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The electrochemical separation of charged species is becoming increasingly relevant
for industry. A developing set of promising technologies in this space centers around the
utilization of deionization shocks in porous, charged materials. To date, primarily homoge-
neous media have been investigated; however, heterogeneities are present in many porous
structures and have been hypothesized to improve performance. Throughout this study,
we demonstrate that heterogeneity in the porous structure area density and surface charge
density of a crossflow shock electrodialysis cell leads to substantial vortex formation in the
depletion zone. Vortices are dependent on the extent of alternating high and low perme-
abilities, in addition to the expanse of the depletion zone, greatly affecting performance.
Heterogeneities in the geometry of the media may lead to an increased selectivity at lower
energy input and also exert a strong influence when hierarchical structures are present.
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I. INTRODUCTION

Efforts surrounding the separation of ions from aqueous solutions have traditionally centered
around producing water of high purity, e.g., converting brines through desalination and decon-
tamination to hygienic drinking water or generating water with effectively no trace components
for pharmaceutical or microelectronic applications [1,2]. Commonly, thermal or pressure-driven
membrane technologies have been utilized in this context—notably distillation and reverse osmosis
(RO). However, electrochemical methods have been recently generating increased attention [3].

Similar to RO, electrochemical unit operations exhibit a reduced dependability on fossil fuels in
comparison to thermal separation, as they solely rely on electrical power and are easily integrable
into an industrial landscape centered around renewables [4–7]. Though shortcomings have been
pointed out in terms of energy efficiency for classic (seawater) desalination, in cases of many
consecutive steps or for difficult separation problems of highly dilute solutions, electrochemical
methods are better suited, e.g., through their superior scaling [8–11]. Additionally, this makes them
very attractive for isolating high value species from solutions, such as rare metals or biological
compounds, the latter of which are very sensitive to harsh physical conditions.

The foundation for many advanced electrochemical methods is electrodialysis (ED). ED offers
similar advantages to RO but overall its industrial applications are limited [3,12,13]. Efficiency
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issues caused by concentration polarization [14,15], nontrivial selectivity for both membrane types
[16–18], and fouling [19,20] represent drawbacks of basic ED setups.

Maintaining most advantages of ED, a promising alternative called shock electrodialysis (SED)
has materialized over the last decade [21]. SED improves upon ED by achieving currents beyond
the diffusion limit [22], eliminating fouling through the possibility of membraneless implementa-
tions [23–25], and has recently proven reliable in terms of selectivity [26], pointing towards its
applicability as a separation or purification unit operation.

SED is an electrokinetically driven technique in which a brine, flowing through a slightly
charged, porous structure, is subjected to a depletion zone with a sharp border that propagates
in a shocklike fashion at overlimiting current (OLC) [24,27]. Contrary to other mechanisms of
OLC, such as current-induced membrane discharge [28], water dissociation [29,30], or Taylor-Aris
dispersion [31,32], the effects of SED stem from surface conduction and/or electro-osmotic flow
(EOF)—a result of the microchannels, usually in the order of 0.1−1 µm that constitute the porous
media [23,33].

Following research on micro-nanochannel junctions by Mani, Zangle, and Santiago at Stanford
[34,35], Bazant and co-workers laid the groundwork for an SED process, formulating a general
macroscopic continuum model—the basis for simulation studies to date [21,22,36]. Further research
into deionization shocks in nanopores was conducted by Yaroshchuk [37]. Shortly after, Dydek and
Bazant [33] concluded with an analysis of an initial two-dimensional (2D) crossflow configuration,
thereby, providing the foundation for modeling and experimental research [23]. The first continuous
and scalable design for SED was reported by Schlumpberger et al. [24], with a major secondary
discovery that high water recovery was achievable, related to electro-osmotic pumping. Continuing
experimental work demonstrated the possibility of selective separation of ions in mixtures, including
classic model electrolytes [27], radionuclides [25], or lead in competition with sodium [26].

Simultaneously, efforts in modeling were intensified. Schlumpberger et al. [38] effectively used
the Nernst-Planck equation to simulate a 2D SED device for binary electrolyte desalination, revisit-
ing the group’s earlier experimental work [24]. The simulation was able to predict an increased water
recovery but overestimated the desalination at a given applied current. Tian et al. [39] expanded
upon previous theoretical work, achieving closer alignment to experimental results and capturing
selectivity differences [26]. The model was developed by depth averaging a Poisson-Nernst-Planck
description of planar channels, while additionally including water dissociation. This being said, to
date primarily homogeneous material properties have been the focus of simulation studies with only
a few exceptions.

Alizadeh et al. [40] investigated the effects of hierarchical as well as nonhierarchical random
porous networks for a similar system as used by Deng et al. [23]. Pores of different sizes were explic-
itly captured using the group’s porous electrokinetic computational framework [41,42]. However,
no crossflow was imposed and the porous material was enclosed only on one side by a membrane.

Focusing on the flow in charged porous structures without an external electric field, Mirzadeh
et al. [43] recently analyzed electrokinetic phenomena in heterogeneous porous media. Contrary to
Alizadeh et al. [40], they used effective permeabilities in a continuum framework instead of model-
ing individual channels. Their results demonstrate the development of complex flow and increased
mixing in charged porous media solely based on heterogeneous hydrodynamic permeabilities.

Experimentally, Alkhadra et al. [44] utilized concentration shocks for heavy metal ion extraction,
where the porous material was substituted with an ion exchange resin wafer (IERW) [45,46]. An
IERW consisted of cation exchange resin beads immobilized in a macroporous binder, constituting
a hierarchical structure. The process, which resembles ion exchange (IEX) rather than ED, demon-
strated the versatile use of concentration shocks.

This most current body of research highlights the importance of heterogeneous material prop-
erties, a thorough understanding of which could guide material design, add in selective separation,
while additionally representing real-world porous materials more closely.

Consequently, we introduce heterogeneity using the methodology of Mirzadeh et al. [43] and
apply it to the modeling framework of Schlumpberger et al. [38], to understand the impact on SED
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performance as well as selectivity. Furthermore, we take a first step towards modeling hierarchical
properties and understanding their effects in the context of deionization shocks. Our aim is to high-
light the trade-offs that can stem from heterogeneous materials for electrokinetic applications. We
hope to inspire further experimental and simulation work that employ engineered nonhomogeneous
materials and concentration shocks to solve challenges surrounding selective separation, removal of
trace components, as well as classic desalination.

II. THEORETICAL DESCRIPTION

Substantial progress on the theory of shock electrodialysis has been made over the recent years
[22,33,39,47]. In line with previous work—allowing for considerable simplification without too
much loss in applicability—we assume a dilute electrolyte [33,35,38,39]. Our model utilizes the
equivalent set of equations reported by Schlumpberger et al. [38] and initially proposed by Mani
and Bazant [22].

A. Transport equations

To describe the transport in the SED device, the fluxes are expressed through the Nernst-Planck
equation (vectors are represented by bold symbols). Taking advantage of the Bruggeman correlation
leads to [38,48,49]

F i = ε1.5
p

(
−Di∇ci + uci − Dizie

kT
ci∇φ

)
. (1)

Herein, D is the effective diffusion coefficient, assumed to be constant for each species i, c the
concentration, z the valence, k the Boltzmann constant, T the temperature, φ the electrostatic
potential, e the elementary charge, εp the porosity, and u the velocity. Instead of solving the
generalized Navier-Stokes equations with an additional electrical term [50], we employ simpler,
linear dependencies expressing the convection u by adding to Darcy’s law an electro-osmotic flow
contribution [22,39]

u = −keo∇φ − kd∇p. (2)

p is the pressure and kd the hydrodynamic permeability:

kd = h2
p

2μ
, (3)

stemming from the original Darcy correlation [51]. Analogously, keo represents the electro-osmotic
permeability defined through the Helmholtz-Smoluchowski [38] expression

keo = −εwζ

μ
. (4)

μ is the electrolyte’s viscosity, approximated to be constant, εw the permittivity of water, ζ the zeta
potential of the porous material, and hp the characteristic pore size:

hp = εp

ap
, (5)

where ap is the porous structure area density. Accurately determining the ζ potential and surface
charge density in dependence on the electrolyte concentration, pH, or geometry is an ongoing field
of research [52–54]. For simplicity and numerical stability, we restrict ourselves to silica materials
and adopt an approach where the surface charge density σs is set, calculating the ζ potential through
[55,56]

ζ = ke[
ln

( −σs
e�+σs

) + ln(10)(pKa − pH)
] − σs

C

(6)
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in which � is the silanol group density, pKa the deprotonation constant, and C the Stern layer
capacitance.

For a system with N ionic species, N + 2 variables need to be solved for—the concentrations ci,
the pressure p, and potential φ. For each species a conservation equation of the form

∂ (εpci )

∂t
+ ∇ · F i = 0 for i = 1, 2, . . . , N (7)

may be formulated. Additionally, the mass conservation accounting for local porosity variations
[22]

∇ · (
ε1.5

p u
) = 0 (8)

is utilized. To close the system, electroneutrality is enforced—adding to the classical formulation a
term accounting for the volumetric surface charge density ρs of the porous material:∑

i

zicie + ρs = 0 with ρs = σs

hp
. (9)

Therefore, the dimensionless (see Table I) set of equations is
∂ (εpc̃i )

∂ t̃
+ ∇̃ · [

ε1.5
p (−D̃i∇̃c̃i + ũc̃i − ziD̃ic̃i∇̃φ̃)

] = 0, (10)

∇̃ · [
ε1.5

p (−k̃eo∇̃φ̃ − k̃d∇̃ p̃)
] = 0, (11)

∑
i

zic̃i + ρ̃s = 0. (12)

If not otherwise specified, all values, with the exception of the performance metrics (see Sec. III D),
are reported in dimensionless form. A tilde is used to designate dimensionless quantities.

B. Heterogeneity

Mirzadeh et al. [43] have demonstrated that in charged porous media with a heterogeneous
permeability, complex flow patterns—up to vortices—can be observed depending on the ratio
between hydrodynamic and electro-osmotic influencing factors. Using their macroscopic approach,
which is easily integrated into our existing models, we incorporate a random field expression z(x)
for properties γ (x), e.g., the surface charge density σs, to imitate heterogeneity

γ (x) = γ0 exp [z(x)], (13)

γ0 being the space-independent base value. z(x) is connected to a prescribed, statistically isotropic
[ξ (x) = ξ (|x|)] autocorrelation function ξ (x) through

ξ (x) =
∫

z(x′)z(x′ − x)dx′. (14)

As the Wiener-Khinchin theorem relates the autocorrelation function to the spectral density S(k)
through a Fourier transform F , an efficient computation of the random field can be obtained by first
calculating

S(k) = Fξ (x) (= |Fz(x)|2) (15)

and then plugging the result in

z(x) = F−1{
√

S(|k|) exp [iθ (k)]}, (16)

utilizing the fast Fourier transform [43,57,58]. The term exp [iθ (k)] introduces randomness as
θ (k), fulfilling θ (k) = θ (−k), and is arbitrarily pooled from U (0, 2π ). Applying a Gaussian
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TABLE I. Symbols, values, units, and nondimensionalization of simulation parameters.

Description Parameter Value Unit Nondimensional scale

Anion diffusion coefficient D− m2 s−1 D−
Chloride 2.032 × 10−9

Sulfate 1.065 × 10−9

Applied voltage V Varies V kT
e

Autocorrelation function ξ Varies
Gaussian autocorrelation factor ξ0 1

Boltzmann constant k 1.381 × 10−23 J K−1

Bulk pH pH 7.0
Cation diffusion coefficient D+ m2 s−1 D−

Sodium 1.334 × 10−9

Magnesium 0.706 × 10−9

Characteristic pore size hp Varies m
Base case 2.689 × 10−7

Concentration c Varies m−3 s−c0

Conductance κ Varies S κsc

Correlation length l 0.1
Current I Varies A z+s+c0eQfeed

Current efficiency η Varies %
Darcy (hydrodynamic) permeability kd Varies m2 Pa−1 s−1 D− pamb

Degree of desalination χ Varies %
Electronic charge e 1.602 × 10−19 C
Electro-osmotic permeability keo Varies m2 V−1 s−1 D−e

kT
Energy consumption ε Varies kJ L−1

Flux F Varies m−2 s−1 D−s−c0
H

Fourier space vector k Varies m−1

Height H 2.7 mm H
Height to concentrate outlet Hoc 2.025 mm H
Height to diluate outlet Hod 0.675 mm H
Height to inlet Hi 1.35 mm H
Inlet/outlet height Hio 0.49 mm H
Length L 10 mm H
Length inlet/outlet Lio 0.548 mm H
Mean μ Varies
Porosity εp Varies

Base case 0.48
Porous structure area density ap m−1

Base case 1.785 × 106

Potential φ Varies V kT
e

Pressure p Varies Pa pamb

Random field z Varies
Silanol (de)protonation constant pK 7.5
Silanol surface charge density � 8 × 10−18 m−2

Space vector x Varies m H
Stern layer capacitance C 2.9 F m−2

Stoichiometric coefficient s Varies
Surface charge density σs Varies mC m−2

Base case −20.80
Temperature T 298 K
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TABLE I. (Continued.)

Description Parameter Value Unit Nondimensional scale

Valence z Varies
Variance σ 2 Varies
Velocity u Varies m s−1 D−

H
Volumetric flow rate Q Varies m3 s−1

Volumetric surface charge ρs Varies C m−3

Water permittivity εw 6.947 × 10−10 F m−1

Water recovery ω Varies
Water viscosity μ 1.002 × 10−3 Pa s
Width W 20 mm H
Zeta potential ζ Varies V

autocorrelation function,

ξ (x) = ξ0 exp

( |x|2
l2

)
with ξ0 = σ 2 + μ2 (17)

as done by Mirzadeh et al. [43]. The mean μ and variance σ 2 dictate the Gaussian autocorrelation
factor ξ0 which determines the variance in z(x). Additionally, the autocorrelation length l influences
the distance between variations in a property—the smaller l the less correlated the random field and
the coarser the property distribution. Using this approach leads to a log-normal distribution for the
respective property γ (x) with the degree of correlation determined by ξ (x) [43].

III. SIMULATION IMPLEMENTATION

We model an SED setup as displayed in Fig. 1 and initially focus on the binary electrolyte NaCl.
Later we also report results for a model electrolyte of MgCl2-MgSO4 to understand selectivity
influences. In contrast to some previous studies we have decided to model the inlet and outlets as
channels, mimicking possible future implementations. To use the same set of equations throughout
our system, the inlet and outlets are assigned zero charge, a unity porosity, and a tenfold larger
hydrodynamic permeability. In our setup the wall between the outlets separates the concentrated
and diluted streams, analogous to Tian et al. [26]. In contrast, Schlumpberger et al. [38] used a thin
splitter.

As in previous SED studies, our porous materials are based on silica, thereby allowing us
to use the aforementioned ζ -potential computation. Since we align our system to the work of
Schlumpberger et al. [38], we use a base porosity of εp = 0.48, with a base porous structure area

FIG. 1. Sketch of the simulated shock electrodialysis setup. A feed containing a binary electrolyte is
separated into a diluate and concentrate stream by passing through a slightly negatively charged porous medium
that is sandwiched between two cation exchange membranes (CXMs) with a potential φ = ±V

2 , respectively.
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density of 1.785 × 10−6 m−1 (Brunauer-Emmett-Teller surface area: afrit = 1.75 m2 g−1; density:
ρfrit = 1.02 g cm−3) and base surface charge density depending on the electrolyte. For all sim-
ulations, excluding the ones surrounding selectivity, we employ 10-mM NaCl solutions, so that
σs = −20.80 mC m−2, whereas a hypothetical value of −10.42 mC m−2 is set for the magnesium-
chloride-sulfate mixture in the selectivity section. Herein, the inlet concentration is 1 mM for both
MgCl2 and MgSO4. Consistently, the volumetric flow rate equals Qfeed = 76 µL min−1. Material
and geometrical parameters can be found in Table I.

The cation exchange membranes CXMs are assumed to have a uniform potential φ = V which
we vary. Instead of explicitly modeling them, the CXMs are assumed to be ideal, Fy,− = 0.

To solve our system, we employ a finite-volume approach and report steady-state results. Our
mesh for the SED cell, i.e., excluding the inlet and outlets, was 114 × 48, and the inlet and outlets
each 16 × 8.

A. Boundary conditions

At the inlet a Dirichlet boundary condition for the concentrations ci,feed is imposed. The velocity
ufeed = Qfeed

HioW is constant and determined by the flow rate Qfeed, the inlet/outlet height Hio, and device

width W . A Neumann boundary condition ∂φ

∂x = 0 governs the potential at the inlet.
All walls are impenetrable, resulting in F+/− · n = 0 as well as u · n = 0 in which n represents

the surface normal vector of the respective wall—consequently, ∇c+/− · n = ∇φ · n = ∇p · n = 0
applies.

Ideal CXMs are assumed with no anions being able to pass through the membrane, F−,y = 0.
Additionally, in line with previous research [38] we assume any convection of ions through the
membranes, be it anions or cations, is negligible (uy = 0).

The boundary conditions for both outlets are the same. In terms of the pressure, the Dirichlet
condition p = pamb = 1 × 105 Pa is prescribed. The outlet concentrations do not change, ∂c+/−

∂x = 0.
Analogously to the inlet, the potential’s gradient is zero in the x direction, ∂φ

∂x = 0.

B. Heterogeneous properties

We use a moderate nondimensionalized correlation length of l = 0.1 and employ a standard nor-
mal distribution for our autocorrelation function, leading to ξ0 = 1 as our Gaussian autocorrelation
factor. To improve numeric stability, a factor of 2/3 was multiplied to the random field z, narrowing
the distribution. A total of six different random fields were generated, i.e., we pooled θ (k) from
U (0, 2π ) with six different random seeds. The distributions of the random fields are displayed in
Fig. S1 of the Supplemental Material (SM) [59] alongside the resulting log-normal distributions
(Fig. S2 and 2D spatial plots in Fig. S3).

Analogously to Mirzadeh et al. [43] we apply the exponential of the random field to our selected
material properties. Instead of the hydrodynamic permeability, we chose the surface charge density,
σs, as well as the porous area structure density, ap; the base values of which are the constant factors
in the paper of Schlumpberger et al. [38] and equate to γ0 in Eq. (13). This is due to the fact that
they represent fundamental variables in our model that propagate through our equations, affecting
multiple other parameters such as kd and keo. Our six random fields lead to a total of six runs per
heterogeneous parameter we investigate. The heterogeneous structures for the porous structure area
density and the surface charge density are displayed in Fig. 2.

C. Hierarchical media

Beyond the gradually changing materials of the previous section, we also analyze the effects
of introducing hierarchical materials, similar to IERWs of previous experimental work [44–46].
We randomly generate areas, similar to particles, in the space between the CXMs with dimensions
of 789 µm in the x direction and 506 µm in the y direction, which are allowed to overlap. Such
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(a)

(b)

FIG. 2. Spatial distribution of (a) the heterogeneous porous structure area density ap as well as (b) the
surface charge density σs.

configurations could resemble particles bound by a binder, sintering of (bimodal) particles, or a
sol-gel process of different types of particles.

For these new zones, the porosity is increased to 0.7 since IEX particles tend to possess higher
void fractions [60]. Furthermore, ap is increased by three factors of magnitude, signifying smaller
pores. The diffusion coefficients are set to a tenth of their original value and we assume no electro-
osmotic convection [39].

Outside of the particles’ space, we retain the base case material properties to maintain a level of
comparability with previous results but apply the heterogeneous fields to ap.

D. Performance metrics

To understand the trade-offs in SED devices, we employ a set of metrics already applied in
previous studies [38,39]. A specie’s concentration in the diluate is calculated using the velocity-
averaged values

c+/−,diluate =
∫

Sdiluate
c+/−uxdS∫

Sdiluate
uxdS

(18)

in which S is the surface to be integrated over.
Similarly, the degree of desalination is obtainable through

χ =
∫

Sdiluate

∑
ciuxdS∫

Sfeed

∑
ciuxdS

. (19)

The energy consumption is quantified using

ε = IV + Qfeed�p

ωQfeed
. (20)

It enables the comparison between different electrochemical methods, given the normalization by
the diluate stream.
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The pressure difference �p = p̄in − p̄out is approximated to be the delta between the average
inlet’s p̄in and outlets’ pressure p̄out. Using the mean values is a valid approximation as the pressure
at the inlet or outlets should vary negligibly in the y direction for the present system and boundary
conditions.

In Eq. (20), ω quantifies the water recovery, namely, the relation between the diluate stream and
the feed stream,

ω = Qdiluate

Qfeed
, (21)

with Qdiluate being the volumetric flow rate of the diluate stream,

Qdiluate =
∫

Sdiluate

uxdS. (22)

Besides the energy consumption, the current efficiency

η = z+eQdiluate(c+,feed − c+,diluate )

nI
(23)

is computed. In the context of this paper, the stack number n is always equal to 1. The conduc-
tance values are calculated from the slope of the current voltage curve at overlimiting conditions
κ = �I

�V . The reported values are scaled by the theoretical surface conductance at zero flow for a
homogeneous porous material with γ0(x) = εp,0 = 0.48 [23,38,39]:

κ̃ = κ

κsc
= κ

hpHkT

z+D+|σ |ε1.5
p W Le

. (24)

The current I is calculated with

I =
∫

SCXM

∑
zieFi,y. (25)

It can be nondimensionalized by z+s+c0eQfeed as done by Schlumpberger et al. [24]. Using the top
or bottom membrane to evaluate the current leads to equivalent results in the herein investigated
system.

When comparing solutions of nonbinary electrolytes, it is important to identify the selectivity
that we define for a species i and j as

S =
ci

ci,0

c j

c j,0

(26)

in which c0 signifies the concentration at the inlet [27,44].

IV. RESULTS AND DISCUSSION

A. Base case: No heterogeneity

To provide a baseline and capture the effects of the new inlet and outlet geometry, we simulate
the results of the system for a homogeneous base case, i.e., no heterogeneous parameters and all
properties according to Schlumpberger et al. [38]. Table II includes select performance metrics
such as the energy consumption, water recovery, current efficiency, and pressure drop at varying ion
removal fractions. These provide a framework for comparing trade-offs in subsequent cases when,
e.g., materials possess heterogeneous properties. In addition, Fig. S4 visualizes the respective cation
concentration, potential, as well as pressure fields.

The results mimic those reported by preceding research [38,39], including a substantial increase
in energy consumption taking place from 80% to 99% ion removal. With an expanding depletion
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TABLE II. Performance metrics for the homogeneous base case. The energy
consumption ε, water recovery ω, current efficiency η, and pressure drop �p across
the device for 80%, 90%, as well as 99% ion removal are recorded.

Ion removal

Metric 80% 90% 99%

Energy consumption (kJ L−1) 2.30 3.85 9.97
Water recovery (%) 52.02 54.32 66.20
Current efficiency (%) 54.81 53.77 49.41
Pressure drop (kPa) 23.40 23.30 22.68

zone, the influence of the EOF increases due to the developing potential gradient [40], causing the
flow to arch down near the outlet and the depletion zone to decrease as x → L [39].

Analogously to counter-rotating vortices that establish themselves in an individual pore or chan-
nel [33], an opposing pressure-driven flow (PDF) balancing the EOF will form near an ion-selective
interface on a macroscopic level. As described by Tian et al. [39], this disrupts the uniformity of the
velocity field, forming circulatory flow patterns—up to vortices—which drive an increased amount
of fluid through the outlet but concurrently transport brine downwards. Hence, the depletion zone
does not increase monotonically, causing higher concentrations in the outlet and necessitating more
energy be invested for higher ion removal. At the same time, the water recovery exceeds the value
of 50% for uniform flow, with the side effect of lowering the pressure drop �p.

The pressure drop also influences the energy consumption [see Eq. (20)]; yet, its contribution
(< 1%) is negligible compared to the electrical power. Therefore, the overall energy consumption
is not reduced. Tian et al. [39] have previously reported a vortex near the inlet. We do not observe
such a second pattern, likely due to the differences in geometry. Additionally, the explicit modeling
of the electrolyte channels and membranes around the SED cell as done by Tian et al. [39] could
have an influence. An increase in pressure near the inlet is, nevertheless, noticeable, especially for
99% ion removal.

The conductance of κ̃ = 1.10 is slightly higher than the theoretical OLC value, which scales with
the surface charge density [23,36], but less than experimentally measured. A differentiator could be
that we do not include hydronium transport in our model [39]. In terms of current efficiency, the
results are in the previous experimental and modeling range [24,39]. Overall, our new geometry
does not change the underlying trends of previous studies.

B. Heterogeneous material properties

Following the base case, we turn our attention to the effects of heterogeneous material properties.
The six random field distributions are applied to the porous structure area density ap and the surface
charge density σs as displayed in Fig. 2.

1. SED performance for a heterogeneous porous structure area density

As an example, Fig. 3 displays the dimensionless cation concentration, pressure, and potential
alongside the streamlines and normalized fluxes for run 6 (i.e., applying the log-normal distribution
of field 6 to ap). As can be seen, the effects of introducing heterogeneity are very distinct.

The depletion zone possesses an uneven border, visible in the concentration and potential field.
Alizadeh et al. [40] have previously reported this for their results when analyzing random networks
of distinct pores. That being said, the general structure of the depletion zone is preserved as it
expands. The spike, distinguishable for the cation concentration as well as the potential between
x = 7 and 8 mm, for example, remains present from 80% to 99% ion removal. This speaks for
some stability even with a seemingly chaotic flow.
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FIG. 3. Dimensionless cation concentration, pressure, potential, and streamlines at varying ion removal
fractions for the heterogeneous porous structure of run 6. The total (tot), convective (cnv), diffusive (dif), and
electromigrative (elm) fluxes are included with the potential. Along with the pressure, the electro-osmotic flow
(eof) and the pressure-driven flow (pdf) contributions to the convective flux are shown. All fluxes are in relation
to the cations and normalized by their concentration.

Looking at the streamlines it becomes evident that the depletion zone mimics the underlying flow
in the system. Multiple vortices form at the cation exchange membrane (the ion-selective interface).
These drive brine down or push the depleted electrolyte up, causing the jagged shape.

As the depletion zone expands, the extent and number of vortices increases, which can also be
seen in video 7 of the SM. Once again this is attributable to the growing relative influence of the
EOF as the potential gradient increases, as will be elaborated later on.

To better illustrate and explain the effects of ap �= const, Fig. 4 provides the performance metrics
for the six random distributions in comparison to the base case for 80%, 90%, and 99% ion
removal. As the required applied voltage increases, differences in the metrics are exacerbated. Since
the most substantial variability appears to exist between run 2 and run 4, we present the cation
concentration and fluxes as well as the porous structure area density and streamlines for them in
Fig. 4.

Consistently, the homogeneous base case demonstrates the highest water recovery (yield) as well
as current efficiency irrespective of the ion removal fraction, i.e., applied voltage. In contrast to the
homogeneous base case, more chaotic flows develop near the outlet. Fully formed vortices along the
length of the SED cell also drive fluid upwards. Depending on the eddies’ positions, the results of the
PDF cannot be counteracted by the strong EOF near the outlet, as demonstrated by the streamlines
of run 2. The vortex immediately before the bottom outlet transports fluid up and past the exit. In
run 4, on the other hand, the chaotic flow that forms leads to a flow field in which electrolyte is
diverted towards the outlet, similar to the homogeneous base case. In sum, though, the high number
of eddies leads to overall lower yields.

The water recovery also influences the current efficiency via the bottom outlet’s flow rate Qdiluate.
Since η ∼ Qdiluate�c

I , higher water recoveries promote improved efficiencies as long as the currents
are in a similar range at equal depletion. Since at 99% ion removal the current for run 2 becomes
very high, the efficiency drops below the result for run 4, in spite of the relatively substantial water
recovery. Nonetheless, the overall low efficiencies are largely a result of higher currents, resulting
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80 % ion removal

Run 2

90 % ion removal 99 % ion removal

Run 4

FIG. 4. Results and performance metrics for a heterogeneous porous structure area density ap at varying ion
removal fractions. The current, pressure drop across the SED cell, current efficiency, water recovery, and energy
consumption are displayed for the six runs with varying ap distributions in comparison to the homogeneous
base case at 80%, 90%, and 99% removal of ions. Simultaneously, the relation between the streamlines and ap

for runs 2 and 4 are captured, alongside the dimensionless cation concentration c̃+ profile and fluxes scaled by
the cation concentration.

from mixing of brine and diluate through the vortices, which increase the OLC but not the ion
removal (see Fig. S5).

As expected, the formation of vortices leads to higher �p across the SED cell. The pressure
difference contributes minimally to the overall energy consumption, but if instead a stack of
SED cells were to be employed, the pressure drop would become relevant. In general, the energy
consumption and currents are lower than for the homogeneous base case, with the exception of run
2 at 99% ion removal. Comparing Fig. S4 and Fig. 4 this is also evident by the lower dimensionless
voltages for run 6 to achieve equivalent ion removal [see Eq. (20)]. Nevertheless, the inherent
trade-off between water recovery and energy consumption appears to persist [24]—an important
economic consideration for future implementations. Run 2 also demonstrates that with certain
heterogeneous media in the SED cell, it is possible to perform poorer both in terms of water recovery
and energy consumption. Accordingly, it is important to understand the influences of the porous
structure in more detail.
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2. Effects of a heterogeneous porous structure area density on flow

Described by Deng et al. [23]—then further elaborated and demonstrated in the work of Alizadeh
et al. [40] and Mirzadeh et al. [43]—heterogeneities in the porous structure lead to vortex formation
through the interaction of opposing EOF and PDF. In contrast to effects in homogeneous materials,
flow patterns stretch beyond an individual pore and are dependent on the depletion zone, in
addition to the extent of the heterogeneities, i.e., the correlation length. Differences in hydrodynamic
permeability due to varying pore sizes, lead to vortices where EOF follows the path of high, and the
opposing PDF the path of low hydrodynamic resistance [23,40,43]. As we can see, such phenomena
can become the determining mechanism for electrokinetic transport.

Since ap ∼ 1/hp, the flow will be directed due to EOF towards the bottom membrane in regions
of high ap and where ap is low, diverted from the bottom membrane, as the PDF follows the path
of highest permeability—illustrated by the fluxes and streamlines in relation to the porous structure
area density for run 2 and run 4.

Accordingly, differences in ap explain the reduced energy consumption and water recovery of run
4. As previously mentioned, the root cause for the low metrics is the vortex that forms immediately
before the diluate exit. Near the outlet, a region of rather high ap is present, similar in size to
the exit’s dimensions, surrounded by a connected region of low ap that ends above the outlet. The
consequence is a vortex shortly before the exit, where in the regions of low ap PDF pushes water past
it. The EOF drives very depleted electrolytes through the outlet but cannot counteract the general
trend of the PDF resulting in a diminished water recovery. In run 2, on the other hand, higher values
for ap near the exit are located further away from the bottom membrane, possess substantially lower
values, and are more diffuse. The resulting two vortical flow patterns transport the nondepleted
fluid down and through the outlet, which can be seen in video 3 of the SM in the height-averaged
concentration profile. Therefore, higher voltages need to be applied, simultaneously causing the
eddies in the SED cell to expand with the overall depletion zone and leading to a very chaotic flow.
Considering the length-averaged concentration profiles of video 3, a strong resemblance to mixing
layers of electro-osmotic instabilities (EOIs) can be discerned, further hindering depletion [61].

The differences in flow patterns are also reflected in the dimensionless conductance. Run 2
possesses a value of 1.37, while run 4 has a value of 1.09. The eddies formed by run 2 transport
more ions towards the bottom membrane, therefore, increasing the overlimiting current. Since the
depletion zone for run 4 is enhanced, an almost equivalent conductance to the homogeneous base
case is recorded.

Given the high dependence of the metrics on the flow, the effects of a varying volumetric surface
charge density ρs ∼ 1/hp [see Eq. (9)] appear negligible. An important factor to consider, however,
appears to be the heterogeneity of the outlet region and its impact. Qualitative analyses, as done in
the previous paragraphs, should be replaced in the future by quantitative computations based on the
underlying ap distribution, so that precise predictions leading to design decisions are possible.

3. SED performance for a heterogeneous surface charge density

Besides heterogeneity in the geometry of the porous media utilized in SED or other electrokinetic
applications, the surface charge density σs can vary, e.g., due to the distribution of surface functional
groups.

Figure 5 provides an overview of the performance metrics, when applying the six random fields
to the surface charge density, alongside more detailed results of runs 1 and 3.

Overall, the variance between runs is much lower than for the heterogeneous porous structure
area density cases. Up until 99% ion removal, the σs,het metrics are almost equivalent, with the most
substantial changes recorded for the energy consumption and water recovery. Both the pressure
drop and current efficiency do not deviate much from the values of the homogeneous base case.
Considering Eq. (20), it is understandable that the trends in the current itself are reflected to a large
degree in the energy consumption.
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80 % ion removal

Run 1

90 % ion removal 99 % ion removal

Run 3

FIG. 5. Results and performance metrics for a heterogeneous surface charge density σs at varying ion
removal fractions. The current, pressure drop across the SED cell, current efficiency, water recovery, and energy
consumption are displayed for the six runs with varying σs distributions in comparison to the homogeneous
base case at 80%, 90%, and 99% removal of ions. Simultaneously, the relation between the streamlines and σs

for runs 1 and 3 are captured, alongside the dimensionless cation concentration c̃+ profile and fluxes scaled by
the cation concentration.

Visible from the streamlines of both runs, the similarity to the homogeneous base case largely
stems from the comparatively small perturbation of the flow field. Primarily at 99% ion removal,
vortexlike structures become prevalent, thereby, causing larger differences in the metrics. The less
chaotic flow leads to generally lower conductance values than for ap,het, recorded in Table III. The
largest conductance originates in run 5 for which video 12 of the SM reveals a flow field with
electrolytes of higher concentration transported to the bottom membrane.

Contrary to the heterogeneous porous structure area density results, the clear trade-off between
energy consumption and water recovery does not emerge for the heterogeneous surface charge
density. Instead, as run 5, for example, demonstrates, a lower energy consumption at higher water
recovery is obtainable. Since the flow is less chaotic, the depletion zone forms more monotonically,
thereby increasing the conductance slightly without causing adverse mixing or outlet vortex effects.

Importantly, as displayed in Fig. 6, even for the cases in which the water recovery is lower than
the homogeneous base case, higher currents or voltages can be applied after 99% ion removal to
reach equivalent yields while using less energy. Therefore, the water recovery can still be increased
while maintaining a lower energy input.
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TABLE III. Dimensionless conductance values for the heterogeneous surface
charge density σs,het and porous structure area density ap,het runs. The conductance
was obtained from the slope of the current-voltage curve at overlimiting current and
then scaled by the idealized value [Eq. (24)]. The dimensionless conductance for the
homogeneous base case is 1.11.

Run no. Dimensionless conductance (σs,het) Dimensionless conductance (ap,het)

1 1.15 1.56
2 1.26 1.37
3 1.08 1.40
4 1.24 1.09
5 1.37 1.42
6 1.16 1.40

This is not possible for the heterogeneous porous structure area density as displayed in Fig. S5
of the SM. The chaotic flow, while reducing the energy consumption substantially in certain
configurations, diminishes the water recovery too significantly to reach the homogeneous base water
recovery values at comparable energy input.

4. Effects of a heterogeneous surface charge density on flow

Mirzadeh et al. [43] pointed out that next to the heterogeneity they introduced in the permeability
tensor for the hydrodynamic resistance, the electro-osmotic permeability could also lead to similar
vortical flow patterns if irregularly distributed in the porous media. As evident from Eq. (4), varying
the surface charge density affects keo. However, the electro-osmotic permeability for our chosen
material properties is generally lower than kd, in addition to σs and keo not exhibiting the quadratic
relationship of ap and kd. As a consequence, the flow is less perturbed, which leads to fewer vortices
and smoother depletion zone borders. The relationship between σs and keo is displayed in Fig. S6 in
the SM.

Comparing runs 1 and 3, the effects of varying the surface charge density, and thereby the electro-
osmotic permeability, become evident. Since higher absolute values of the surface charge density
lead to lower values for the electro-osmotic permeability, the streamlines arch down towards the
membrane in sections of lower |σs|. Those regions exhibit a reduced electro-osmotic resistance and
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are, therefore, preferred by the EOF. The PDF for kd = const has no favored pathways of high
permeability. Consequently, the opposing PDF follows regions of high |σs|.

Between runs, the velocity fields are aligned more closely than for the heterogeneous ap sim-
ulations, and substantial changes appear at high ion removal fractions. With the effects of the
absolute value of the surface charge density |σs| in mind, a qualitative discussion is possible. For
run 1, a region of high |σs| exists near the outlet and located slightly above the bottom membrane.
Analogously to run 4 of the heterogeneous porous structure area density, the typical flow that arches
down towards the outlet is hindered by an opposing PDF, reducing the water recovery as well
as preventing substantial amounts of higher concentrated electrolyte to be dragged down into the
depletion zone. In video 8 of the SM, it is discernible that at potentials past the point of 99% ion
removal, an almost horizontal barrier of depleted electrolyte forms just above the exit.

In run 3, on the other hand, a low |σs| region is present close to the outlet. Consequently, EOF will
transport brine down and through the exit, reducing the depletion and increasing the water recovery.
At x ≈ 9 mm a region of higher |σs| exists that counteracts some of the downward flow, which could
explain why the water recovery in comparison to runs 4 and 5 is lower. Additionally, run 3 exhibits
the least conductance, which is likely another contributing factor to the higher energy consumption.

Even though the flow for a heterogeneous σs does not display the same extent of chaotic patterns
as observed for variance in ap, videos 8–13 of the SM hint at the formation of mixing layers for high
applied potentials based on the height-averaged concentration profiles [61].

Nevertheless, in many instances the introduction of heterogeneity in the surface charge density
can be beneficial or be used to drive the system to favor one metric over another—without altering
the SED cell’s geometry. Consequently, choosing the proper material functionalization might lead
to better performing SED or similar electrokinetic devices in the future.

C. Hierarchical media

Building upon the previous sections, we introduce geometrical hierarchy into the porous material.
Alizadeh et al. [40] modeled networks of pores of different diameters explicitly. Here we present a
macroscopic approach in which we introduce regions of high homogeneous porous structure area
density, i.e., particles with small pores but high porosity, into the previous heterogeneous ap fields
(akin to a charged, porous, heterogeneous binder circumferencing the particles). This is in loose
analogy to the IERWs employed in experiments by Alkhadra et al. [44] for shock ion extraction.

From Fig. 7(a) it becomes apparent that the current-voltage relationship differs substantially from
the homogeneous base case and is heavily dependent on the hierarchical structure, stemming both
from the heterogeneity in the binder ap as well as the presence of the particles. Due to numerical
difficulties at high desalination, not every run could be modeled to the maximum applied voltage of
the base case, but all runs achieved 99% ion removal.

Throughout the examples, higher currents than for the homogeneous base case as well as the
heterogeneous materials of the previous sections are recorded. Given the streamlines of Fig. 7(d), the
chaotic, vortical flow, along with the increased volumetric surface charge density ρs of the particles
[36], lead to the altered IV curve. Furthermore, there exist higher degrees of deviation from linearity
in the IV curve at OLC compared to the prior cases (see Fig. 6 and Fig. S5). Seemingly tied to this,
is a less distinct transition to an OLC regime that takes place at higher voltages. Deng et al. [23] had
observed a more gradual transition when positioning the frit in a way that natural convection was
mitigated and instead diffusive effects became more prevalent. Considering the large concentration
differences and fluxes of Fig. 7(d), diffusion at the interface to the particles increases in relative
importance and could contribute to a less distinct transition to OLC. The change in curvature around
4 V for run 1 and slightly noticeable with run 6 as well could indicate that.

Evident from Figs. 7(b) and 7(c), the latter of which shows the metrics for 99% ion removal,
we cannot record better performance through the introduction of hierarchical structures, contrary to
Alkhadra et al. [44]. With the exception of run 3, the energy consumption to achieve a comparable
depletion is higher than for the homogeneous base case. Even for run 3 this is not the case prior
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(a) (b)

(c)

(d)

FIG. 7. Effects of hierarchical geometric structures in porous materials for SED. The homogeneous base
case, the case with particles but no heterogeneity in the surrounding material (binder), as well the six runs
using the previous heterogeneous porous structure area density distributions for the nonparticle regions are
compared: (a) the current-voltage relationship, (b) the ion removal and water recovery in dependence of the
energy consumption, (c) the performance metrics for 99% ion removal, and (d) the streamlines in relation to
the dimensionless hydrodynamic permeability, as well as the dimensionless cation concentration, potential, and
pressure for run 3 at 99% ion removal.

to approximately 98% ion removal as demonstrated by Fig. 7(b). Moreover, for all cases the water
recovery is substantially lower as the particles, especially near the bottom outlet, divert the flow.
The water recovery also exhibits substantially less variability in dependence of the energy input
than in prior cases. This also holds true for the alternate particle distribution of Fig. S7 of the SM,
in which a different chaotic flow hinders low energy consumption at high water recoveries. Lower
water recoveries than with nonhierarchical media had also been observed by Alkhadra et al. [44],
though we do not see it decrease with current.

As can be expected, the pressure drop increases substantially given the now higher hydrodynamic
resistance, which can be seen in the pressure field of Fig. 7(d). The effect on the energy consumption
is still low but should be considered in a scaled-up stack configuration.
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Interestingly, many of the runs perform better than the case for which no heterogeneity is present
in the binder regions. The altered flow patterns are beneficial in removing a high degree of ions at
low energy consumption without sacrificing yield. This is different from the results of the previous
sections surrounding the effects of varying ap. However, in the case of the particles, even the
homogeneous binder property results already experience vortical flow due to the particles.

Even though our model is highly idealized and will need to be refined in future work to capture
the full effects of IERWs, especially concerning the electrostatic interactions, we can see that the
underlying structure of the porous material appears to exert a strong influence. The same particle
configuration, but varying heterogeneity of ap in the binder, results in substantial differences in
performance. Consequently, the syntheses of materials such as IERWs should strongly consider
the effects particle positioning and binder porosity have. Furthermore, it seems vital to include
the surface charge—possibly also exchange kinetics—to provide simulations with results close to
experimental data.

D. Selectivity in heterogeneous media

Returning to heterogeneity in ap as well as σs, we aim to understand whether this may affect
selectivity. Separation of charged compounds could be a primary application for utilizing depletion
shocks, which requires the selective isolation of species. Alkhadra et al. [25], Conforti and Bazant
[27] and Tian et al. [26] have demonstrated the selectivity for different cations in SED—both exper-
imentally and through simulations—based on the variation in interactions of mono- vs multivalent
cations with the negatively charged pores and the CXM. Here, we analyze the selectivity towards
anions for simplicity.

Since we are using a homogeneous model, are not modeling the membranes themselves, and
highly simplifying any interactions surrounding the electrical double layer (EDL), analyzing anions
should not come at a significant loss of information in comparison to cations. At the same time this
enables the continued use of our modeling framework, including boundary conditions, defined in
Sec. III. A drawback of this approach is the negligence of selectivity through the membrane, which
may be covered in future models [39].

We analyze the selectivity for a monovalent (Cl−) and a divalent (SO2−
4 ) anion in a model

electrolyte of magnesium, chloride, and sulfate. Figure 8 shows the selectivity [see Eq. (26)] of
the diluate outlet stream with increasing applied voltage in comparison to the water recovery. For
the heterogeneous materials the same configurations as in the previous sections are employed (see
Fig. 2).

The results of Tian et al. [26] have shown that in a homogenized model, such as ours, differences
in selectivity arise especially for lower concentrations, i.e., at higher applied voltages and depletion
of the electrolyte. Our simulation results follow the same trend but our selectivity values are likely
too high as a result of the aforementioned simplifications.

Nonetheless, for the challenging problem of isolating dilute species, changes in selectivity
heavily depend on the underlying heterogeneity as evident in the various runs. Moreover, the
heterogeneous porous structure area density causes larger deviations from the trends of the ho-
mogeneous base case than a varying surface charge density. This is explicable given the previous
sections’ results. With our model setup, selectivity arises through differences in mobility, resulting
from variations in diffusivity and valence, of which the effects will be stronger for a more vortex
dominated flow [27]. Furthermore, in many of the previous cases, a higher desalination at lower
applied voltages was achieved. Given that selectivity increases for lower concentrations this, too,
contributes to the differences.

Generally, the runs for which the flow was previously more chaotic, such as run 2 or run 5,
demonstrate lower selectivity at comparable voltages than, e.g., run 4. As the flow becomes more
chaotic, mixing effects will increase [40], which reduces depletion as well as selectivity.

Contrary to the previous results, there exists less of a trade-off with respect to the water recovery,
especially at higher applied voltages, possibly due to the lower inlet concentration and resulting
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FIG. 8. Effects of heterogeneity in the porous structure area density ap or surface charge density σs for the
selectivity of chloride, Cl−, and sulfate, SO2−

4 , ions in SED. Displayed is the fresh outlet’s concentration of the
individual species with increasing applied potential. The positive counterion is magnesium, Mg2+.

absolute surface charge density [39]. Even though the water recovery might be slightly lower for
heterogeneous materials, in applications of SED, the gains in selectivity would likely be more
important.

Irrespective of these results, it should be mentioned that Alkhadra et al. [44] and Tian et al. [26]
have demonstrated the important role the EDL plays with respect to selectivity. More advanced mod-
els for charge regulation and interactions should be considered, particularly for bi- or multimodal
surface charge density distributions as they are present in IERWs, which exhibit high selectivity
[44]. Heterogeneity in the charge and structure of the porous media may both contribute to an
increased selectivity.

V. CONCLUSION AND OUTLOOK

We have introduced heterogeneous material properties in a crossflow SED simulation, observing
varying degrees of vortex formation with broad effects on performance and selectivity. The size of
the eddies is, hereby, heavily dependent not only on the underlying material properties that influence
the permeability but also on the extent of the depletion zone. Especially variations near the outlet
have a profound impact.

Geometric heterogeneity, including hierarchical structures, frequently leads to very chaotic,
vortical flow which often reduces the overall performance. A nonhomogeneous surface charge
density, on the other hand, can reduce in many instances the energy consumption while still retaining
yields. Accordingly, future concentration shock simulation studies should employ adapted models
that incorporate greater detail with respect to the EDL interactions. New simulations may then
also describe the results of shock ion extraction, which our current implementation does not fully
capture. Adjustments surrounding charge regulation and ion exchange kinetics of the resin beads
might be necessary. A more detailed molecular interaction analysis would provide more insight into
the governing principles at the interface.
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We have, nevertheless, demonstrated the strong influence heterogeneity in the binder between ion
exchange particles can have. Additionally, we have shown that heterogeneous geometrical structures
may benefit selectivity, especially for dilute solutions.

Alongside experimental work and simulations, future studies should follow the tradition of SED
research and work towards analytical expressions as well as new scaling relations for heterogeneous
materials, so that fast design decisions may be made. Herein, techniques from turbulence modeling
could be of value when characterizing the effects of vortices.

Overall, this study has shown the complexity and opportunities that exist for conceptualizing
porous materials utilized in electrochemical methods. Even with simplified assumptions, complex
behavior is observed that can be exploited in the next generation of materials. With a controlled
synthesis, our results point towards an opportunity of effectively mitigating the trade-off between
energy consumption and yield through heterogeneous porous structures, while possibly increasing
selectivity.
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