time required to reach
the terminal shape depends on the bending and rotation required. The settling time and positional
translation increases as the initial angle of orientation increases, as further time is necessary to
reorient into a symmetric shape.

In the range of 5 investigated in this paper, the flexible filament undergoes three distinct regimes
of rotational dynamics. Examples of these dynamics are shown in Fig. 4, with shape evolution
shown for 6y = 7 /4 at seven elastogravitational numbers within the scope of this investigation. At
low B, the shape dynamics are primarily rotational, with the stiff fiber bending only slightly in the
terminal shape. At moderate 3, the rotational dynamics exist in a bending regime, where the left and
right sides of the filament bend toward each other to reach the terminal shape and only slight rotation
occurs. For high B, the filament undergoes snaking behavior, where the lower side of the fiber bends
over itself and slides along the higher side to reach its final shape. The terminal shape, as shown,
strongly and solely depends on the given elastogravitational number, with higher B producing more
pronounced U shapes which are identical, to an arbitrary degree of precision, within each B.
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FIG. 2. The evolution of the shape of a filament settling in a quiescent Newtonian fluid from an initial
orientation to a common terminal shape at 3 = 1000 for all initial angles of orientation within the training
dataset.

B. Data-driven model

Using the data from the bead-spring model, data-driven models were trained to forecast the
evolution of the shape and position of a filament beginning at an arbitrary initial angle of orientation.
A total of 227 trajectories were generated with 100 < B < 10000 and 0 < 6 < 227 /48. The
calculated trajectories were separated into three datasets: the training data, test dataset A, and test
dataset B. A breakdown of the distribution of the trajectories into each dataset is shown in Table I.
The training data (green on Table I) consisted of trajectories of filaments with elastogravitational
numbers B = [100, 200, 400, 1000, 2000, 4000, 100 000] at 12 initial angles of inclination, evenly
space in the range 0 < 6y < 227 /48. Test dataset A (yellow) consisted of trajectories of fibers at the
same elastogravitational numbers as the training dataset at 11 untrained initial angles of inclination,
evenly spaced in the range 7 /48 < 6y < 21w /48. Test dataset A allows for evaluating the ability
of the data-driven models to interpolate the dynamics of the settling filaments to different initial
angles within trained 5. Test dataset B (red) consisted of filament trajectories at elastogravitational
numbers B = [150, 300, 700, 1500, 3000, 7000]. Test dataset B allows for evaluating the ability of
the data-driven models to interpolate the dynamics of the settling filaments to different initial angles
and elastogravitational numbers.

A single model was developed to forecast the dynamics of the fiber across all 3 within the
scope of this investigation. A block diagram of the data-driven low-dimensional model architecture
is shown in Fig. 5, and the architecture of the individual neural networks involved are listed in
Table II. In the model, the position of the beads in a filament X(#) [connection (a) in the block
diagram], normalized by the half filament length L/2, is separated into the shape of the filament
X(1) [(b)], where the position of the center bead of the fiber subtracted from each bead position,
and the position of center bead ¢(¢) [(c)], such that X(¢) = X(#) — ¢(¢). The terminal shape of the
filament Xm[(d)](B) [i.e., X(¢) as t — oo] is then subtracted from the filament shape to give the
residual shape of the filament X [(e)]. An autoencoder neural network architecture, composed of
encoder and decoder neural networks, learns a nonlinear coordinate transformation to reduce the
dimensionality of the fiber shape to a low-dimension latent state and reconstruct the full shape from
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FIG. 3. The trajectories ¢(¢) of the center bead of a filament settling in a quiescent Newtonian fluid at
B = 1000 for all initial angles of inclination within the training dataset. The initial positions are denoted by
symbol ¥, and the terminal positions are denoted by the symbol x.
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FIG. 4. The evolution of the shape of a filament settling in a quiescent Newtonian fluid from a common
initial angle of orientation of 7 /4 to a terminal shape for all 3 within the training dataset.
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TABLE 1. Distribution of settling filament evolutions into training and testing datasets by elastogravita-
tional number and initial angle of inclination. The training dataset is denoted by the green cells, testing dataset
A by the yellow cells, and testing dataset B by the red cells.
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FIG. 5. Block diagram for data-driven model combining the autoencoder and temporal-evolution scheme.
The temporal-evolution neural network, expanded in red, can be separated into two distinct neural networks
forecasting the evolution of latent representation of the shape h(r + t) and the shape-dependent change in
position c; in practice, these can be forecasted by a single neural network.

084101-7



ANDREW J. FOX AND MICHAEL D. GRAHAM

TABLE II. Architectures of the neural networks comprising the low-dimensional data-driven model.
Here, “Shape” indicates the dimension of each layer of the neural network, and “Activation” indicates the
corresponding activation functions applied to each layer.

Function Shape Activation
Encoder 13 d:800:400:200:100:d, elu:elu:elu:elu:linear
Decoder D d;2100:200:400:800:dy elu:elu:elu:elu:linear
NODE F d;,:400:1600:1600:400:d, relu:relu:relu:relu:linear

the latent state. The encoder £ (X(t)) first compresses the shape to a low-dimensional latent state
h(z) [(g)], denoted as

h(t) = EX(t); B; 0g), (5)

where the latent dimension dj, is much less than the ambient dimension dg = 3N = 93. The decoder
neural network D(h(#)) then uses the low-dimensional latent state to reconstruct the full state of the

fiber shape X(r), such that

X(t) = D(h(t); B; p). 6)

Both the encoder and decoder can receive the elastogravitational number as an additional input
[(f) and (k)], the necessity of which will be explored below.

The encoder and decoder networks are trained simultaneously, learning the neural network
weights 6 and 6p using gradient descent to minimize the reconstruction error, given by

LX;0g., 0p) = (I1X — DEX; B; ) B: 0p)lI3). (7

where (-) is the average over the training data.

A time-integrating neural network is then trained to use the current latent state and the parameter
value B [(h)] to forecast the evolution of the latent space one time step t into the future h(r + 7)
[(1)], while simultaneously forecasting the new position ¢(¢ + 7) [(j)]. In this paper, we set T = 0.1,
which was found to provide sufficient temporal resolution for forecasting the filament dynamics.

In this paper, we perform time-integration though the use of a neural ODE, a neural network
trained to forecast the right-hand side of the temporal evolution of the latent state, given as

% = Fih); B:6,) ~ A ®)
The final term on the right-hand side provides an explicit damping, which has been shown to
stabilize the latent state dynamics for neural ODEs [19]. The evolution of the center bead position
can be similarly modeled by a neural ODE, wherein the neural network reconstructs the right-hand
side of

de _ Fe(h(r); B; 6,), €))
dt
where ¢(0) = 0. It should be noted that, while both the change in latent shape and position depend
on the current latent shape of the fiber, both are independent of the current position, allowing the
model to forecast the evolution of the filament at any arbitrary position.
The latent state and center bead positional change are then integrated forward in time to forecast
the temporal evolution of the latent state. The latent state one time step forward h(s + t) can then
be calculated as

t+t
h(t + 1) =h@t) + / {Fr(h(t"); B; ;) — Ah}dt’', (10)
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and similarly, the position one time step forward ¢(¢ + 7) as

1+t
Ct+rt)=c()+ / Fo(h(t'); B; 0p)dt'. an

In practice, the evolution of the latent state and positional change can be forecasted by a single
neural ODE, F [ﬁ(t); BB; 6], where the latent state and the position vector are concatenated as ﬁ(t) =
[h(z), c(¢)]. The time-integrating neural network is trained to learn the neural network weights 6g
using a standard stochastic gradient descent to minimize the forecasting error, with a loss given by

L(h;0F) = (It + 7) — h(t + O)]3) + (llet + 7) — & + D)3)- (12)

The two components of the loss are given equal weighting, as the relative magnitudes of each
term are sufficiently comparable that neither dominates in training. The resulting forecast of the

latent state can then be decoded to produce a predicted latent shape Xt + 7) [()] and cgmbined

with the terminal shape filament shape [(m)] to recover the forecast of the filament shape X (¢ + 1)
[(m)]. The forecasts of the shape and position can then be recombined to produce a full forecast of

the evolution of the settling fiber X(r + 7) [(0)]. By time-integrating the neural ODE from a given
initial condition, the dynamics of the full filament can be modeled in the low-dimensional state until
the terminal position is reached.

The time-evolution approach described here maintains the structure governing the full-state of
the system, i.e., a system of ODEs. As such, the evolution is Markovian: Only the present state,
not past information, is required to predict future evolution. It should be noted that many widely
used methods for time series forecasting are not Markovian, using past history to make future
predictions [30]. A recent example is a study that showed the effectiveness for a flow problem
of a transformer model that uses data from the 64 previous time steps to predict one step into the
future [31]. We consider maintaining the Markovian nature of systems of ODEs desirable when
considering reduced-dimensional models, particularly when, as is the case here, the problem of
interest is an initial-value problem and information for r < 0 is not available.

III. RESULTS AND DISCUSSION

We first sought to determine the necessary autoencoder architecture with which to model the evo-
Iution of a filament at multiple elastogravitational numbers. We evaluated the performances of four
distinct architectures. The first architecture, denoted as No B, did not receive the elastogravitational

number in either the encoder or the decoder, such that X = DE ()V(; 0r);0p), and connections (f)
and (k) are removed. The second, referred to as Encoder B3, received the elastogravitational number

as an input solely to the encoder, such that X = DEX; B;0g); 6p), and only connection (f) is
removed. Similarly, the third architecture, referred to as Decoder B, received the elastogravitational

number as an input solely to the decoder, such that )c( =D& ()V(; 0k ); B;0p), and only connection
(f) is removed. The final architecture, denoted as Double 13, regeived the elastogravitational number

as an input to both the encoder and the decoder, such that X = D(E (X; B;0r); B;6p), and both
connections (f) and (k) are included. Block diagrams of these architectures are shown in Figs. 6(b)-
6(e). Each architecture was used to train autoencoders at latent dimensions 1 < dj, < 6 with the
training dataset. The reconstruction loss across all of the testing data was calculated for the models
at each latent dimension, and the accuracy of the coordinate transformations learned by the encoders
and decoders evaluated.

Shown in Fig. 6 is the reconstruction loss for test datasets A and B at each latent dimension.
The performance of each autoencoder architecture is similar, with the loss dropping precipitously
at a latent dimension between two and four and higher latent dimensions showing no significant
improvement in the reconstruction loss. A latent dimension of four was selected as the standard
size for the remainder of this paper to ensure maximum accuracy while still achieving substantial
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FIG. 6. (a) Loss over the testing data for each autoencoder architecture as a function of latent dimension.
Block diagrams for the autoencoder neural network architectures: (b) No B, (c) Encoder B, (d) Decoder 13, and
(e) Double B.

dimension reduction as d, = 4 < dx = 93, with an additional three degrees of freedom needed to
account for filament position. Of note, none of the autoencoder architectures resulted in significantly
lower reconstruction losses, indicating that any of the latent state parameterizations can be used to
develop a dynamical model. By heuristic observations, Decoder B was observed to produce the
most consistent results and as such was selected for continued use in this paper, although it should
be noted that all architectures can produce accurate models.

Once the appropriate autoencoder architecture and required number of degrees of freedom were
determined, the data-driven model utilizing neural ODEs was applied to forecast the evolution of all
filament evolutions in test datasets A and B. as described in Table I. The initial bead positions of the
filament in each trajectory were input into the model and the shape and positional change forecasted
using Eqs. (8) and (9) over the settling period T, which is dependent on the initial orientation and
elastogravitational number. The time-dependent error E (¢) for each forecast was calculated as

CIXO =Xo1B) | {le® - &)
E(t) B Dshape * Dpos . (13)

The first term in the error formula calculates the error in the forecasted shape of the filament
and is normalized by the error between two filaments offset by one filament length Dgpape =
IX-X+1L) ||%. The second term calculates the error in the forecasted position of the center bead,
normalized by the total distance covered by the true data Dy, = ||E(t) — €(0) ||§. The best and worst
forecasts at each 5 were identified by selecting the forecasts with the lowest and highest maximum
instantaneous error, respectively. Here, we show representations of the forecasts of these selected
trajectories, and the accuracy of the remaining trajectories within the test datasets can be inferred
to fall between the bounding forecasts shown. Videos of the most and least accurate forecasted
trajectories from each of the test datasets can be found in the Supplemental Material [32].

We first compared the predicted evolution of the shape of the filament over the settling period
to the true trajectory. Shown in Fig. 7 are snapshots of the shape of the filaments from the best and
worst forecasts for reconstructed trajectories in test dataset A over the settling period, overlaying
the true shape of the filament at that time. For all trajectories, the predicted shape of the filament
closely matches the true shape across the settling period, showing our model has successfully
interpolated the shape evolution to new initial angles of orientation. The best forecasts across test
dataset A show little deviation from the true evolutions, with the underlying true shapes nearly
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FIG. 7. Evolution of the shape of a filament settling in quiescent Newtonian fluid given an initial orientation
from the best and worst forecasts (red) and the true evolution (black) at a given . Here, 15 is within the training
dataset, and the initial angles of inclination are not.

indistinguishable from the predictions. The terminal shapes of the forecasts all trend toward the true
terminal shape, demonstrating that the model has learned the appropriate long time behavior of the
residual shape. The worst forecast of the shape over this test dataset occurs at B = 10000, where
deviations between the true and reconstructed shapes are apparent; this error is caused by a slight lag
in the forecasted reorientation of the filament, resulting in a time delay between the instantaneous
shapes. It should be noted that the initial orientations of the best and worst forecasts are reasonably
evenly distributed across the initial angles of inclinations, showing that our data-driven model
performs equally well across the initial angle distribution and does not favor any obvious subset
of inclinations.

The predicted shapes of the filaments over the settling period in test dataset B were then compared
with the true shapes from the trajectories, shown in Fig. 8 with the reconstructed shapes overlaid on
the true shapes from the best and worst forecast at each B. As with the forecasts from test dataset
A, the forecasted shapes here closely match the true shapes, with only minor deviations observed
across the test dataset, demonstrating that our model has successfully interpolated the shape evolu-
tion to new elastogravitational numbers. The reconstructed shapes from the best forecasts almost
completely match the true shapes, with only small errors between the shapes apparent. Again,
the predicted terminal shapes are all indistinguishable from the true shapes, indicating that our
model has correctly identified the long time collapse of the residual shape at untrained 3-dependent
terminal shapes. The worst forecasts in test dataset B, here, at B = 150 and 7000, show noticeable
deviations between the true and reconstructed shapes at intermediate times, due again to a lag in
the start of the reorientation behavior between the two trajectories. Once more, the initial angle of
orientations for the best and worst forecasts show no grouping toward common 6y, meaning that, at
these interpolated ’s, the model still does not show preference toward forecasts of any discernible
subset of inclination angles.

We next investigated the accuracy of the forecasts of the center bead trajectory by our data-
driven model. Shown in Fig. 9 is a comparison between the true and forecasted trajectories of the
center bead c(¢) in the filament evolution from test dataset A in Fig. 9(a) and from test dataset
B in Fig. 9(b), with the trajectories from best and worst forecasts at each B on the left and right,
respectively. As the initial position of the filament is arbitrary, we have set all trajectories to begin
on the x axis, offset in the x direction for visual clarity. As can be seen, the forecasted positional
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FIG. 8. Evolution of the shape of a filament settling in quiescent Newtonian fluid given an initial orientation

from the best and worst forecasts (red) and the true evolution (black) at a given 5. Here, neither /3 nor the initial
angles of inclination are within the training dataset.

evolution of the center bead closely tracks the true positions for all predicted trajectories. The best
forecasts of the trajectories at each B in both datasets are nearly identical to the true trajectories,
with only slight positional errors between them; many of the trajectories from the worst forecasts
across the test datasets show a similar degree of accuracy to the true positions. In some of the
worst forecasts, the reconstructed trajectories are appreciably different from the true trajectories;
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FIG. 9. Trajectory of the center bead c(¢) a filament settling in quiescent Newtonian fluid given an initial
orientation from the best (solid lines) and worst (dashed lines) forecasts and the true evolution at a given B.
The initial positions are denoted by symbol ¥, and the terminal positions are denoted by the symbol x, with
the true and predicted positions in black and red, respectively. In (a), B is within the training dataset but, at

initial angles of inclination, not within the training data; in (b), neither B nor the initial angles of inclination
are within the training data.
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FIG. 10. Ensemble-average error vs time for forecasts of the evolution of a filament settling in quiescent
Newtonian fluid at each B (gray) and averaged over all B (red). In (a), BB is within the training dataset but, at
initial angles of inclination, not within the training data; in (b), neither B nor the initial angles of inclination
are within the training data.

however, in contrast with the total distance traversed by the center bead, the error between the true
and forecasted positions is comparatively small across the calculated trajectories.

Finally, we investigated the error in the forecast across the investigated elastogravitational
numbers in both test datasets. In Fig. 10, the ensemble-averaged error over the settling period is
shown at each B for test dataset A in Fig. 10(a) and for test dataset B in Fig. 10(b), as well as the
ensemble-averaged error across the B’s in each dataset. At short times, the instantaneous error shows
a sudden increase associated with the positional error, due to small total distance covered compared
with the initial error between the change in position for the true and reconstructed trajectories;
as time increases, the error associated with the positional error decreases precipitously as the total
distance covered grows much larger than the slight difference in position. At intermediate times, lags
between the true and forecasted reorientation behaviors cause instantaneous error due to difference
between the shapes, causing an increase in error in a limited number of trajectories. At long times,
the error trends toward a small but finite value, as slight differences between forecasted terminal
shape and terminal velocity cause an unavoidable deviation between the trajectories. At all 5’s in
both test datasets, the error remains small for the entire settling period, with each ensemble-averaged
error remaining <0.1 in all cases.

IV. CONCLUSIONS

In this paper, we have developed a data-driven modeling technique for learning a low-
dimensional model for the dynamics of an elastic fiber at arbitrary initial angle of inclination settling
under gravity in a quiescent, viscous Newtonian fluid. We have demonstrated that our proposed
neural network architecture can capture the filament shape in a latent state with significantly fewer
dimensions than the full state space, and we have shown that the architecture needed to adequately
reduce the dimension is aided by, but does not require, the elastogravitational number of the filament
as an additional input. We have shown that the model can forecast the evolution of filaments at
untrained angles of inclination and can interpolate the evolution behavior to trajectories of fibers at
unseen B. The forecasts of the shape of the settling fiber closely match the true shapes across the
settling period for all investigated B, with only small deviations due to a lag in reorientation time.
The predicted trajectories of the center bead position closely match the true trajectories, with the
positional error remaining small in comparison with the total distance covered by the filament. We
have shown that, across all trajectories, in both test datasets, the instantaneous ensemble-averaged
error remains low for the entire settling period.
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In this paper, we have developed a technique to model the dynamics of a flexible particle, and
we have demonstrated that our proposed model can accurately forecast the evolution of a simple
elastic structure. It remains an open question as to the optimal architecture with which to model a
settling filament. In this paper, we developed our model at a latent dimension that, while significantly
lower than the ambient dimension of the system, is not known to be the minimal dimension of
this system. Future study can reveal if, given improved modeling techniques, the necessary latent
dimension for this system can decrease; a recent study [24] shows that an autoencoder with internal
linear layers and weight decay can in many cases lead to precise estimates of the required latent
dimension. Additionally, changing the type of neural network used in the model architecture may
lead to more accurate, lower-dimensional models. Other studies of dynamical systems have found a
variational autoencoder to be useful [31,33]. That said, here, we found that simple fully connected,
feed-forward dense neural networks led to accurate and robust predictions. Given the localized
nature of the data of the structure of an elastic particle, using an architecture that utilizes more
localized information processing may produce better models, especially for objects with more
geometric complexity. For example, recent studies have shown that graph neural networks can
improve models of multiphase flows [34,35]. Given the inherent graph structure of a discretized
flexible particle, graph neural networks could leverage this structure to improve model forecasts.
Finally, in the present case, as in others, first-principles and analytically based information is
available, especially in asymptotic limits [8,11], and it would be desirable to understand how to
systematically blend machine-learning models with first-principles information.

Now that we have demonstrated that our technique can model a simple elastic particle in a simple
flow, future investigation should determine the ability of such models to forecast the dynamics
of more complicated particles in differing flow fields. For the flexible filament, this can include
modeling the dynamics of such particles in flow fields such as shear flow and extensional flow.
Previous studies have examined the behavior of filaments in these flow fields using numerical
analysis and physics-based simulations [36—39]. This can then be extended to more complex
particles, such as elastic sheets and deformable spheres, as well as investigating particles with
varying shapes at rest. This can include developing low-dimensional models for biological systems,
where cells suspended in flow behave as elastic particles. In the long term, such models could
be expanded to forecast the evolution of multiple elastic particles entrained in flow, capturing the
inter-particle hydrodynamic interactions with a single, low-dimensional model.
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