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Turbophoresis and preferential accumulation of inertial particles
in compressible turbulent channel flow: Effect of Mach number
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Direct numerical simulations of channel turbulence laden with inertial particles were
performed to investigate the effects of the Mach number on turbophoresis and the prefer-
ential accumulation of particles using the Eulerian-Lagrangian point-particle method. The
results show that turbophoresis-induced particle segregation is suppressed at high Mach
number. A particle relaxation time weighting transformation is proposed which collapses
the concentration profiles not only for particles with small inertia but also for turbulence
with various compressibility at the studied low Reynolds number and in the inner region.
The conditional sampling reveals that inertial particles in compressible wall turbulence
tend to distribute in low-fluid-speed regions near the wall and high-fluid-speed regions in
the outer layer, which is similar to that in incompressible turbulence. What is special is that
they also tend to distribute in high-fluid-density and negative-fluid-dilatation regions. This
is explained by the changes in turbulent structures at varying Mach number, which in turn
also account for the varying scales of particle streaks.
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I. INTRODUCTION

Compressible turbulent particle-laden flow has a wide range of engineering and environmental
applications, such as fuel mixing in scramjet engines, deposition of ash on turbine blades, and the
exhaust of rocket engines [1–4]. It is also commonly experienced by aircraft when flying in rainy or
sandy environments (on Earth or Mars) [5,6]. Particle dispersion and accumulation in particle-laden
turbulent flow, driven by the flow statistics and the action of coherent structures, are crucial because
they directly affect the momentum and energy transfer between particles and the fluid [7,8]. The
compressibility effects due to the nonlinear interaction among velocity, pressure, and temperature
field, as well as the shocklets, will further increase the complexity of particle behavior [9,10].
Therefore, research studies on particle dispersion and accumulation in compressible two-phase flow
at various Mach number (Ma) are of great importance.

Investigations on the particle dispersion and accumulation in particle-laden flow have been
thoroughly documented in the past several decades. The reader is referred to [1,11] for the state-
of-the-art progress. The majority of these studies are for incompressible turbulence and based on
simple flow geometries, such as homogeneous isotropic turbulence, pipe flow, channel flow, and
spatially developing boundary layers [12–15]. For the motion of inertial particles in wall-bounded
turbulence, the direct numerical simulation (DNS) in the Euler-Lagrangian framework [14,16–20]
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is the most frequently used approach to investigate the particle dynamics and the mechanisms
since experimental observations of particle concentration in the near-wall region are extremely
difficult [21]. These studies have revealed that turbophoresis is a key process for the dispersion and
accumulation of inertial particles. Due to turbophoresis, small and heavy particles tend to migrate
from high- to low-turbulent-intensity regions [22,23]. The no-slip conditions of wall-bounded
turbulence lead to the disappearing turbulent intensity at the solid boundary and generate a sharp
gradient of turbulent intensity in the viscous sublayer. Therefore, particles tend to accumulate
there [24,25], accompanying a nonuniform particle distribution in the wall-normal direction. Note
that turbophoresis is a statistical theory interpreting the overall fluxes of particles toward and
away from the wall and also understood as the joint effects of particle inertia and the dynamics
of the turbulence structures (ejection/sweeping event) populating the near-wall region [24]. The
turbophoresis-induced particle segregation exhibits the Stokes number effects. For example, the
results of the particle-laden channel flow simulated by Bernardini [18] indicate that strong particle
segregation is observed in the near-wall region within the range of St+ = 10–100. At least in
the range of Reτ = 150–1000, the wall-normal concentration profiles collapse in inner scaling.
However, outside this St+ range, particles are relatively uniform distributed along the wall-normal
direction and the scaling law is unclear. Here the friction Reynolds number Reτ is defined as the ratio
of the outer scale h to the viscous length scale δν , where δν = ν/uτ , ν is the kinematic viscosity of
the fluid and uτ is the friction velocity. St+ is the ratio of the particle relaxation time τp = ρpd2

p/18μ

to the fluid viscous timescale τ f . Here ρp and dp are the particle density and diameter, respectively,
and μ = ρν is the dynamic viscosity of the fluid.

Another important phenomenon observed in turbulent multiphase flow is the preferential accu-
mulation, namely, particles are unable to completely follow the fluid trajectory and cluster locally
due to inertia [26]. This localized accumulation is often highly related to the spatial structure of
the surrounding fluid [27]. Low-inertia particles tend to be thrown out from the vortex core due
to the centrifugal effects [12] and are distributed outside the vortex structure [21] in homogeneous
isotropic turbulence. The spatial distribution of high-inertia particles cannot be only determined
by the instantaneous flow field. Instead, the history effects also need to be taken into account
[28–31]. For the wall-bounded turbulent flow, inertial particles are found preferentially stay in
the regions of negative streamwise velocity fluctuations near the wall [13,24,32–34] due to the
near-wall sweeps and ejections, forming small-scale particle streaks. This tendency is observed most
significantly for the Stokes number range of St+ = O(1)–O(10). The average spanwise spacing of
particle streaks is about 120 viscous units [35], and the streamwise length scale is approximately
500 ∼ 1000 viscous units [36] in low-Reynolds-number turbulent channel flows. Recently, Wang
and Richter [37] and Jie et al. [38] ound that inertial particles also exhibit large-scale organized
structures in the outer region of turbulent channel flow at moderate to high Reynolds numbers. The
observed large-scale particle streaks for relatively high-inertia particles [St+ = O(100)] are related
to large-scale turbulent motions, indicating that particles with different inertia respond efficiently to
turbulent structures with similar timescales.

Compressible and incompressible flow share the similarities in the near-wall structures [39],
large-scale motions [40], and wall pressure coherence [41], etc. However, compressible turbulence
also differs from incompressible turbulence in many aspects, such as larger turbulent dissipation
[42], more suppressed turbulent intensity [43], the presence of the wall temperature effects [44],
and the shocklets [45]. Studies on compressible particle-laden flow have revealed some important
characteristics of particle motion, dispersion, and preferential accumulation [2,9,10,20,26,27,45].
For example, in low-turbulent-Mach-number [Mt , defined as Mt = (u′

iu
′
i )

1/2/ā, where u′
i is the

velocity fluctuation component obtained from the Reynolds decomposition, a is the local speed
of sound, and “−” represents the Reynolds averaging operation] homogeneous isotropic turbulence,
particles also tend to preferentially accumulate in low-vorticity regions of the margin of vortex
structure. This phenomenon is the strongest when Stη ∼ O(1) [30,46], where Stη is the Stokes
number based on the Kolmogorov timescale of turbulence [12]. As the Mach number increases,
however, the accumulation of particles in low-vorticity regions is slightly reduced. Meanwhile, an
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interesting new phenomenon was observed by Zhang et al. [27] that particles have a tendency
to accumulate in high-density regions of the flow field and the moderate-/high-inertia particles
may accumulate in high-vorticity regions behind the randomly formed shocklets if Mt > 1. Li and
Bai [10] studied the behavior of microparticles in a two-dimensional supersonic laminar boundary
layer and revealed three different patterns of particle motion and the main determining parameters
involved. Li and Bai [2] found that particles tend to move towards the wall with increasing gravity
and Mach number, as well as decreasing initial wall-normal distance. Teh and Johansen [47]
studied the interaction between solid particles and laminar boundary layers through numerical
simulations and found that particles can suppress flow separation. Xiao et al. [26] performed
DNSs of spatially developing compressible turbulent boundary layer at free-stream Mach number
of 2.0 for particles with St+ = 24.33 and 2.36. The particle statistics and preferential concentration
were found to be similar to those in the incompressible wall-bounded particle-laden flow. Apart
from the low-vorticity-region accumulation, they also discovered a new mechanism for particle
preferential accumulation, that high-inertia particles tend to accumulate in low-density regions in
the inner region and high-density regions in the outer region while low-inertia particles still remain
in low-density regions.

Nevertheless, research on compressible particle-laden flow is still insufficient. In this study,
we focus on the dispersion behaviors of particles in wall-bounded compressible turbulence. The
direct numerical simulation within an Euler-Lagrangian point-particle framework is employed
to investigate the turbophoresis and the preferential concentration of inertial particles at various
Mach number (0.8, 1.5, and 2.0). Since Xiao et al. [26] have demonstrated that inertial particles
exhibit the most obvious segregation phenomenon in compressible wall turbulence in the range of
St+ = O(1)–O(10), the inner-scale particle Stokes numbers in the simulation are set to 0.72–10.8.
This paper is organized as follows: in Sec. II, we describe the nondimensional parameters, gov-
erning equations for the fluid and particles, and the numerical scheme and simulation details.
The turbophoresis and the preferential accumulation of particles are presented in Sec. III. Finally,
conclusions are given in Sec. IV.

II. NUMERICAL METHODOLOGY

A. Governing equations for the fluid phase

We simulate the compressible two-phase flow in a channel. The open source code OpenCFD
[48] is employed to calculate the carrier phase. This finite difference code has been used to suc-
cessfully simulate compressible channel flow, homogeneous isotropic turbulence, boundary layers
[48–50], etc. The fluid is assumed to be a Newtonian fluid that satisfies the continuity equation, the
compressible Navier-Stokes equations, and the energy conservation equation. These dimensionless
governing equations are

∂ρ

∂t
+ ∂ (ρu j )

∂x j
= 0, (1)

∂ (ρui )

∂t
+ ∂

∂x j

(
ρuiu j + pmδi j − 1

Re
σi j

)
= 0, (2)

∂e

∂t
+ ∂

∂x j

[
(e + pm)u j − 1

Re
uiσi j − 1

PrRe(γ − 1)Ma2

(
k

∂T

∂x j

)]
= 0. (3)

It is the ideal gas and satisfies the state equation

p = ρT, (4)

where ρ is density, uj is the velocity component, x j is the Cartesian coordinate in the jth direc-
tion, and j = 1, 2, 3 represents the streamwise (x), wall-normal (y), and spanwise (z) direction,
respectively. The origin of the y coordinate is at the centerline of the channel. pm = p/γ Ma2 is
the dimensionless modified pressure, t is time, T is temperature, and e is the total energy per unit
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volume

e = 1

2
ρuiui + pm

γ − 1
. (5)

The specific heat ratio γ = Cp/Cv is the ratio of the specific heat at constant pressure Cp to that
at constant volume Cv . σi j is the viscous stress tensor, which can be expressed as

σi j = 2μ
(
Si j − 1

3 Skkδi j
)
. (6)

Si j = (∂ui/∂x j + ∂u j/∂xi )/2 is the strain-rate tensor. For compressible air, the dynamic viscosity μ

is a function of temperature and calculated using the Sutherland equation [51]

μ = μw

1 + S/Tref

T + S/Tref
T

3
2 , (7)

where μw is the dynamic viscosity on the wall, and S and Tref are reference quantities [52]. Pr,
Ma, and Re are the Prandtl number, Mach number, and Reynolds number, respectively, and will be
defined in the next subsection. Note that we perform only one-way coupling simulation and neglect
the modulation of flow by the presence of particles. Therefore, the governing equations of the flow
do not include particle feedback. Equations (1)–(3) are discretized using an eighth-order central
scheme for the viscous terms. The time integration is achieved using a third-order Runge-Kutta
method. An important aspect in compressible turbulence is that the shocklets may occur when the
turbulent Mach number Mt is high enough. In such cases, shock-capturing methods (such as WENO
schemes or TVD limiters) are necessary to capture the flow discontinuities [53,54]. In this context,
we utilize an optimized seventh-order Weighted Essentially Nonoscillatory (WENO-7) scheme
[55] to discretize the convective terms described in Eqs. (1)–(3). Periodic boundary conditions are
imposed in the streamwise and spanwise directions. No-slip and isothermal conditions are employed
for velocities and temperature at the solid boundaries. The random perturbations are superposed on
the initial laminar velocity profiles to accelerate transition. The density and temperature are initially
uniform [56].

B. Lagrangian particle tracking

The Lagrangian particle-tracking method is used to calculate the particle motion, which is
governed only by the drag force. The shear and rotation lift forces, pressure gradient force, Basset
force, virtual mass force, and other unsteady forces are all ignored due to the small size of the
studied spherical solid particle and high particle-to-fluid density ratio. We discuss the dispersion of
dilute (low particle volume fraction) point particles in compressible turbulence and hence neglect
the interactions between particles [57]. This approach has been widely used in previous works
[19,26,45,58] and enables comparisons with existing results. The drag force is calculated according
to Schiller and Naumann [59], and the governing equations for particle motion can be written as

dxp,i

dt
= up,i, (8)

dup,i

dt
=

(
1 + 0.15Re0.687

p

)
τp

(vp,i − up,i ), (9)

where xp,i and up,i represent the position and velocity of particle. vp,i denotes the fluid velocity at
the particle position xp,i. Rep = ρp|up − vp|dp/μp is the particle slip Reynolds number based on
the magnitude of the slip velocity vector |up − vp|, and μp is the local fluid dynamic viscosity at
xp,i. ρp is the density of particles. τp = ρpd2

p/18μp is the local particle relaxation time at particle
position xp,i. In addition, since the slip Mach number Map (defined as Map = |up − vp|/ap, where
ap is the sound speed at xp,i) for 99.9% of the tracked particles are less than 0.4, the compressibility
correction to the drag force is neglected [60].
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After achieving the statistical steady state of the turbulence simulation, the inertial particles are
released into the flow field with zero-slip initial velocities [18]. The equations of particle motion are
then solved using the third-order Runge-Kutta method with the same time step as the fluid, ensuring
that the particle CFL number is less than 0.1. Periodic boundary conditions are used in both the
streamwise and spanwise directions. The particles experience perfect elastic collision when they
contact the top and bottom solid wall. The fluid and flow information at the particle position are
calculated by trilinear interpolation method [18,26].

C. Computational parameters and validation

In a compressible turbulence, the physical properties of the fluid vary with time and space.
The dimensionless parameters of particles will change along their trajectories as well. It is hence
essential to determine the dimensionless parameters that remain invariant in the two-phase flow
for the numerical simulations and the following discussions. Since the channel flow is driven by
a constant mass-flow rate and over isothermal walls, the bulk velocity Ub, the bulk density ρb,
the half-width of the channel h, and the wall temperature Tw are all constants. Therefore, the
dynamic viscosity at the wall μw is constant according to Eq. (7). In Eqs. (2) and (3), the Reynolds
number and Mach number are defined as Re = ρbUbh/μw and Ma = Ub/aw, respectively, with
the sound speed aw = √

γ RTw. Accordingly, the outer-scale particle Stokes number St defined
as St = τp,w/τ out

f could be constant for given particle size and density, where τ out
f = h/Ub is the

outer-scale characteristic time of turbulence and τp,w = ρpd2
p/18μw is the particle relaxation time

at the wall. In the present study, both the Reynolds (represented by φ̄ for an arbitrary quantity φ)
and the Favre averaging (φ̃ = ρφ/φ̄) are employed and conducted over the wall-parallel directions
and time. The inner-scale quantities of compressible flow are denoted by the subscript “+,” such
as ū+ = ū/uτ , where the friction velocity at the wall is uτ = √

τ̄w/ρ̄w, and τ̄w = μdu/dy|w. Anal-
ogously, y+ = y/δν , where δv = ρ̄wμw/uτ , and St+ = τp,w/tν , where tν = δν/uτ . We emphasize
again that the quantities on the wall are denoted by a lowercase “w.”

The computational domain is Lx × Ly × Lz = 6πh × 2h × 2πh and the number of grid points
is Nx × Ny × Nz = 512 × 129 × 256 in the streamwise, wall-normal, and spanwise direction. Uni-
form grids are used in the streamwise and spanwise directions, while a mapping function y/h =
tanh(Bζ )/tanh(B), where ζ ∈ [−1, 1], B = 2, is employed for stretching the wall-normal grid.
The specific heat ratio of the fluid is γ = 1.4. The reference values for the Sutherland equa-
tion used in the simulation are S = 110.4 K, Tref = 293.15 K, and Tw = Tref . The particle diameter
is dp/h = 2.5 × 10−3. The ratio of particle density to the fluid bulk density (ρb) is ρp/ρb = 1000.
The bulk Reynolds number, the outer-scale particle Stokes number, the Prandtl number and the
Mach number are Re = 3000, St = 0.1, 1, Pr = 0.72, and Ma = 0.8, 1.5, and 2.0, respectively.
The total number of the released particles is N = 6 × 105, and therefore the particle volume fraction
is V = 3.5 × 10−6. The simulation cases for St = 1 and Ma = 0.8, 1.5, 2.0 are named R3M08S1,
R3M15S1, and R3M20S1. In these cases, the viscous Stokes numbers St+ are 10.8, 8.7, and 7.2.
Similarly, the cases for St = 0.1 are named R3M08S01, R3M15S01, and R3M20S01, and the
corresponding St+ are 1.08, 0.87, and 0.72, respectively.

The time step for fluid and particle calculations is �t = 0.001h/Ub. Each calculation runs for
5 × 106 time steps with a total computation time of 5000h/Ub. The first 106 time steps are for the
development of the single-phase turbulence. The well-established statistically quasisteady state of
the two-phase turbulence is determined using the criterion that the change in the profiles of the mean
turbulent velocity and the particle concentration to be less than 0.1%. The statistics are obtained by
averaging the samples from t+ = δν/uτ = 30 000 to 40 000, similar to the averaging methods used
in Zhou et al. [61]. Details of the calculation parameters are also shown in Table I, where �t+ is the
time step in the inner scale, �x+ and �z+ are the streamwise and spanwise grid spacing, and �y+

max
and �y+

min are the maximum (channel center) and minimum (wall) grid spacing in the wall-normal
direction, respectively. In this table, Reτ = ρwuτ h/μw.
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TABLE I. Details of the calculation parameters.

Case Re Reτ Ma St St+ � t+ � x+ � z+ � y+
max � y+

min

R3M08S1 3000 198 0.8 1 10.8 0.013 7.3 4.9 6.4 0.47
R3M15S1 3000 219 1.5 1 8.7 0.015 8.1 5.4 7.1 0.52
R3M20S1 3000 240 2.0 1 7.2 0.019 8.8 5.9 7.8 0.56
R3M08S01 3000 198 0.8 0.1 1.08 0.013 7.3 4.9 6.4 0.47
R3M15S01 3000 219 1.5 0.1 0.87 0.015 8.1 5.4 7.1 0.52
R3M20S01 3000 240 2.0 0.1 0.72 0.019 8.8 5.9 7.8 0.56

To validate the code, we first compared the simulated results of unladen channel turbulence
with previous DNSs at the same Re and Ma. Due to the compressibility, the traditional wall unit
scaling cannot collapse the velocity profiles. Van Driest [62] proposed a well-known transformation

U +
V D(y) = ∫ ū+

0

√
ρ̄/ρ̄w dū+ to account for the average density effects. Figure 1(a) shows the mean

velocity profiles for Re = 3000 and Ma = 0.8, 1.5 in terms of the van Driest transformation. The
results of Yao and Hussain [56] and the law of the wall (linear law and log law) are also illustrated.
It is seen that the simulated results agree well with the transformed velocity profiles reported by
Yao and Hussain [56], though both results show that the van Driest transformation overshoots the
velocity profile in the log layer. Note that in spite of many other transformation at hand, they are not
applied since this is beyond the scope of this study.

Then we check the simulated mean temperature. Walz [63] derived the compressible temperature-
velocity relationship to conveniently predict the wall heat flux based on the compressible velocity
transformations. The so-called Walz equation agrees well with DNS for boundary layer over
adiabatic wall [64] but not that well for nonadiabatic cases [44]. The Walz equation was improved
by introducing a general recovery factor rg by Zhang et al. [65]. This improved temperature-velocity
relationship, T̄ /Tw = 1 + (Trg − Tw )/Twū/Uc + (Tc − Trg)/Tw(ū/Uc)2 with Trg = Tc + rgU 2

c /(2Cp)
and rg = 2Cp(Tw − Tc)/U 2

c − 2 Pr q̄w/(U 2
c τ̄w ), is adopted to rescale the simulated mean temperature

distribution. Note that Uc and Tc are the centerline velocity and temperature of the channel, and q̄w

is the average heat flux at the wall. Figure 1(b) shows the mean temperature profiles as a function
of ū/Uc for Reb = 3000 and Ma = 0.8, 1.5. The results of Yao and Hussain [56] and Zhang’s
equation are also shown. It is clear that the mean temperature-velocity relationships obtained agree
well with the results of Yao and Hussain [56] and the Zhang’s equation.

For the Reynolds stress τi j = ρ̄Ri j , where Ri j = ũiu j − ũiũ j , we show only the results
(τ11/τ̄w, τ22/τ̄w, τ33/τ̄w) for Ma = 1.5 in Fig. 2(a). In this figure, the abscissa is the semilocal

FIG. 1. (a) The average velocity profiles obtained from the van Driest transformation, linear law, log law,
and the results of Yao and Hussain [56]. (b) The mean temperature-velocity relationship for the simulated data,
compared with Zhang’s equation and the results of Yao and Hussain [56].

034305-6



TURBOPHORESIS AND PREFERENTIAL ACCUMULATION …

FIG. 2. (a) Semilocal transformation of Reynolds stress components as compared with the results of Yao
and Hussain [56] for Ma = 1.5; (b) particle concentration profiles for R3M08S1 as compared with the results
of Bernardini [18]. The inset in (b) shows the wall-normal distributions of particle number Np normalized by
the maximum particle number Np,max for the simulation case of R3M20S1, together with the results of Xiao
et al. [26] in a spatially developing compressible turbulent boundary layer at free-stream Mach number of 2.

wall-normal distance y∗ = yRe∗
τ , where Re∗

τ = Reτ

√
ρ̄/ρ̄w/(μ̄/μw ) is the semilocal friction

Reynolds number. The Reynolds stresses are normalized by the semilocal friction velocity u∗
τ and

expressed as Ri j/u∗2
τ , where u∗

τ = √
τ̄w/ρ̄. The results also show good agreement with those of Yao

and Hussain [56].
Finally, we attempt to validate the particle solver. Since the compressible data available for com-

parison are few, we show in Fig. 2(b) only several selected particle profiles at similar parameters to
cases R3M08S1 and R3M20S1. The particle concentration is normalized by the uniform distribution
concentration c0, and the particle number Np is normalized by the maximum particle number Np,max

usually at the wall. It shows that the results of R3M08S1 (red dashed dot line, Reτ = 198, Ma = 0.8)
at the minimum Mach number are quite close to, though still higher than, the results of Bernardini
[18] (black solid line, Reτ = 150, incompressible) under similar particle inertia (St+ ≈ 10). For the
maximum Mach number (Ma = 2) case, the DNS result for St+ ≈ 7.2 is compared with that of
Xiao et al. [26] who reported the Np profiles for two viscous Stokes numbers of St+ = 2.36 and
24.33. The inset in Fig. 2(b) indicates that the results of case R3M20S1 (Ma = 2, St+ = 7.2) are
also between Xiao’s two results, implying the rationality of the particle solver.

III. RESULTS AND DISCUSSIONS

A. The effects of Mach number on the turbophoresis

To investigate the Mach number effects on the particle segregation in compressible turbulent
channel flow, we first visualize the particle distributions at different Mach numbers, taking St =
1 as an example. The instantaneous snapshots of particle positions in the range −1.0 < y/h < 0
and 0 < x/h < 3 are shown in Fig. 3. The dots represent the particles that are colored by their
dimensionless wall-normal velocity (vp/Ub).

For all Mach numbers, there are more particles near the wall as compared to in the channel
center, indicating a significant phenomenon of particle segregation. The magnitude of the particle
wall-normal velocity is small near the wall. Therefore, particles are more difficult to move upwards,
resulting in a longer accumulation time and higher particle concentration there. Interestingly, we
observe more particles in the channel center at high Ma number. The less pronounced segregation
phenomenon (particles are prone to accumulate near the wall) at higher Mach number means that
the compressibility of fluid suppresses the particle segregation.

To better emphasize the accumulation process and clarify the effects of Mach number, we employ
Shannon entropy [15] to quantify the degree of segregation. The Shannon entropy is calculated by
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FIG. 3. Snapshots of particle distribution in the x-y plane. Particles with inertia of St = 1 are indicated by
dots and colored by their wall-normal velocity. (a) Ma = 0.8, (b) Ma = 1.5, (c) Ma = 2.0.

S = −∑Ns
j=1 p j log p j , where Ns is the number of the equally spaced height bins of the simulation

domain. The probability pj is the ratio of the number of particles Nj in the jth height bin to the
total number of particles N in the domain. The Shannon entropy is S = 1 if the particles are evenly
distributed while S = 0 if all particles are deposited in the first off-wall bin. The simulation results
of particle-laden incompressible channel turbulence by Picano et al. [15] indicated that as particles
segregate, the Shannon entropy gradually decreases and finally reaches a statistically steady state
after a certain period of time. This period of time depends on the flow Reynolds number and particle
Stokes number.

Figure 4(a) shows the time evolution of Shannon entropy for different Stokes numbers at
three Mach numbers. In all cases, the initial value of S is one, reflecting the initially uniform
distribution of inertia particles in the turbulent channel flow. For St = 1, it can be clearly seen
that the entropy slowly decreases as time goes by and gradually approaches a constant value at all
Mach numbers. This behavior is consistent with previous observations in incompressible turbulence
at similar Stokes number [18]. As discussed before, this intermediate Stokes number implies that
the characteristic time of inertial particles matches the timescale of turbulent structures in the buffer
layer of wall turbulence. Therefore, the turbulent regeneration cycle there controls the action of
particles. Before being transported to the outer flow by the ejection-type events, particles will stay
in the viscous layer for a long time [24], statistically resulting in the particle accumulation. However,
the rate of decrease in the Shannon entropy parameter at lower Mach number is slower than that at
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FIG. 4. (a) The evolution of Shannon entropy parameter. (b) Average particle concentration profiles. The
inset in (a) shows an enlarged view of the Shannon entropy parameter around one from (a).

higher Mach number, and the S value at equilibrium is much higher. Obviously, the Mach-number
dependence of particle accumulation also indicates varying near-wall turbulent structures associated
with fluid compressibility, which will be discussed later. On the other hand, the accumulation of
low-inertia particles (St = 0.1) in the wall region cannot be clearly detected though the inset in
Fig. 4(a) does show an indistinct Mach-number dependence of the Shannon entropy evolution.

Figure 4(b) shows the particle concentration distributions as function of the outer-scale wall-
normal height for different Stokes and Mach numbers. Note that the concentration c is scaled by the
initially uniform distributed particle concentration c0. For St = 1, c decreases monotonically and
rapidly with the increase of y/h, and consequently, c at the center of the channel is several orders of
magnitude lower than that near the wall. The effects of the Mach number on the mean concentration
distribution of inertial particles can be easily observed, that is, higher Mach numbers result in higher
particle concentrations in the channel center and vice versa. For St = 0.1, this phenomenon is not
that obvious. We will try to discuss the Mach-number dependence of particle (St = 1) segregation
in terms of the turbophoretic theory.

Caporaloni [22] pointed out that in incompressible turbulence, small and heavy particles tend
to migrate from high- to low-intensity regions. The particle migration speed, known as the tur-
bophoretic velocity, can be given by vT F = −τpdv′2/dy, where v′ is the vertical fluctuating velocity
component of turbulence based on the Reynolds decomposition. The expression of the turbophoretic
velocity indicates that vT F is proportional to the gradient of turbulence intensity and the particle
relaxation time, both of which may influence the particle migration. In the compressible turbulence,
the particle relaxation time τp is no longer constant. Figure 5(a) shows the variation of τp with regard
to y/h for all simulation cases. It is seen that τp decreases with the increase of y/h. The decrease is
more rapid near the wall and at higher Mach number because in the near-wall region the temperature
gradient increases as Mach numbers increase [66], and the particle relaxation time (τp = ρpd2

p/18μ)
is inversely proportional to the fluid dynamic viscosity and temperature according to Eq. (7). At the
same time, it can be seen in Fig. 5(a) that τp in the channel center is smaller at high Mach numbers,
since the temperature and dynamic viscosity is higher at high Mach numbers near the center of the
channel [56].

The inset in Fig. 5(b) shows the profiles of the average wall-normal turbulence intensity v′2,
scaled by U 2

b . As the Mach number increases, v′2 decreases in the near-wall region and slightly
increases near the channel center. However, the gradients of v′2 (not shown) in the near-wall region
and the channel center both decrease as the Mach number increases. Similar results have be observed
in the numerical simulations by Yao and Hussain [56].

The decreased τp on the one hand and the varying dv′2/dy on the other determine the varying
turbophoretic velocity with regard to the Mach number and the wall-normal height, as shown in
Fig. 5(b). It is clear that the magnitude of vT F increases apparently below the buffer layer and then
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FIG. 5. (a) Particle relaxation time and (b) the turbophoretic velocity. The inset in (b) shows the turbulence
intensity in the wall-normal direction.

decreases above. Actually, there always is a vT F peak on each curve at about y+ ≈ 9 (y/h ≈ 0.04).
The negative vT F will lead to strong particle net fluxes to the wall, which accounts for the near-wall
accumulation of particles, and the relatively uniform particle distribution at high Mach number in
the wall-normal direction can be attributed directly to the small |vT F |. Far from the wall, vT F > 0
suggests a turbophoretic drift of inertial particles towards the channel center. However, |vT F | is too
small to generate a significant particle accumulation there.

The above discussion tells us that the compressibility manifests its influence on the particle dis-
tribution through affecting the turbophoretic drift. It is of interest to search for possible universality
of concentration profiles for inertial particles in compressible turbulence. To this purpose, we start
the analysis from the concentration diffusion equation provided by Reeks [23],

∂c

∂t
= ∂

∂xi

[
εi j (x)

∂c

∂x j
− ūi(x)c + cτp

∂ξi j (x)

∂x j

]
= ∂

∂xi
[− ji(x)]. (10)

When the “turbulence-particle” system is fully developed, εi j → up,ixp, j and ξi j → up,iup, j repre-
sent the particle diffusion coefficient and the mean square velocity tensor. ūi(x) is the ith-direction
component of the mean fluid velocity at the particle position. The wall-normal component of the
diffusion current − ji(x) is

− jy(y) = εyx(y)
∂c

∂x
+ εyy(y)

∂c

∂y
+ εyz(y)

∂c

∂z
− v̄(y)c + cτp

∂ξyx(y)

∂x
+ cτp

∂ξyy(y)

∂y
+ cτp

∂ξyz(y)

∂z
.

(11)

In the homogeneous direction (streamwise and spanwise) of a turbulent channel flow, ∂/∂x =
∂/∂z = 0 and the mean wall-normal velocity v̄(y) is zero. Then the simple form of jy(y) is

jy(y) = −εyy(y)
∂c

∂y
− cτp

∂ξyy(y)

∂y
. (12)

We recognize that the first term on the right side of the above expression is the diffusion term
caused by the concentration gradient and the second term is consistent with the notion that given
zero concentration gradients in any one direction, particles will migrate in an inhomogeneous flow
from high- to low-turbulence intensities in the assumption that the mean square velocity of the
particle equals that of the fluid [22,23]. Reeks [23] defined −τp∂ξi j (y)/∂y as the turbophoretic
velocity. Its one-dimensional form, −τp∂ξyy(y)/∂y, is identical to the one given by Caporaloni
[22]. Therefore, the second term is essentially the turbophoresis transport. Rearranging the above
expression, the wall-normal transport equation becomes

1

τpc

∂c

∂y
= − ∂ξyy

εyy∂y
− jy

τpεyyc
. (13)
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FIG. 6. (a) The first term on the right side of Eq. (14) −1/εyy∂ξyy/∂y as a function of y+ and (b) the second
term on the right side of Eq. (14) jy/τpcεyy.

Integrating Eq. (13) from the wall to arbitrary height y, then we obtain

1

τp

∫ c

cw

δc

c
=

∫ y

yw

− 1

εyy

∂ξyy

∂y
δy −

∫ y

yw

jy
τpεyyc

δy, (14)

where cw is the particle concentration at the wall yw. Figure 6(a) shows the first term on the right
side of Eq. (14) as a function of the inner-scale wall-normal distance y+. It can be observed that this
term is relatively insensitive to the Mach number. The second term on the right side of Eq. (14)
shown in Fig. 6(b) satisfies jy(y) = 0 near the wall (and is much smaller than ∂ξyy/∂y/εyy in
magnitude), indicating a mean zero local diffusion current since the “turbulence-particle” system
is fully developed and in a quasisteady state. Therefore, the term on the left side of Eq. (14)
might be a reasonable combination that is independent of the Mach number. Then we get a particle
concentration transformation as

1

τp
ln

c

cw

= 1

τp

∫ c

cw

δc

c
. (15)

The dimensionless particle concentration (normalized by cw) for all simulation cases and
the incompressible reslut of Bernardini [18] based on the concentration transformation of Eq. (15)
are shown in Fig. 7. Remarkably, the figure (as compared with the inset) highlights the collapse of
the concentration profiles in the inner layer where both the compressibility and the inertia influence
the most. For each inertia, the transformation is effective in the region where the particle relaxation
time τp rapidly changes [see Fig. 5(a)]. For different Mach number and incompressible situation, the
introduction of the reciprocal particle relaxation time helps to collapse substantially the curves with
different particle inertia, probably supporting the universality of exponential distribution of inertial
particle concentration (all curves collapse in log plot). We emphasize that the turbulent Reynolds
number is in a small range of 198 < Reτ < 240 for the studied compressible wall turbulence, which
might be one of the important reason for the clear inner-region scaling law.

B. The effect of Mach number on the preferential distribution

The preferential distribution of inertial particles in incompressible wall turbulence and the
underlying mechanisms related to turbulent structures have been well documented [16,24,37].
Since the turbulence structure could be modified by the compressibility [43,67]. The Mach number
dependence of the preferential distribution of the particles in compressible turbulence is expected.
The discussions are mainly based on the simulation results for St = 1, while those for St = 0.1 will
be mentioned when necessary.
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FIG. 7. Concentration profiles using reciprocal particle relaxation time weighting transformation
1/τp ln(c/cw ). The inset is the particle concentration normalized by the wall particle concentration c/cw .

Figure 8 shows the instantaneous particle distribution in the inner region (y+ ≈ 15) and the outer
region (75 < y+ < 125). The black dots represent particles and colors represent the values of the
dimensionless streamwise fluctuation velocity u′/Ub at y+ ≈ 15 and y+ ≈ 100, respectively. For a
better presentation of spatial distribution, particles are enlarged. Note that we present the particles
in the range of 75 < y+ < 125 because the number of particles in the outer region is few, as shown
in Fig. 4(b).

From Figs. 8(a), 8(c), and 8(e), it is clear that the particles tend to cluster in the near-wall low-
fluid-speed regions. This is consistent with previous studies on incompressible particle-laden flow

FIG. 8. Particle distribution at y+ ≈ 15 for (a) Ma = 0.8, (c) Ma = 1.5, and (e) Ma = 2.0 and in the region
of 75 < y+ < 125 for (b) Ma = 0.8, (d) Ma = 1.5, and (f) Ma = 2.0. The black dots represent particles, and
colors represent the values of the dimensionless streamwise fluctuation velocity u′/Ub.
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FIG. 9. Ratio of particle concentration in high-speed regions (u′ > 0) to that in low-speed regions (u′ < 0).

[24]. However, as the Mach number increases, the number of particles in high-fluid-speed regions
increases and the preferential distribution phenomenon becomes less pronounced. Figures 8(b),
8(d), and 8(f) show that in the outer region particles tend to distribute in high-speed regions,
consistent with the results of Wang and Richter [37] for incompressible open-channel turbulence
and Xiao et al. [26] for compressible turbulent boundary layers. Analogously, the tendency is
less clear at higher Mach number. The preferential distribution is straightforwardly quantified by
counting the particle positioned in high-fluid-speed (u′ > 0) and low-fluid-speed (u′ < 0) regions,
respectively. The ratios of the particle concentration c(u′ > 0), corresponding to these particle
counts, to c(u′ < 0) are shown in Fig. 9. Here there is a clear monotonic trend of the ratio with
the Mach number and a nonmonotonic trend with y+. The latter has already been observed in
incompressible turbulence. However, the Mach number dependence has never been reported before
to the best of our knowledge.

As the Mach number increases, in the near-wall region, the particle preferential accumulation in
the low-speed regions weakens. The Mach number dependence of the particle preferential distri-
bution in the near-wall region can be first explained by the changes in near-wall turbulent events.
We show in Fig. 10(a) the conditionally sampled events u′v′

q/U 2
b that particles reside in, where the

subscript “q” represents a specific quadrant, for case R3M08S1. The events corresponding to each
quadrants are Q1(u′ > 0, v′ > 0), Q2(u′ < 0, v′ > 0), Q3(u′ < 0, v′ < 0), and Q4(u′ > 0, v′ < 0).

FIG. 10. (a) Fluid event intensities u′v′
q/U 2

b in each quadrant and (b) the quadrant contributions to the
Reynolds shear stress u′v′

q/u′v′ at y+ ≈ 15.
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FIG. 11. Wall-normal profiles of the fluid fluctuation density at the particle positions ρ ′
f .

The quadrant contributions to the Reynolds shear stress are presented in Fig. 10(b). Figure 10
indicates that the events are all weakened with the increase of Ma, though there is little change
in the proportion of events. Note that particles are mainly distributed in Q2 (sweep) and Q4
(ejection) events due to the effect of the quasistreamwise vortex. The reduced event intensities, on
one hand, cause difficulty for particles transporting in the wall-normal direction (weak segregation
as discussed above) and, on the other hand, homogenize the particle distribution in horizontal plane
(less pronounced preferential concentration phenomenon). The latter will be further discussed later
in terms of the conditional hairpin vortex.

As the Mach number increases, in the outer region, the particle preferential accumulation in
the high-speed regions weakens. In a study on incompressible particle-laden flow, Wang and
Richter [37] observed that the most significant preferential accumulation occurred when Stout = 6.0
(defined as Stout = τp/τ

out
f ), and accumulation weakens as Stout continues to decrease. For the cases

presented in this paper, the Stout of particles gradually decreases as the Mach number increases. For
example, when St = 1 and the Mach number varies from 0.8 to 2.0, Stout decreases from 0.92 to
0.67 at the center of the channel, as illustrated in Fig. 5(a). The Stout effects are consistent with the
findings of Wang and Richter [37], and in this paper, Stout effects are attributed to the reduction in
τp as the Mach number increases. Nevertheless, higher Mach numbers suppress the phenomenon of
particle preferential accumulation in the high-speed regions of the outer region.

Figure 11 shows that the wall-normal profiles of the fluid fluctuation density ρ ′
f observed at

particle positions are greater than zero at all Mach numbers throughout the channel. This implies that
particles have a tendency to accumulate in high-density regions in both the inner and outer region.
In the outer region of incompressible turbulent flow, particles tend to accumulate preferentially in
low-vorticity regions outside the vortex due to the centrifugal effects [12]. Whereas in compressible
turbulent flow, these regions correspond to the compressed high-density regions outside the vortex.
Consequently, particles exhibit a tendency to accumulate in high-density regions [68]. In the inner
region, for Ma = 0.8, 1.5, and 2.5, the conditionally averaged fluid density fluctuations ρ ′

f reach
their peaks at y+ ≈ 13, 18, and 20, respectively, indicating that preferential accumulation of particles
is most evident there. As the Mach number increases, the peak of ρ ′

f gradually increases, because
this is due to higher Mach number and leads to an augmentation of fluid density fluctuation in the
inner region [43]. Note that the high-density distribution of particles in the inner region in this study
differs from the results of Xiao et al. [26], in which a low-density-region distribution of particles
was reported. This difference should be attributed to the wall temperature effects. The adiabatic wall
temperature employed in Xiao’s simulation corresponds to a clear correlation between low-speed
and low-density regions [26], whereas a cold wall in this study will result in an apparent correlation
between low-speed and high-density regions [69] in the inner region.
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FIG. 12. (a) Instantaneous isosurfaces of velocity divergence θ = −θ ′
rms|w (orange) for case R3M20S1.

θ ′
rms|w is the root-mean square of velocity divergence fluctuation at the wall. The green spheres represent

particles. (b) The enlarged view of a typical compression structure and nearby particle distribution. (c) Particle
number density near the extreme compression events for cases R3M20S1, R3M08S1, and R3M15S1 (St =
1) along the streamwise direction, normalized by ξ99 (the conditional average of particle number density at
extreme compression events E = [θ < 0, and |θ | > 0.99|θmin|]).

Apart from the turbulent velocity and density fluctuation, the particle distribution is also relevant
to the local compressibility of the fluid. Figure 12(a) shows the instantaneous isosurfaces of velocity
divergence(θ = ∇ · u, θ < 0 indicates that the fluid is being compressed, while for θ > 0, the fluid
is expanding in those regions) for Ma = 2.0. The isosurfaces of velocity divergence are colored in
orange, whereas the green points represent particles. The reference value of the isosurface is set to
be the negative root mean square of velocity divergence fluctuation at the wall, denoted as θ ′

rms|w.
This visualization method was also employed by Yu et al. [70]. Since the turbulent Mach numbers
are not high enough, we just call the identified the isosurfaces as compression structures, instead of
shocklets. It can be seen that the compression structures are randomly distributed in the flow field,
mainly in the near-wall region.

To look at the particle distribution more clearly, a close-up view is provided in Fig. 12(b). It can
be observed that particles tend to accumulate near the compression structures. For further discus-
sions, we calculate the conditionally averaged particle number. The extreme compression events
E (θ ) are chosen as E = [θ < 0, and |θ | > 0.99|θmin|]. ξ99 =< ξ |E > represents the conditional
average of particle number density at extreme compression events. ξ (�x) or ξ (�z) represents con-
ditional average of particle number density at distance �x or �z away from extreme compression
events.

Figure 12(c) shows the particle number density near the extreme compression events. It can be
seen that near the events, particle number density decreases with increasing streamwise distance,
which indicates that particles tend to accumulate near the events. This phenomenon becomes more
pronounced with increasing Mach number. However, a higher particle number density is observed
for �x > 0. This is because that when the particles pass through a compression structure, they
will decelerate and accumulate downstream, leading to a higher particle number density there. This
downstream accumulation phenomenon was also observed by Yang et al. [9], though the flow pattern
is different and Mt in this study is also much smaller.

As shown in the previous Fig. 12, particles tend to accumulate near the extreme compression
events. Furthermore, we give the probability density functions (PDFs) of dilatation (velocity di-
vergence) at particle positions in both the inner and outer regions of wall turbulence to provide a
global perspective. In Fig. 13(a) we present the PDFs of dilatation conditionally sampled at particle
positions in the outer region of y+ ≈ 50. The results show that the average dilatations for Ma
= 0.8, 1.5, and 2.0 are −7.8 × 10−4,−1.1 × 10−3, and −3.5 × 10−3, respectively. The negative
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FIG. 13. Probability density functions (PDFs) of dilatation θ at particle positions in (a) the outer region
y+ ≈ 50 and (b) the inner region y+ ≈ 15.

dilatation suggests that the fluid at the location where the particles are present exhibits a more
pronounced average compressibility, similar to the previous results of Yang et al. [9]. In the inner
region, however, things will be more complex. Figure 13(b) shows the PDFs of the dilatation at
the particle positions at y+ ≈ 15. For the cases with Ma = 0.8, 1.5, and 2.0, the average dilatations
are −5.0 × 10−3, −9.7 × 10−3, and −1.1 × 10−2, respectively, indicating that particles are also
accumulated in the compressed regions. Meanwhile, the average of the conditional dilatations in
the inner region are larger than those in the outer region due to the stronger compressibility of the
fluid itself in the inner region [56]. Accordingly, we propose a combination mechanism between the
turbulent velocity structure and the compressibility for particle preferential distribution.

In Fig. 14 we show the joint distribution between the conditional streamwise velocity fluctuation
u′ and the dilatation θ at particle position in the inner region (y+ ≈ 15). The proportions of
particles in the four quadrants, named O1(u′ > 0, θ > 0), O2(u′ < 0, θ > 0), O3(u′ < 0, θ < 0),
and O4(u′ > 0, θ < 0), are also presented in the figures. First, the joint distribution is skewed with
the minimum proportion being in O1 quadrant, which indicates that particles are least likely detected
in high-fluid-velocity and expansion regions. That in O4 quadrant takes the second least place. The
particles distributed in the second quadrant are always the most abundant. The sum of particle
number in the second and third quadrants (low-fluid-velocity regions) are 68.5% for Ma = 0.8,
65.5% for Ma = 1.5, and 63.8% for Ma = 2.0. The cluster of particles in the low-fluid-speed
regions and the reduced preferential distribution with Mach number coincide with what observed
in Fig. 9(a). On the other hand, the sum of the O3 and O4 distribution is always greater than 50%.
Second, it is notable that as the Mach number increases (Ma = 0.8 → 1.5 → 2.0), the particles
in O1 quadrant and O3 quadrant decrease (O1: 9.7% → 8.6% → 8.2%, O3: 34.6% → 30.3% →
26.6%), while those in O2 quadrant and O4 quadrant increase (O2: 33.9% → 35.2% → 37.2%, O4:
21.8% → 25.9% → 28.0%). It seems that the enhancement of the local expansion is accompanied
by the particle distribution in the high-fluid-speed regions (O2), while the enhancement of the local
compression suppresses the particle distribution in the low-fluid-speed regions (O3). Similar to the
overall compressibility effects in Fig. 9, local compressibility inhibits the intensity of local ejection
events, thereby suppressing the preferential accumulation of particles in the low-speed regions.
Finally, as the Mach number increases, since the percentage decrease in particle distribution in
the O3 regions is greater than the percentage increase in the O2 regions, the local compressibility
effects (including expansion and compression) overall weaken the preferential particle accumulation
in low-speed regions. Additionally, the transport of particles is driven by near-wall ejection events.
When particles pass through a compression structure, they will decelerate, thereby weakening the
particle transport and the preferential accumulation in low-speed regions.

The nonuniform distribution of particles in the horizontal plane leads to the particle streaks and
the organized particle structures, as illustrated in Fig. 8. We calculated the two-point correlation
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FIG. 14. Joint distribution between the conditional streamwise velocity fluctuation u′ and the dilatation θ

at particle locations in the inner region (y+ ≈ 15). (a) Ma = 0.8, (b) Ma = 1.5, (c) Ma = 2.0 for St = 1.

coefficient Rc′c′ of particle concentration to quantify the scales of particle structures. The autocorre-
lation coefficients in the streamwise direction is defined as

Rc′c′ (�z) = 〈c′(x, yref , z, t )c′(x, yref , z + �z, t )〉/〈c′(x, yref , z, t )c′(x, yref , z, t )〉, (16)

and that in the spanwise direction is

Rc′c′ (�x) = 〈c′(x, yref , z, t )c′(x + �x, yref , z, t )〉/〈c′(x, yref , z, t )c′(x, yref , z, t )〉, (17)

where c′ = c − c̄, yref is the reference height. The results are shown in Fig. 15. Again, Rc′c′ in the
outer region is calculated in terms of the particles distributed within the height range of 75 < y+

ref <

125 since the number of particles in the grid space at a specific height there is not enough to achieve
a smooth statistical curve.

It is seen from Fig. 15(a) that the first local minimum values of the spanwise two-point
correlations occur in general at �z+ ≈ 50–60, and this implies an average spanwise spacing of
approximately 120 in viscous units, which is similar to the numerical results of Sardina et al. [35]
in incompressible turbulence. However, the average spanwise spacing of particle streaks gradually
increases with the increase of the Mach number. It is approximately 106 viscous units for Ma = 0.8,
118 viscous units for Ma = 1.5, and 129 viscous units for Ma = 2.0. Figure 15(b) shows the
streamwise two-point correlation of particle concentration at the height of y+

ref ≈ 15. Although the
computational domain is not sufficient long for Rc′c′ decaying to zero, it can be observed that Rc′c′

increases with the Mach number.
Actually, the contours of the instantaneous streamwise fluctuating velocity in Fig. 8 become

less meandering at high Mach number, suggesting a widened and elongated correlation region.
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FIG. 15. Two-point correlation of particle concentration in (a) the spanwise direction and (b) streamwise
direction at a reference height of y+

ref ≈ 15. (c), (d) Rc′c′ for particles within the height range of 75 < y+
ref < 125.

Lines: dash–dot-dotted, Ma = 0.8; dash–dotted, Ma = 1.5; solid, Ma = 2.0.

Therefore, naturally, the particle streaks become larger at high Mach number, due to the one-way
coupling and the moderate inertia.

Figures 15(c) and 15(d) show the streamwise and spanwise two-point correlations of particle
concentration in the outer region, 75 < y+

ref < 125. Although the correlation coefficients exhibit
significant fluctuations in their decay stages with respect to �z+ and �x+, it can still be observed
from the figures that the average streamwise spacing in the outer region is greater than that in
the inner region. Additionally, the average streamwise spacing and streamwise scale of particle
structures in the outer region tend to increase with increasing Mach number, similar to the trends
observed in the inner region.

From the above discussions and numerous previous studies, it has been well established that
ejection and sweep events account for the particle preferential distribution. On average, individual
hairpin vortices serve as the near-wall coherent structures responsible for ejection and sweep,
contributing significantly to the mass and momentum transport near the wall. Hairpin vortices
grow and combine to form packets of hairpin vortices in the logarithmic region, i.e., large-scale
motions [71]. To explain the variation in the scales of particle structure with Mach number, the linear
stochastic estimation (LSE) method is employed to extract conditional hairpin vortex structures.

One can refer to [72] for the LSE theory. This method has been widely used to study the
characteristics of particles around the vortices in two-phase wall turbulence [33,73]. Here we
provide just a brief description of LSE. Given the event E (χ∗, t ) at event location χ∗, the conditional
average of a fluctuating quantity ψ at location χ is denoted 〈ψ |E〉. E represents the ejection
events. LSE approximates the linearly estimated field ψ̂ (χ ) as ψ̂i(χ ) = Li j (χ, χ∗)Ej (χ∗), where
Li j provides the best linear approximation of the conditional mean 〈ψ |E〉 using the least squares
method. The conditional field ψ̂ (χ ) that we are currently interested in includes the turbulent velocity
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FIG. 16. (a) Conditional structures E = [u′
m, v′

m, 0] obtained using the LSE method and visualized using
the |λci|/(Ub/h) and (b) conditional particle fluctuating concentration 〈c′|E〉/c0 on the vertical slice at z+ = 0
for Ma = 0.8 and St = 1. The middle (c), (d) and bottom (e), (f) rows correspond to those for Ma = 1.5 and
Ma = 2.0, respectively. The horizontal slices of conditional streamwise velocity fluctuations 〈u′|E〉/Ub in the
left column is positioned at y+ = 8.

fluctuations and the particle concentration field, namely, ψ̂ (χ ) = [û′, v̂′, ŵ′, ĉ′]. The ejection events
E (χ∗, t ) is chosen as E = [u′

m, v′
m, 0]. The selection of u′

m and v′
m is based on maximizing the

product of their joint probability density P(u′
m, v′

m).
Figures 16(a), 16(c), and 16(e) show the variation of the conditional structures obtained using

linear stochastic estimation as the Mach numbers increases, with the event location being at y+ ≈
50. The gray structures represent the isosurface where the squared swirling strength |λci|2 is equal
to 20% of the maximum value of each simulation case. The definition of swirling strength λci (the
imaginary part of the complex eigenvalue of the fluid velocity gradient tensor ∇u) can be found
in the article of Zhou et al. [74]. The horizontal planes in the left column located at y+ = 8 show
slices of the conditional streamwise velocity fluctuations 〈u′|E〉/Ub. The structures of vortices are
similar in shape for all Mach numbers. The length of vortex legs increases and the vortex structure
becomes flatter as the Mach number increases. This is consistent with the numerical results of Liang
and Li [67]. In compressible turbulence, compressibility effects lead to obvious increase of pressure
work and dilatational dissipation according to Yu et al. [70], and part of turbulent kinetic energy
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FIG. 17. Conditional average streamwise vorticity obtained using LSE for different Mach numbers:
(a) Ma = 0.8, (c) Ma = 1.5, and (e) Ma = 2.0, and the contours of conditional average particle concentration
(b) Ma = 0.8, (d) Ma = 1.5, and (f) Ma = 2.0.

is absorbed and the turbulence intensity is suppressed [48], thereby the near-wall velocity streak
structures become flatter.

Figures 16(b), 16(d), and 16(f) show the conditional structures and contour lines of particle
concentration in the vertical slices at z+ = 0. In the low-speed ejection regions between the counter-
rotating vortex legs, but upstream of the conditional eddy, the elevated high particle concentrations
can be observed. This higher concentration than the horizontal average further indicates the in-
fluence of the ejection of the Q2-based conditional hairpin vortex on preferential accumulation,
corresponding also to the nonuniform distribution of particles in the horizontal plane. As the
Mach number increases, however, the contour lines of particle concentration become flatter and
the upwelling angle of high-concentration region decreases, confirming the reduced nonuniformity
of particle distribution and the longer streamwise scale of particle structures.

Figure 17 shows the contours for the conditional average of streamwise vorticity ωx and particle
concentretion on the y-z plane for different Mach numbers, where ωx = ∂w/∂y − ∂v/∂z, and v and
w represent the wall-normal and spanwise turbulent velocities, respectively. From Figs. 17(a), 17(c),
and 17(e), it can be observed that there is a pair of counter-rotating quasistreamwise vortices on both
sides of the symmetric Q2 event point (at z+ = 0, y+ ≈ 50), a clockwise vortex (z+ ≈ 50) and an
anticlockwise one (z+ ≈ −50). The combined effect of these two vortices near z+ ≈ 0 corresponds
to the ejection events. As the Mach number increases (Ma = 0.8 → 1.5 → 2.0), the maximum
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value of ωx gradually decreases (ωx,max = 0.025 → 0.020 → 0.017), which leads to the weakening
of the ejection events. At the same time, the spacing between the counter-rotating vortices (i.e.,
the distance between the centers of two vortices) �z+ increases as the Mach number increases
(�z+ = 93.1 → 96.1 → 102.7). This implies an increase in the streamwise scale of fluid streaks.

The particles are transported upward through these two counter-rotating vortices in the ejection
events, ultimately accumulate near z+ ≈ 0 (the low-speed region below the symmetric Q2 event
point). The conditionally averaged particle concentration distributions calculated based on the
symmetric Q2 event locations are shown in Figs. 17(b), 17(d), and 17(f), in which the wall-normal
axis is the logarithmic scale ln y+. It can be seen that between the vortices (z+ ≈ 0), the particle
concentration contours bulge toward the outer region, indicating particle accumulate in these regions
and the formation of particle streaks. As the Mach number increases, the phenomenon of the
contours bulging toward the outer region decreases, indicating a reduction in particle accumulation.

IV. SUMMARY

The effects of Mach number on turbophoresis and the preferential accumulation of inertial
particles in compressible channel turbulence are investigated. Direct numerical simulations of
two-phase flow are conducted in the Eulerian-Lagrangian framework at a bulk Reynolds number
Reb = 3000, particle Stokes numbers St = 0.1 and 1, and Mach numbers Ma = 0.8, 1.5, and 2.0.

As the Mach number increases, the turbophoresis-induced particle segregation is suppressed. The
particle concentration near the center of the channel increases, while that in the near-wall region
decreases. This can be attributed to the reduced particle relaxation time, the varying wall-normal
turbulence intensity, and consequently the decreased turbophoresis velocity at high Mach numbers.
By considering the Reeks’ concentration diffusion equation, we propose a particle relaxation time
weighting transformation to collapse particle concentration. The transformed particle concentration
profiles at different Mach numbers and in the incompressible situation collapse in the inner scales
and in the inner region.

In compressible channel turbulence, particles in the inner region tend to preferentially cluster in
the low-fluid-speed regions, while those in the outer region tend to distribute in the high-fluid-speed
regions, which is consistent that in incompressible wall turbulence. However, this preferential
concentration phenomenon is less pronounced with increasing Mach number due to the modified
turbulent structures. Quadrant analysis of the turbulent velocity conditionally sampled at particle
position shows that although the proportion of ejection and sweep events does not change signifi-
cantly with Mach number, the intensity of these events decreases with increasing compressibility.
It is also found that particles tend to distribute in high-density regions and compressed region
where the dilatation is negative. This is more evident near the wall. The joint distributions of the
conditional streamwise velocity fluctuation and the dilatation at particle position indicate that it is
the combination of these two mechanisms that gives rise to the reduced preferential concentration
at high Mach number. As a result of the elongated conditional coherent structures, the scales of
particle streaks increase with increasing Mach number.

Several issues remain in the present study. The gravity and lift forces are not taken into account,
which may remarkably affect the preferential distribution and accumulation of particles. The
Reynolds number and Mach number are not high enough to capture the multi-scale particle streaks
and the high compressibility effects. The numerical simulations are limited in low volume and mass
loading ranges. Two- and four-way coupling simulations at high Reynolds and Mach numbers are
necessary in the future to validate the universality of concentration scaling relationships and reveal
the interaction and the underlying mechanisms of compressible multiphase turbulence.
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