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We present an experimental setup that utilizes a pump-probe laser configuration to
investigate the interplay between light momentum and fluid mechanics in a two-layer
liquid system. By inducing a nanometric bulge on the upper liquid layer, we observe
the emergence of a transient bulge on the liquid-liquid interface propelled by viscous
stress towards the liquid with a higher refractive index. Through the integration of non-
invasive measurements and extensive numerical simulations, we successfully validate
our experimental findings and elucidate the intricate interplay between light momentum
theories [Minkowski, Math. Phys. Klasse 1908, 53 (1908); M. Abraham, Rend. Circ. Mat.
Palermo 28, 1 (1909)] and fluid mechanics. Importantly, we demonstrate that the transient
deformation height can serve as a valuable indicator of surface tension and viscosity,
enabling precise nanoscale manipulation and holding great potential for advancements in
sensors, actuators, and optical devices. The profound insights gained from this study offer
significant promise for the advancement of microfluidics and optofluidics, driving progress
in these fields.

DOI: 10.1103/PhysRevFluids.9.034801

I. INTRODUCTION

The transfer of momentum from photons to a dielectric surface exposed to electromagnetic
radiation is explained by two conflicting theories proposed by Minkowski and Abraham [1,2].
Minkowski’s theory suggests that there is an outward surface force that is proportional to the
refractive index (n) resulting from the momentum transfer, whereas Abraham’s theory predicts
an inward force that is proportional to 1/n. To test these theories [1–5], researchers have used
radiation pressure-induced liquid interface deformation as a test bed [6–10]. These experiments
have shed light on the debate, but more investigation is needed to fully understand the intriguing
coupling of light momentum and fluid dynamics [11–13]. As stated in Ref. [11], it is asserted that
the momentum of light in a dielectric medium is not a fundamental quantity; rather, it arises as a
consequence of the interaction between optics and fluid mechanics. Therefore, one can anticipate
that in a two-layer liquid system where only the interface is exposed to optical forces, these forces
will cause deformation.

In this regard, many experiments have been conducted on air-liquid [6,7,9,14] and liquid-liquid
interfaces [15–18]. However, it remains unclear how the deformation of the air-liquid interface in
a two-layer liquid induces shear stress on the liquid-liquid interface, causing it to deform through
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the intriguing coupling of light momentum and fluid dynamics. Furthermore, for bilayer or even
multilayer films, x-ray photon correlation spectroscopy (XPCS) is the only technique to measure
interfacial dynamics directly by tuning the x-ray incident angle to excite x-ray standing waves and
selectively enhance the illumination and thus scattering at a particular interface [19], However, the
XPCS technique for liquids, including water and octanol, has drawbacks. It can be costly due to
the specialized x-ray equipment that is required. Additionally, its flexibility may be limited, posing
challenges in adapting to diverse liquid systems.

Optical techniques are preferred compared to other techniques for the measurement of viscosity
and surface tension due to their cost-effective and noninvasive nature [7,12–14,20,21]. Unlike other
techniques, optical methods do not require direct contact with the sample, which can alter the
properties being measured. Additionally, optical methods provide high-precision measurements
with minimal artifacts. Optical techniques also offer the advantage of being able to measure the
properties of transparent and opaque liquids [21–23] without altering their properties.

In this paper, we introduce a noninvasive interferometric technique for investigating the in-
teraction between light momentum and fluid dynamics [11–13]. By utilizing a pump laser, we
induce deformation on the upper layer of a liquid-liquid interface through total internal reflection.
This method amplifies the radiation pressure by threefold compared to normal incidence, thereby
minimizing the potential heating effects. Remarkably, our observations reveal the formation of a
bulge (Minkowski momentum transfer) on both the upper air-liquid and liquid-liquid interfaces,
highlighting the intriguing coupling between light momentum and fluid dynamics. Through our
technique, we were able to characterize the surface tension and viscosity without the need for direct
exposure to light, resulting in minimal artifact-induced measurements. Furthermore, one can extend
this approach to a multilayer liquid interface, showcasing its potential in the development of new
sensors, actuators, and optical devices.

II. EXPERIMENTAL SETUP AND METHODS

In our experimental setup, the liquid under investigation was placed inside a spherical concave
glass container. The liquid height at the bottom and top is hb and hu, respectively, as shown in
Fig. 1(a). Furthermore, the system has two-dimensional (2D) axisymmetry, and we have modeled
the geometry in the simulation using the properties of 2D axisymmetry. A high-powered laser was
used as the pump beam, directed towards the center of the top layer liquid to induce deformation
in the liquid interface through nearly total internal reflection, which is about 44.76◦ for air-octanol
interface. To achieve high-contrast circular fringes from both the air-liquid and liquid-liquid inter-
faces, we employed an interferometric technique, as illustrated in Fig. 1. In order to simultaneously
measure the deformation on both interfaces, we utilized a beam splitter to split the beam into
two paths. The first part shines from the top, where we used a reference spherical concave glass.
This glass not only helps us generate interference fringes from the reference glass surface and the
air-liquid interface, but also acts as an enclosure to reduce air currents and other sources of noise.
The second part shines from the bottom of the container so that the Fresnel reflection from the
container and the liquid-liquid interface can interfere and form a good contrast of fringes. This
method allowed us to precisely measure the deformation height without any contribution from the
deformation at the air-liquid interface. This enabled us to obtain valuable information regarding
the deformation characteristics of the interface in a controlled manner. The resulting interference
produced stable and high-contrast circular fringes, reminiscent of Newton’s rings, which were
observed on the screen (as shown in the insets of Fig. 1). However, the fringes obtained from the
liquid surface were stationary as a result of negligible natural evaporation. So, to make reference for
the measurement, we have shined the pump beam to induce a deformation magnitude of the order
of (λ/4nl ), reducing its central thickness hu(t ) and introducing a time-dependent relative phase
shift �φ(t ) between the interfering beams. In our case, the probe laser was quasinormal (incidence
angle < 5◦) to the interface, and one can obtain �φ(t ) � βhu(t ), where β = 4πn/λ is a constant
that depends only on the refractive index n of the liquid and the probe wavelength λ. This enables
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FIG. 1. (a) Schematics of the experimental setup. A collimated He-Ne probe beam (P = 10 mW, λ = 632
nm) is incident quasinormally from both above and below the liquid layers using a beam splitter (BS). This
setup allows for simultaneous probing of the upper air-liquid and liquid-liquid interface deformations. A green
pump beam with a power of P0 = 3 W, λ = 532 nm, and a beam waist of w = 155 µm is focused on the
air-liquid interface from below at an angle θi (partial reflection from the glass container and water-octanol
interface not shown for clarity). The photodiodes PD1 and PD2 capture the intensity I (t ) of the central fringe
simultaneously. The (b) bottom row figures and (c) their zoom display the numerically simulated deformation
profile of liquid interfaces, where the color gradient represents the velocity, with the scale indicated in the
legend.

us to calculate the deformation height of the nonevaporating liquid without requiring a reference
surface [24,25], making the experimental setup compact and cost effective. See the Supplemental
Material (SM) [26], Fig. S1, for more details. We investigated the air-octanol-water liquid system
using a pump-probe laser beam. By carefully aligning the laser beam to satisfy the condition of total
internal reflection on the air-octanol interface, which occurs at an approximate angle of 44.76◦, we
were able to observe intriguing phenomena, as shown in Figs. 2 and 3.

III. THEORY: DYNAMICS OF INTERFACE DEFORMATIONS

The theoretical description of small-amplitude deformations of free surfaces induced by radiation
pressure has already been established for semi-infinite transparent liquid layers and experimentally
investigated [8,23]. The discontinuity in light momentum at the air-water (AW) interface results
in radiation pressure, capable of forming a stationary bulge on the interface. This pressure is
counteracted by both buoyancy and Laplace pressure at the interface, as detailed in the work in
Ref. [8]. In essence, this description is derived from the linearized unsteady Stokes equations,
mass conservation, and stress balance at the free surface. For small-amplitude deformations h(r, t ),
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FIG. 2. The time-resolved deformation heights h0(t ) of the air-octanol and octanol-water interfaces under
total internal reflection (TIR) excitation are shown. In (a), the interface dynamics are depicted for both
interfaces, with hu = 200 µm and hb = 1.5 mm. In (b), the interface dynamics are shown for three heights.
The insets in the figures illustrate the direction of deformation and the path of the pump laser. The red solid
lines represent the numerically simulated data obtained using the finite-element method (FEM)-based software,
COMSOL MULTIPHYSICS.

characterized by h/w � 1 (where w is pump laser beam), the stress balance at the interface can be
expressed as follows:

(ρi − ρt )gh(r, t ) − γ

r

∂

∂r
[rh(r, t )] − 2η

∂vz

∂z
(r, t ) = �(θi, r), (1)

where vz(r, t ) represents the vertical velocity of the liquid, describing the evolution of the surface
deformation using the approximation h(r, t ) = ∫ t

0 vz(r, t ) dt and

�(θi, r) = niI (r)

c
cos2 θi

[
1 + R − tan θi

tan θt
T

]
,

where c represents the speed of light. The indexes i and t , respectively, refer to incident and
transmitted ray, and hence for the total internal reflection (TIR) on an air-octanol interface, ρi and ρt

densities of the octanol and air, respectively. ni = n2 and nt = n3 denote the refractive indices of the
octanol and air. The laser intensity is given by I (r) = 2P0/πw2 exp(−2r2/w2), where P0 is the total
power and w is the beam waist at the focus. Additionally, γ and g represent the interfacial surface
tension of the liquid and gravitational acceleration, respectively. θi and θt represent the angles of

034801-4



PROBING INTERPLAY OF LIGHT MOMENTUM AND FLUID …

FIG. 3. (a) The transient deformation height h0(t ) of the octanol-water interface is measured for three
different exposures. (b) When the pump beam shines from the top and TIR occurs at the octanol-water interface,
the transient h0(t ) is recorded for both the air-octanol and octanol-water interfaces.

incidence and transmission, respectively. R and T correspond to the reflectance and transmittance
at the interfaces.

Finally, we find the expected dynamics of the interface deformation on the beam axis
h(r = 0, t ) = h0(t ), and its relaxation after an exposure time t0 [23],

h0(t � t0) = �0

4γ k2
c

∫ ∞

0

exp
( − k̃2/8

)
Bo + k̃2

{1 − exp[−(k̃)t]}k̃ dk̃,

h0(t � t0) = �0

4γ k2
c

∫ ∞

0

exp
( − k̃2/8

)
Bo + k̃2

{1 − exp[−(k̃)t0]} exp[−(k̃)t]k̃ dk̃, (2)

where k̃ = k/kc is the dimensionless wave number, with characteristic wave number as kc = 1/w,
and (k̃) is the rate of evolution of the overdamped mode k̃. �0 is the amplitude of the ra-
diation pressure on the beam axis. The corresponding optical Bond number is Bo = (w/lc)2,
where lc = √

γ /�ρg, and where �ρ = |ρi − ρt | represents the difference in density. In the thick-
layer case considered above (hu,b/w � 1), one has

(k̃) = 1

τ
k̃

(1 + Bo/k̃2)

1 + Bo
,
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TABLE I. Liquids parameters used in simulations and measured experimentally.

Parameter Unit Simulation Measured value

Rwater,octanol 1.33,1.42
ρwater,octanol kg/m3 998, 865
γwater,octanol N/m 0.071, 0.0285 0.070, 0.0281
ηwater,octanol Pa s 0.0010, 0.0071 0.0012, 0.0069

which allows one to define a characteristic damping time (τ ) associated to the mode kc,

τ = 2η

γ kc
(1 + Bo)−1 = 2ηw

γ
(1 + Bo)−1. (3)

We have used Eqs. (2) and (3) above to compare the experimental as well as simulation data
(see more details about the derivation of Eqs. (2) and (3) in the SM [26]). To ensure optimal
conditions, such as avoiding the meniscus effect from the container wall and ensuring hu,b/w � 1,
we maintained the thickness of the liquid in the central region below 2 mm, with a typical diameter
of approximately 15 mm.

Figure 2(a) shows the bulge height h0(t ) for the pump power (P0 = 3 W) in the TIR configuration
(θi = 45◦), considering three different values of the top-layer octanol thickness. The bulge height
was averaged over three shots of the shutter opening for a given power. The presence of a bulge on
the air-octanol (AO) interface is in accordance with Minkowski’s momentum and is also consistent
with prior findings [6–9]. Remarkably, we also noted that the water-octanol interface underwent
deformation, initially forming a pronounced bulge. This transient bulge showed a clear orientation
directed toward the octanol layer, which has a higher refractive index (1.42) in contrast to water
(1.33). This observation underscores the existence of a robust connection between radiation pressure
and interface deformation, which holds in both transient and steady states. However, it is important
to note that the mere presence of a bulge or dip does not, by itself, provide conclusive evidence
regarding the nature of light’s momentum. As demonstrated in [11–13], fluid flow and geometric
factors also play pivotal roles. Furthermore, we calculated the deformation on the water-octanol
interface where the pump laser entered and exited, which was less than 6 nm and not shown in
Fig. 2(b) to avoid the complexity.

First, we validated our data [Fig. 2(a)] with Eqs. (2) and (3). According to these equations,
the fit of the growing deformation gives the amplitude �0w

2/4γ , the timescale τ , and the Bo
number value. From the amplitude, we get γ when n is known. From the measured timescale
τexp (here corresponding to τ ), we determine the viscous velocity γ /η and then η. Taking into
account the height resolution of ±1 nm, on the one hand, and the relative error dτexp/τexp = 1%
deduced from the standard deviation, on the other hand, we finally find γ = (24 ± 2) mNm−1 and
η = (7.1 ± 0.05) mPa s for the air-octanol interface, in very good agreement with the literature [27]
(γ = 24.8 mNm−1 and η = 7.10 mPa s at 20 ◦C). The dynamics of deformation predicted for the
thick-layer case (hu,b/w � 1) is thus quantitatively retrieved experimentally (see the SM, Fig. S1,
for more details [26]). We have previously studied [23] a scaling analysis that takes into account
radiation pressure, viscosity, and film thickness and found that the dynamics of the thin film also
depends upon film thickness. We also analyzed the fringes obtained from light reflection at the
bottom glass and the liquid-liquid (water-octanol) interface using the same procedure. In the final
results for both interfaces, we summarized the parameters used in the simulation, incorporating data
from the literature [27], as well as our measured data, in Table I.

The variation of exposure time for a pump laser is a crucial factor to consider in the study of
liquid-liquid interfaces. By adjusting the exposure time, one can observe and analyze the transient
dynamics occurring at the interface between water and ethanol. One could explore experimental
setups involving higher viscosity ratios by utilizing viscous mixtures such as glucose-water with
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hexadecane, or glucose-water with toluene, combined with suitable surfactants. By employing
such experimental conditions, one can investigate the effects and behaviors of fluids with sub-
stantially different viscosities, providing valuable insights into various phenomena and processes
[see Fig. 3(a)].

Furthermore, if we shine a pump laser from the top onto the liquid (ni = n2 and nt = n1),
satisfying the total internal reflection (TIR) angle condition on the liquid-liquid interface, the
momentum discontinuity generates radiation pressure, deforming the liquid-liquid interface and
forming a dimple (in agreement with Minkowski momentum).

Additionally, a transient dimple forms on the air-liquid (octanol) interface due to viscous stress,
as shown in Fig. 3. Transient dimples on the air-liquid interface find applications in microfluidics
and surface-tension-based devices, offering diverse opportunities for advancement in different
fields [28].

IV. FINITE-ELEMENT METHOD (FEM)-BASED NUMERICAL SIMULATION

In order to validate our experimental data and ensure reliable predictions across different con-
ditions, we utilize the FEM-based software COMSOL MULTIPHYSICS. This computational approach
empowers us to simulate and analyze the system’s behavior with high precision. By employing this
methodology, we can unravel the intricate interplay between light momentum and fluid dynamics
at the interface, gaining valuable insights into their interaction [7,12,22]. By modeling a two-layer
liquid system and solving the Navier-Stokes equation with appropriate boundary conditions, we
investigate the effect of the transient deformation profile of the liquid interface. The calculations
involve considering the effects of radiation pressure on the surface displacement, utilizing the
Laminar two-phase flow, moving mesh module, for solving the incompressible flow equations,

ρ
∂v

∂t
+ ρ(v∇)v = −∇P + η∇2v + F,

where v describes the flow velocity, P is the pressure, ρ is the fluid density, and η is the dynamic
viscosity. The model was built in two-dimensional (2D) axisymmetric geometry, as shown in
Fig. 4(a).

The external pressure and surface tension act on the boundary condition of the free
surface. However, surface tension on a liquid-liquid interface is applied through a bound-
ary condition using the feature of a fluid-fluid interface. For the general angle of inci-
dent P(θi, r) = f (θi )2ni(ni − nt )I/c(ni + nt ), where f (θi) = cos2 θi[1 + R − (tan θi/ tan θt )T ] and
I (r) = (2P0/πw2) exp(−2r2/w2) is the intensity of incident light beam, θi and θt denote the angles
of incidence and transmission, respectively. Free-surface and no-slip boundary conditions were
applied at the air-liquid and substrate interfaces vr (z = hb) = 0 and the velocity is continuous at the
liquid-liquid (water-octanol) interface. The gravity vector entered the force term as F = −ρg, with
g = 9.8 m/s2 [7,12,22]. Realistic sample geometry was considered [Fig. 4(a)], with rb = 15–20 mm
and upper- and bottom-layer liquid thickness hu = 0.02–1 mm and hb = 0.5–1 mm, respectively. We
have compared the experimental, theoretical, and FEM results and found good agreement. These
results are presented in the SM, Fig. S2 [26].

Finding a visible light transparent liquid-liquid interface with water on top poses challenges
including refractive index matching, chemical compatibility, and stability. Examples include the
water-oil interface, such as water-chloroform [29], requiring careful consideration due to aesthetics.
Our study employed FEM simulations for the water-chloroform interface, revealing a transient bulge
formation on the water surface [Fig. 4(b)]. This observation confirms the coupling between light
momentum and fluid dynamics, as mentioned previously.

The results of our study demonstrate a fascinating interplay between light momentum and fluid
dynamics in a two-layer liquid system, as elucidated by our pump-probe laser setup. By applying the
pump laser, we induce a nanometric bulge on the upper liquid layer. Interestingly, this induced bulge
also triggers a transient bulge on the liquid-liquid interface due to the viscous stress exerted in the
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FIG. 4. (a) A 2D-axisymmetric geometry is employed in the FEM simulation. (b) The transient deformation
height h0(t ) is plotted for both the air-water and water-chloroform interfaces. In both cases [(a) and (b)], the
bottom row shows the deformed interface profile along with velocity contour lines.

direction of the higher refractive index liquid. This behavior is contrary to the expected Minkowski
momentum transfer, adding a different aspect to the observed coupling phenomenon.

Importantly, our technique offers a noninvasive approach to investigating the surface tension and
viscosity of multilayer liquid systems. Unlike traditional methods that require direct exposure of
the pump laser, our approach eliminates the need for such high-power laser exposure, minimizing
any potential artifacts that may arise from light-induced effects [12,14,22]. This is a significant
advantage as it allows for a more accurate characterization of the system without introducing
unwanted perturbations.

To support and validate our experimental findings, we conducted numerical simulations using
realistic experimental parameters. The agreement between the experimental results and the sim-
ulations further strengthens our conclusions and provides a comprehensive understanding of the
underlying physics governing the coupling of light momentum and fluid dynamics in a two-layer
liquid system. The implications of our study extend beyond fundamental research, offering different
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possibilities for a wide range of applications. The ability to investigate surface tension and viscosity
in two-layer liquid systems [28,30] without direct exposure to the pump laser opens avenues for the
development of innovative sensors, actuators, and optical devices [28]. By leveraging the coupling
phenomenon observed in our study, future technologies can be designed with enhanced performance
and functionality [31,32].

V. CONCLUSION

In conclusion, our study sheds light on the intricate relationship between light momentum
and fluid dynamics in two-layer liquid systems. Through a noninvasive technique and rigorous
experimental validation, we have gained insights into the coupling mechanism and its potential
applications. The control of the shape of the free surface [33] and liquid-liquid interface holds
significance in engineering applications in tunable optofluidic [34] elements. Supported by realistic
numerical simulations, our findings offer different possibilities for the development of sensors,
actuators, and optical devices in optofluidics [32,35] and reconfigurable optics [31,32].
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