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The study of capillary imbibition has ramifications in many fields, such as energy,
biology, process industry, and subsurface flows. Although the capillary rise of Newtonian
liquids has been the subject of several studies since the seminal works of Lucas (1918)
and Washburn (1921), its generalization to the case of non-Newtonian fluids is still an
open question. To fill this gap, starting from first principles, we derive a transient one-
dimensional model describing the rising dynamics of shear-thinning fluid, whose viscosity
is described by the Ellis viscosity model. Our model identifies the scaling for the different
imbibition regimes accounting for the interplay of inertial, gravity, and viscous non-
Newtonian effects (i.e., the zero-shear-rate and the shear-thinning behavior). Specifically,
the rising dynamics is described by the interplay of three dimensionless parameters: the
Richardson number (i.e., the ratio between potential and kinetic energies), the Ellis number
(i.e., the ratio between the characteristic shear-stress of the fluid and gravity), and the
shear-thinning index which quantify the degree of shear-thinning of the fluid. At early times
the system follows a universal inertial regime, followed by two possible limiting regimes,
i.e., the classical Lucas-Washburn and the oscillatory regimes. The competition between
the governing dimensionless numbers dictates the transition between the two. We show that
when the viscous effect dominates over inertia, the identification of a (time-dependent)
scaling law for the effective viscosity leads to a generalization of the Lucas-Washburn
theory and the rescaled trajectories toward equilibrium collapse over the classical 1/2
scaling law. On the contrary, when inertia dominates the later stage of the imbibition,
the filling length oscillates around the equilibrium. By means of linear control theory,
we discuss the physical mechanisms that lead to such oscillating behavior and map the
different regimes in terms of the governing dimensionless parameters.
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I. INTRODUCTION

The study of capillary imbibition finds applications in many fields, such as energy, biology [1],
food industry [2], and soil remediation [3]. The rise of a liquid inside a capillary has been a classical
problem in fluid mechanics since the seminal work of Lucas [4] and Washburn [5]. Specifically,
in regimes where viscous and capillary forces compete, the imbibition of a Newtonian fluid is
described by the well-known Lucas-Washburn law

ĥ =
(

Rσ cos(θ )

2μ
t̂

)1/2

, (1)

where ĥ is the height of the meniscus, t̂ the time, R the radius of the capillary, σ the surface tension,
θ the static contact angle, and μ the dynamic viscosity, respectively. Thanks to its simplicity, the
Lucas-Washburn law is widely used [6–8] although few inconsistencies between the theory and the
experimental rate of the rise have been reported in [8,9]. So far, many attempts have been made to
improve the description of the imbibition process of Newtonian fluids by taking into account the
inertial effects [10,11], the impact of the dynamic angle on the transient dynamics [9,12,13], and
the role of the displaced fluid [14–16] or the tube geometry [17].

Although the imbibition dynamics has been the subject of several studies, the case where the
fluid exhibits a non-Newtonian behavior is much less understood. In many scenarios, the working
fluid exhibits a shear-thinning behavior (e.g., biological fluids, polymers, suspensions) and its
viscosity is a function of the imposed shear-rate, see Bird et al. [18]. The viscosity decreases
following a power-law behavior only at intermediate shear-rates, while it approaches a constant
value at low and high shear rates: the zero-shear-rate and the infinity-shear rate limits, respectively.
Such limiting behaviors, are often ignored in the mathematical description of the imbibition
dynamics.

Among all the works focusing on the capillary rise of non-Newtonian fluid, many authors
considered the idealized power-law viscosity model, see Refs. [19–23], regardless of its physical
inconsistencies. The power-law model is singular in the limit of zero shear rate and it is incapable to
represent the viscosity plateau either at high or low shear rates, leading to large errors in predicting
integral variables, see, for example, Refs. [24–27].

To fill those gaps, our goal is to develop a model capable of describing the entire imbibition
dynamics for a realistic shear-thinning fluid accounting for the evolution of the effective viscosity at
low shear-rates. We aim at clarifying the competition between inertial, viscous and non-Newtonian
(i.e., the zero-shear-rate and the shear-thinning behaviors) effects during the entire imbibition
dynamics.

To this aim, we propose a lubrication approximation for the capillary rise of a shear-thinning fluid
whose viscosity is described by the Ellis viscosity model [28], derived from the energy balance of
the system. Specifically, the use of the Ellis rheological model is convenient since, differently from
the Carreau viscosity model [29], it allows for an analytical calculation of the velocity profile in
a straight capillary. The capillary rise obeys a nonlinear second-order differential equation where
the governing parameters are the Richardson number, which weights potential to kinetic energy,
the Ellis number, which accounts for the interplay of zero-shear rate and shear-thinning effects,
and the degree of shear thinning of the non-Newtonian fluid. Our model generalizes the capillary
rise to shear-thinning fluids by identification of the relevant scaling relations at the different stages
of the imbibition. An initial inertial regime is followed by the classical Lucas-Washburn or the
oscillatory regimes, depending on the competition between the governing dimensionless numbers.
After discussing the mechanism that leads to an oscillating regime using linear control theory,
we discuss to which extent the use of the power-law viscosity model can be legitimized in this
context.

The results shed light on the imbibition in the context of inelastic shear-thinning fluids and may
inspire more sophisticated models for the imbibition process in more complex materials.
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FIG. 1. Sketch of the considered problem: the capillary rise of a shear-thinning fluid in a cylindrical tube
of radius R. Note that air viscosity and density are negligible if compared to the liquid ones.

II. THEORETICAL DERIVATION

A. Problem formulation

We consider the rise of a shear-thinning fluid of density ρ in a cylindrical capillary tube of radius
R under the effect of gravity and capillary forces; see Fig. 1. The radius is assumed to be much
smaller compared to the tube length, R � L. The bottom reservoir is assumed to be sufficiently big
so that only the fluid in the proximity of the tube entrance is affected by the imbibition, and both air
and the liquid sufficiently far from the capillary are at rest. For the sake of simplicity, we assume
that the configuration depicted in Fig. 1 is a closed system and that air viscosity and density are
negligible. The tube walls are assumed to be smooth, neglecting the dissipation due to superficial
roughness [30].

The fluid is an incompressible generalized Newtonian fluid whose effective viscosity, μ, is
described by the Ellis model [18,28]

μ = μ0

1 + (τ̂ /τ1/2)α−1
, (2)

where τ̂ = √1/2(τ̂ : τ̂) is the effective shear-stress (or the magnitude of the shear stress tensor τ̂).
Equation (2) reduces to a Newtonian viscosity μ0, the zero-shear-rate viscosity, in the limit of small
shear rates while, at intermediate shear rates, the index α controls the decreasing of the viscosity.
Specifically, the shear-thinning region becomes more significant when α is high (α � 1). The
parameter τ1/2 controls the onset of the shear-thinning effect representing the effective shear stress
at which the viscosity is 50% of the zero-shear-rate viscosity. When τ1/2 is large, the Newtonian
plateau extends up to high shear rates and vice versa. The Ellis model describes well the viscosity
of many aqueous solutions where the typical values of the rheological constants are in the range
α ∈ (1, 3) [−] and τ1/2 = O(10−3 − 10) [Pa], and the viscosity of many polymers, where α ∈ (1, 4)
[−] and τ1/2 = O(1 − 10) [Pa]; see Bird et al. [18]. In the following, we will restrict our attention
to fluids where the effect of the infinite-shear-rate viscosity can be neglected as in the case of many
concentrated polymer solutions [18,31].

Aimed at deriving an evolution equation for the capillary filling, we adopt a one-dimensional
representation of the process using the lubrication approximation. We assume laminar flow and,
since R � L and given the symmetry, we neglect the azimuthal component of the velocity, i.e., the
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flow is considered unidirectional and at each cross section, the velocity is only a function of the
radial coordinate and time û = û(r̂, t̂ )k (where k is the unit vector in the axial direction). Thus,
û(r̂, t̂ ) is the fully developed velocity profile in a straight tube for an Ellis fluid (see Bird et al. [18])
given by

û(r̂, t̂ ) = P̂R2

4μ0

⎧⎨
⎩
[(

r̂

R

)2

− 1

]
+ 2

α + 1

(
|P̂|R
2τ12

)α−1[(
r̂

R

)α+1

− 1

]⎫⎬
⎭, (3)

where P̂(ẑ, t̂ ) = ∂ p̂/∂ ẑ and r̂ ∈ [0; R]. Although the lubrication approximation is not strictly valid
at the tube entrance because of the sudden change in geometry [8,9,32], previous works showed
that the impact of such entrance effects on the pressure profiles in the axial direction is negligible,
see Refs. [33–35]; a discussion on the impact of the boundary layer growth at the tube entrance is
provided in Appendix 1. Therefore, we assume that the velocity profile at the tube entrance is flat
and equal to the the instantaneous cross-sectional averaged velocity defined as

Û (t̂ ) = 2

R2

∫ R

0
r̂û(r̂, t̂ ) dr̂ = − P̂R2

8μ0

⎡
⎣1 + 4

α + 3

(
|P̂|R
2τ12

)α−1
⎤
⎦ . (4)

In the liquid reservoir the radial velocity is nonzero only in the regions labeled as �c and �∞
in Fig. 1. Specifically, �c is an hemisphere of radius R where we assume that the radial velocity
is uniform with norm equal to uc(r, t ) = Û (t̂ ). This assumption does not ensure the continuity of
the velocity at the boundary between the �c and the outer region �∞, but it can be justified in the
limit of L � R. In fact, although in the region �c the velocity field is rather complex, due to the
fact that L � R the volume of fluid in such region is rather small if compared to volume of the
liquid column and the liquid reservoir and, therefore, its contribution is small. In the outer region
�∞ the radial flow decays as shown in Szekely et al. [8]. By volume conservation between the tube
entrance, πR2Û (t̂ ), and the surface of the hemisphere, 2πR2û∞(R, t̂ ), we get û∞(R, t̂ ) = Û (t̂ )/2.
Using the continuity equation from the curved surface of the hemisphere where r̂ = R to a generic
radial position in �∞ we obtain

2πR2û∞(R, t̂ ) = 2πr2û∞(r̂, t̂ ) , (5)

and, therefore, the radial velocity profile yields to

û∞(r̂, t̂ ) = R2

2r̂2
Û (t̂ ), r̂ ∈ �∞ . (6)

B. Energy balance

Aimed at determining the location of the air-fluid interface with time, ĥ(t̂ ), we formulate the
energy balance for the entire system depicted in Fig. 1. We start from the energy balance for a
closed system filled with two immiscible fluids separated by an interface 
 given by Dussan [36],

d

dt̂
[Ê + P̂ + Ŝ] =

∮
∂
̂

σ t · Û cld �̂ − �̂, (7)

where Ê , P̂ , and Ŝ are the kinetic, the potential, the surface energy, respectively, whereas ∂
̂ is
the wall-interface contact line and d �̂ is the unit vector on ∂
̂; the surface energy Ŝ refers to the
interface 
 separating the liquid and the gas. The total energy of the system can vary due to the work
done by the contact line [the first integral on the right-hand side of Eq. (7)] and viscous dissipation,
�̂; Û cl , σ , and t are the velocity of the contact line, the surface tension, and the unit vector normal
to ∂
̂ on 
̂.
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The kinetic energy of the system is given by

Ê =
∫

�

1

2
ρû2dV̂ +

∫
�c

1

2
ρû2

cdV̂ +
∫

�∞

1

2
ρû2

∞dV̂ . (8)

Plugging in the velocity profiles defined in the previous section and recalling that dV̂ = 2πr2dr
for �c and �∞, whereas dV̂ = 2π r̂d r̂dĥ for �, we obtain the following expression for the kinetic
energy:

Ê = 1
2ρπR2γ ĥÛ 2 + 1

3ρπR3Û 2 + 1
4ρπR3Û 2, (9)

where γ is a shape factor defined as

γ =
∫ R

0 2r̂û2dr̂

R2Û 2
. (10)

The shape factor accounts for the shape of the velocity profile in the tube. Specifically, for
Newtonian fluids the velocity profile is parabolic and γ = 4/3; for shear-thinning fluids the shape
factor dynamically changes with the pressure gradient and the shape factor is a function of the
driving force and the fluid rheology, as shown in Appendix 2. The potential energy of the system is
given by

P̂ = πR2
∫ ĥ

0
ρgẑdẑ = ρgπR2 ĥ2

2
. (11)

The determination of the surface energy requires information on the dynamical shape of the
meniscus during the imbibition. Since we focus on regimes where capillary and viscous forces
dominates the meniscus, we assume that its curvature is constant [i.e., a spherical cap which moves
at the speed Û (t̂ )] and its shape is determined by the contact angle between the liquid and the solid.
In general, when the triple point moves, the apparent contact angle, θa, is different from the static
contact angle, θ , and several factors including the speed of the meniscus, small-scale molecular or
kinetic effects (see, for example, Ref. [13]) may affect its motion. In this work, we focus only on
the macroscopic imbibition of the liquid where the apparent contact angle is primarily determined
by viscous effects, and, therefore, the classical Cox-Voinov relation [37,38] holds

θ3
a = θ3 + 9μ0Û (t̂ )

σ
log ε, (12)

where ε = R/�m is the ratio between the length scale of the problem, R, and the cutoff length scale
�m below which the continuum description breaks down. The Cox-Voinov relation can be considered
a good approximation also for the case of shear-thinning fluids since the impact of the shear-thinning
effect on the spreading dynamics is small, as shown by Neogi and Ybarra [39]. Thus, assuming that
the air-liquid interface in the outer reservoir is unperturbed, the surface energy in Eq. (7) can be
estimated writing the surface area as a function of the tube radius and the contact angle as follows:

Ŝ =
∮


̂

σdŜ = 2πσR2

1 + sin θa
. (13)

The flow in the tube is driven by capillary forces and the work done by the contact line in Eq. (7)
is given by ∮

∂
̂

σ t · Û cld �̂ = 2πRσ cos θaÛ , (14)

while viscous dissipation in the liquid is estimated as the sum of the dissipation in the liquid column,
�̂�, and in the reservoir, �̂∞,

�̂ = �̂� + �̂∞, (15)
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where

�̂� =
∫ h

0

∫ R

0
2πrμ

(
∂ û

∂ r̂

)2

dr̂dẑ and �̂∞ =
∫ ∞

R
4πr2μ

[(
∂ û∞
∂ r̂

)2

+
(

û∞
r̂

)2
]

dr̂. (16)

Recalling that τ̂rz = μ(∂ û/∂ r̂), and plugging the relation between the shear-rate and the shear stress
of an Ellis fluid

dû

dr̂
= τ̂rz

μ0

(
1 + |τ̂rz|α−1

τα−1
1/2

)
, (17)

into Eq. (16) we get a general expression for the viscous dissipation of an Ellis fluid

�̂� = ĥ
∫ R

0
2πr

τ̂ 2
rz

μ0

(
1 + |τ̂rz|α−1

τα−1
1/2

)
dr̂. (18)

Since from the momentum balance in tube we get that τ̂rz = P̂ r/2, integration of Eq. (18) yields

�̂� = π P̂2R4ĥ

8μ0

⎡
⎣1 + 4

(3 + α)

(
P̂R

2τ1/2

)α−1
⎤
⎦. (19)

An expression for the dissipation in the liquid reservoir, �̂∞, cannot be derived analytically due to
the structure of the Ellis viscosity model and it has to be calculated numerically combining Eqs. (16),
(6), and (2).

To sum up, combining all the expressions given above and assuming that Û (t̂ ) = ˆ̇h, the energy
balance, Eq. (7), reads

ρ ˆ̇h ˆ̈h

(
γ ĥ + 1

2
ĥ ˆ̇h

dγ

d ˆ̇h
+ 7

6
R

)
+ 1

2
ργ ˆ̇h3 + ρgĥ ˆ̇h − 2σ cos θa

(1 + sin θa)2

dθa

d ˆ̇h
ˆ̈h

= +2σ cos θa
ˆ̇h

R
− P̂2R2

8μ0

⎡
⎣1 + 4

(3 + α)

(
P̂R

2τ1/2

)α−1
⎤
⎦− 1

πR2
�̂∞, (20)

where dγ /d ˆ̇h and dθa/d ˆ̇h are calculated from Eqs. (10) and (12), respectively, and ˆ̈h = d ˆ̇h/dt .

C. Dimensionless formulation and time evolution of the column height

The problem is made dimensionless introducing the following characteristic scales:

h0 = 2σ cos θ

ρRg
, t0 = 8μ0h0

ρgR2
, p0 = ρgh0, (21)

where h0 and t0 are the characteristic length and time, respectively, in case the capillary force
balances with gravity (h0 is the column height at the equilibrium); p0 scales with the hydro-static
pressure based on h0. If we introduce the following dimensionless variables

h = ĥ

h0
, t = t̂

t0
, p = p̂

p0
, P = P̂

p0/h0
, (22)

then we can recast Eq. (20) as follows:

1

Ri

[
ḣḧ

(
γ h + 1

2
hḣγ ′ + 7

6
Bo

)
+ 1

2
γ ḣ3

]
+ hḣ − Bo

dS
dt

= cos θa

cos θ
ḣ − hP2

[
1 + 4

(3 + α)

(
P

2El

)α−1
]

− Bo �∞, (23)
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TABLE I. List of dimensionless parameters computed in different experimental setups.

Fluid α O(Bo) O(Ri) Oscillations Orientation

Digilov [21] Power law 1.3 10−3 105 No Vertical
Gorthi et al. [23] Power law 1.1 10−2 103 No Horizontal

Power law 1.2 10−2 104 No Horizontal
Zhmud et al. [16] Newtonian – 10−2 10−1 Yes Vertical

where γ (P(ḣ), El, α) and γ ′ = dγ /dḣ are the shape factor and its derivative (the full expressions
are given in Appendix 2), and dS/dt is the time derivative of the surface energy given by

dS
dt

= 3

8

cos θa

(1 + sin θa)2

Bo log ε(
θ3

0 + 9Bo cos θ ḣ log ε
) 2

3

ḧ. (24)

The evolution equation for the liquid height, Eq. (23), is coupled with the equation for the pressure
gradient P(ḣ, El, α) obtained making Eq. (4) dimensionless

ḣ = −P

[
1 + 4

α + 3

( |P|
2El

)α−1
]
. (25)

The dimensionless parameters appearing in the energy balance are Richardson, Bond, and Ellis
numbers defined as

Ri = gh0

(h0/t0)2
= 128μ2

0σ cos θ

ρ3g2R5
, Bo = R

h0
= ρgR2

2σ cos θ
, El = τ12

Rρg
. (26)

The Richardson number can be interpreted as the ratio between potential and kinetic energy in the
liquid column, since the ratio h0/t0 is the characteristic speed of the problem. When Ri is high,
potential energy dominates over kinetic energy meaning that kinetic terms can be dropped from
the left-hand side of Eq. (20). The Bond number is the ratio between buoyancy and surface tension
forces or, based on the scaling chosen in this work, the ratio between the tube radius, R, and the
characteristic length scale of the imbibition, h0. The Bond number controls the surface energy
terms and the dissipation produced in the liquid reservoirs in Eq. (23). For the sake of physical
interpretation, the product Bo cos θ in Eq. (24) is the capillary number, i.e., Ca = μ0(h0/t0)/σ . The
effect of Bo on the energy balance will be discussed in the next section.

The Ellis number is the ratio between the characteristic shear-stress of the fluid, τ1/2, and
the gravitational shear-stress, Rρg. When El is small the shear-thinning effect dominates and the
effective viscosity matches that of a power-law fluid with a slope (1 − α)/α. Instead, when El → ∞
the onset of the shear-thinning effect is delayed to an infinite shear-rate and Eq. (23) reduces to the
Newtonian limit

1

Ri

[
ḣḧ

(
4

3
h + 7

6
Bo

)
+ 2

3
ḣ3

]
+ hḣ − Bo

dS
dt

= cos θa

cos θ
ḣ − hḣ2 − 5

24
Bo ḣ2, (27)

where γ = 4/3.

1. The small Bond number limit, Bo � 1

In this work we are interested in regimes where the meniscus height at the equilibrium is much
larger compared to the tube radius, i.e., the Bond number of the problem is small Bo = R/h0 � 1.
This limit is representative of many experimental works published in the literature, where the typical
Bo is of the order of 10−2 as summarized in Table I.
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Interestingly, when Bo � 1, the energy balance simplifies considerably. If we make Eq. (12)
dimensionless

θ3
a = θ3 + 9Bo cos θ

8
ḣ log ε, (28)

then we see that when Bo log ε � 1, the contact angle can be approximated to the static constant
angle, θa ≈ θ and we can assume quasistatic conditions similarly to Refs. [11,17,32]. Also, the
surface energy term on the left-hand side of Eq. (23) is negligible since Bo dS/dt ∼ Bo2 log ε � 1.
This means that, in terms of macroscopic imbibition, local variations of the meniscus shape do
not affect the time evolution of the column height. In the small Bo limit, we can also neglect the
contribution of viscous dissipation in the outer reservoir but not the contribution of flow in the
reservoir [i.e., the added mass term, 7/6 ḣ ḧ Bo, on the left-hand side of Eq. (23)] since it competes
with Ri.

To sum up, by making use of Eq. (25) and in the limit of Bo � 1, Eq. (23) reduces to

1

Ri

[
ḧ

(
γ h + 1

2
hḣγ ′ + 7

6
Bo

)
+ 1

2
γ ḣ2

]
︸ ︷︷ ︸

dE/dt

+ h︸︷︷︸
dP/dt

= 1 + hP, (29)

where the energy of the system is the sum of the kinetic and potential contributions and it is
dissipated only through the work done by the moving contact line and viscous dissipation in the
tube. In the following, we will discuss the imbibition dynamics referring to Eq. (29) coupled with
Eq. (25) discussing the impact of the fluid rheology on the imbibition regimes.

When, El → ∞, Eq. (29) reduces to the Newtonian limit

1

Ri

(
ḧh + 7

6
Bo ḧ + 2

3
ḣ2

)
= 1 − h − hḣ, (30)

in agreement with the results obtained by Duarte et al. [32].

III. RESULTS AND DISCUSSION IN THE SMALL BOND NUMBER LIMIT

A. The high Richardson number limit: Lucas-Washburn regime

In this section we focus on the imbibition of a shear-thinning fluid in the limit of high Richardson
number. When Ri → ∞, the kinetic term can be dropped from the left-hand side of Eq. (29) and,
combining Eqs. (25) and (29) we obtain

ḣ = −h − 1

h

[
1 + 4

α + 3

(
1

2El

∣∣∣∣h − 1

h

∣∣∣∣
)α−1

]
. (31)

This is a first-order ordinary differential equation for the column height that describes the Lucas-
Washburn regime where gravity competes with viscous forces and surface tension only. In this
regime, time variations of the potential energy balance the work done by contact line and viscous
dissipation in the liquid, and the column height is a function of time, Ellis number and shear-thinning
index only, h = h(t, El, α). Figure 2(a) shows the time evolution of the column height as a function
of El obtained by solving Eq. (31) using the solver ode45 of Matlab with initial condition h(0) = 0.

When El → ∞, the zero-shear-rate effect dominates the fluid behavior and we recover a New-
tonian behavior. In this limit, Eq. (31) reduces to ḣ = (1 − h)/h and admits analytical solution of
the type t = −h − log (1 − h). At early and intermediate times where h � 1, the logarithmic term
can be expanded in a Taylor series and the solution follows the classical Lucas-Washburn scaling
h ∼ √

2t , as shown in terms of logarithmic slope in the inset of Fig. 2(a). At late time, instead, the
liquid column approaches the equilibrium configuration, h ≈ 1, and the time evolution follows an
exponential behavior h ∼ 1 − exp (t ).
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(a) (b)

FIG. 2. (a) Time evolution of the column height as a function of the Ellis number for α = 2: the inset show
the slope of the h − t curve in logarithmic scale; (b) time evolution of the effective viscosity computed at the
tube wall as a function of the Ellis number for α = 2.

As El decreases, the shear-thinning effect becomes dominant and the time evolution of the
column height deviates from the Newtonian limit not following the 1/2 scaling law. To quantify
the shear-thinning effect during the imbibition, we show the evolution of the effective viscosity
evaluated at the tube wall in Fig. 2(b). The effective viscosity μw is based on the wall-shear stress

μw = 1

1 + (τw/El)α−1 , where τw = P

2
, (32)

and it converges to the unity for El → ∞. For small El, instead, if we plug Eq. (25) into Eq. (32),
then we recover an expression for the effective viscosity in the shear-thinning region

μw(t, El → 0) = (3 + α)
1−α
α

2
3(1−α)

α

( ˙|h|
El

) (1−α)
α

. (33)

Interestingly, the shear-thinning effect is evident only at the early stage of the imbibition, while the
later stages are always dominated by the zero-shear rate effect, see Fig. 2(b). This can be explained
by inspection of the flow rate relation, Eq. (25), in Fig. 3(a). In the neighbourhood of P = 0, the
relation between the dimensionless flow rate and the dimensionless pressure gradient is linear, i.e.,
ḣ = −P + o(P2), and the system’s behavior is close to Newtonian. This is confirmed by the trend
of the effective viscosity in Fig. 3(b) which reaches the Newtonian limit in the proximity of the
equilibrium configuration for ḣ ≈ 0.

The shape of the curves of Fig. 2(a) suggests the existence of a more general scaling law which
describes the time evolution of the imbibition. Specifically, the h − t curves can be collapsed if
the dimensionless time is rescaled as t� = t/μw where μw is the dimensionless effective viscosity
defined in Eq. (33). In the Newtonian limit, μw = 1 and the rescaling is not needed since, in terms
of dimensionless variables, the imbibition is described by a unique h − t curve. In Fig. 4(a) we show
the rescaled h − t� curves for the cases previously discussed observing that the time evolution of
the liquid height seems to follow a universal behavior. After the rescaling, in fact, the dynamics
of the imbibition is the same as in the Newtonian case and it follows the classical 1/2 Lucas-
Washburn scaling law at intermediate times, as shown in terms of logarithmic slope in the inset
of Fig. 4(a). This means that the identification of the following (time-dependent) master curve for
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(a) (b)

FIG. 3. (a) Evolution of the pressure gradient, P, as a function of the speed of the column, ḣ, for different
El and α = 2; (b) evolution of the effective viscosity computed at the tube wall as a function of the speed of
the column, ḣ for different El and α = 2.

the effective viscosity

μw

μ0
=
{

1, if El → ∞,

(3+α)
1−α
α

2
3(1−α)

α

( ˙|h|
El

) (1−α)
α , if El → 0,

(34)

(a) (b)

FIG. 4. (a) Rescaled time evolution of the column height for α = 2: the inset shows the slope of the h − t �

curve in logarithmic scale; (b) master curve for the effective viscosity for α = 2 as a function of 1/� with �

defined in Eq. (33) where � is the effective viscosity in the El → 0 limit.
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(a) (b)

FIG. 5. (a) Time evolution of the column height as a function of the Ellis number. (b) Time evolution of
the column height as a function of the Richardson number.

leads to a generalization of the Lucas-Washburn scaling relation to shear-thinning fluids. In other
words, the 1/2 scaling law can be recovered only if the problem is rescaled in terms of the effective
viscosity; see Fig. 4(b).

B. Finite Richardson number: Oscillating regime

When the Richardson number is finite, kinetic (or inertial) effects compete with viscous and grav-
ity effects. In this section we will focus on the effect of inertia looking at cases where the boundary
layer growth at the tube entrance can be neglected as discussed in Appendix 1. The dynamics is
obtained solving Eq. (29) using the solver ode45 of Matlab with initial conditions h(0) = ḣ(0) = 0.
In this regime, the column height is a function of time, Ellis number, shear-thinning index, as well
as of Bond and Richardson numbers, i.e., h = h(t, El, α, Bo, Ri).

Figure 5(a) shows the time evolution as a function of El for a case where Ri = 10, α = 2,
and Bo = 0.01. Differently from the Lucas-Washburn regime, there exists conditions where the
filling length oscillates around the equilibrium at the late stage of the imbibition. Specifically,
the shear-thinning effect (i.e., at small El) seems to favour the onset of such oscillations. The
oscillating behavior is also triggered by the Richardson number, see Fig. 5(b); when Ri is large
the time evolution is monotonic while, for small Ri, we observe an overshoot followed by damped
oscillations.

Although the existence of an oscillating regime has been observed also for Newtonian fluids
[9–11,14,32], here the conditions for triggering the oscillations depends on the fluid rheology. In
fact, the oscillations are observed either decreasing El (i.e., conditions where the shear-thinning
effect is important) or decreasing Ri (i.e., conditions where kinetic effects in Eq. (29) are important)
as shown in Fig. 5.

Aimed at understanding the physical mechanism leading to the oscillating regime, we proceed
by studying the linearized system in the Newtonian limit, i.e., El → ∞. Specifically, Eq. (29) can
be seen as a system of first-order differential equations of the form ẋ = f where

x =
(

ḣ
h

)
and f =

⎛
⎝ (1−h+hP)Ri−1/2γ ḣ2

γ h+ 1
2 hḣγ ′+ 7

6 Bo

ḣ

⎞
⎠. (35)
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FIG. 6. (a) Map of the system behavior as a function of El and Ri for α = 2 and Bo = 0.01. (b) Map of the
system behavior as a function of El and Ri for different α and Bo = 0.01.

If we linearize around the equilibrium configuration x0 = (0, 1)T as f (x) ≈ f (x0) + J(x0)(x − x0),
then the Jacobian in the Newtonian limit (see Appendix 3 for all the details) yields to

J(x0) =
(

− 3
4 Ri − 3

4 Ri

1 0

)
, (36)

where its characteristic equation reads

λ2 + 3
4 Riλ + 3

4 Ri = 0. (37)

The system behavior around the equilibrium is dictated by the sign of the discriminant of the
the characteristic equation, i.e., � = √

3Ri(3Ri − 16)/16. If Ri > 16/3, then the discriminant is
positive and both the eigenvalues are negative: In this case, the system does not show an oscillating
behavior. Instead, when Ri < 16/3 the discriminant is negative meaning that both eigenvalues are
complex and conjugate. In this case, the system is stable (the real part of the eigenvalues is positive)
and the solution oscillates before reaching the equilibrium configuration. The transition between the
two regimes occurs at Ri = 16/3 in the limit of Bo → 0.

In Fig. 6(a) the different regimes are mapped as a function of El and Ri. When the Ellis number
is sufficiently large the zero-shear-rate effect dominates the system dynamics and the oscillating
regime is observed only for Ri < 16/3, as predicted in the Newtonian limit. When the shear-thinning
effect is important at small El, instead, the oscillating regime extends up to larger Ri. The fact
that the shear-thinning effect favours the oscillating behavior can be explained looking at the
linearized system in the power-law limit (see Appendix 4). Ignoring the zero-shear-rate effect
and assuming a power-law viscosity would predict an unbounded oscillating regime. The effect
of the shear-thinning index on the transition between the oscillating and nonoscillating regimes
is summarized in Fig. 6(b). Specifically, as the degree of shear-thinning increases (α → ∞) the
oscillating regime dominates the low Ellis number region.

The transition between the oscillating and the monotonic regime is not sharp and an intermediate
regime characterized by the presence of an overshoot can be identified. Specifically, the overshoot is
the maximal liquid height reached by the liquid column exceeding the equilibrium configuration. At
some conditions, in fact, the column height overshoots and, then, reaches the equilibrium without
showing an oscillating behavior. Figure 7(a) shows the maximal height reached by the liquid column
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(a) (b)

FIG. 7. (a) Overshoot (i.e., the maximal liquid height reached by the liquid column exceeding the equilib-
rium configuration) as a function of Ri and El for α = 2 and Bo = 0.01; (b) decay ratio (i.e., the ratio between
the height of first oscillation right after the overshoot and the overshoot) as a function of Ri and El for α = 2
and Bo = 0.01.

as a function of the Ellis and the Richardson numbers. When Ri is large, there is no overshooting
and the maximal value coincides with the equilibrium configuration while, at small Ri, the overshoot
reaches the limiting values of 2 (note that the results have been shown covering the entire spectrum
of Ri only for the sake of completeness, but when Ri is smaller than unity, the results may not be
very accurate since the inertial effects at the tube entrance have been neglected; see Appendix 1
for all the details). As expected, the shear-thinning effect favours the overshooting behavior and
reduces the decay ratio (defined as the ratio between the height of first oscillation right after the
overshoot and the overshoot); see Fig. 7(b). From the physical point of view, the shear-thinning
effect reduces the damping of the system since the lower the effective viscosity of the system, the
lower the pressure gradient (see Fig. 3 in the limit of El � 1). This tendency is clear looking at the
problem formulation in the power-law limit where the system behaves as an undamped oscillator;
see Appendix 4.

IV. CONCLUSION

In this work we studied the filling dynamics of a shear-thinning fluid in a capillary tube. In
regimes where inertial effects can be neglected, our analysis identifies a universal scaling law for
the effective viscosity that applies to both Newtonian and shear-thinning fluids. Specifically, we
generalize the Lucas-Washburn scaling relation to shear-thinning fluids showing that the classical
1/2 scaling law holds only if an ad hoc time-dependent effective viscosity is introduced.

In regimes where inertia competes with viscous and gravity effects, the system shows an
oscillating behavior. By means of linear control theory we identified the critical Richardson number
responsible for the onset of the oscillations in the Newtonian limit. The shear-thinning effect acts on
the system favoring the oscillating behavior both enhancing the overshoot and decreasing the decay
ratio. Interestingly, assuming a power-law viscosity neglecting the zero-shear rate effect would lead
to nonphysical results suppressing the damping features of the system.

Despite the fact that the motivation of our work is focused on gravity-driven imbibition, our
results may inspire more sophisticated models for flow in complex geometries.
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FIG. 8. (a) Evolution of the column speed (solid lines), ḣ, as a function of time for different Ri when
El → ∞ and α = 2; Estimate of the entrance length (dashed lines), �, as a function of time for different Ri
when El → ∞ and α = 2; (b) Evolution of the column speed (solid lines), ḣ, as a function of time for different
Ri when El = 0.1 and α = 2; Estimate of the entrance length (dashed lines), �, as a function of time for different
Ri when El = 0.1 and α = 2.
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APPENDIX

1. Boundary-layer growth at the tube entrance

In our model, we neglect the boundary layer growth at the tube entrance, see Sec. II A. This
assumption can be justified a posteriori by analysis of the entrance length predicted by the classical
boundary layer theory; see White [40].

When the zero-shear-rate effect dominates over the shear-thinning effect (i.e., the Newtonian
limit El → ∞), the entrance length �̂ can be estimated using the classical Blausius’s theory for
Newtonian fluids yielding to

�̂ = 4

100

ρR2 ˆ̇h

μ0
. (A1)

Following the normalization introduced in Eq. (22), the entrance length normalized with respect to
the column height at the equilibrium, � = �̂/h0, is given by

� = 0.32
ḣ

Ri
. (A2)

The entrance region is, then, a function of the column speed, ḣ(t ), and the Richardson number, Ri.
Specifically, the column speed is maximal at the early stages of the imbibition and decreases rapidly
as the column reaches the equilibrium configuration. Aiming at quantifying the effect of the entrance
length, Fig. 8(a) shows the evolution of both the column height and the entrance length calculated
by Eq. (A2); � is comparable to h(t ) only at very early times, while at later times the column height
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(a) (b)

FIG. 9. (a) Evolution of the dimensionless velocity f ′(η, α) as function of the similarity variable η.
(b) Values of the similarity values where the dimensionless velocity equal to 99% of the velocity outside
the boundary layer.

is close to equilibrium, the speed is considerably lower, and the importance of the entrance length
becomes negligible. Therefore, in the high Ri limit (i.e., the Lucas-Washburn regime, see Sec. III A),
the effect of the boundary layer growth is limited to early times, and, overall, its contribution is
negligible. In the oscillatory regime (see Sec. III B), instead, neglecting the boundary layer growth
dictates a lower bound on the applicability of the model in terms of the Richardson number. In
fact, when Ri = 16/3 (i.e., the critical value that determines the transition between the oscillatory
and the overshooting regimes, see Sec III B), its effect only impacts early times and h � � almost
during the imbibition. The scenario changes when Ri assumes values lower than unity. In that case,
the analysis of Fig. 8(a) suggests that the model should not be applicable since the boundary layer
growth would also affect later times of the imbibition.

When the shear-thinning effect dominates (i.e., the Ellis number is small El � 1), we estimate
the entrance length adapting the boundary layer theory for power-law fluids derived by [41–43] to
Ellis fluids approximating the viscosity model given in Eq. (2) with its power-law approximation
μ = κγ̇ (1−α)/α , where κ = μ

1/α

0 τ
(1−α)/α
1/2 . This choice is motivated by the fact that we are interested

only in an estimation of the order of magnitude of the entrance length during the imbibition. The
equation describing the boundary layer on a flat plate x̂ − ŷ, see Refs. [41–43], is given by

f ′′′ + α

α + 1
f ( f ′′)(2α−1)/α = 0, with η = ŷ αα/(α+1)

x̂α/(α+1)

(
ρV (2α−1)/α

κ

)α/(α+1)

, (A3)

where η is the similarity variable, V the velocity far from the boundary layer, and f (η, α) is a
function of the similarity variable and the shear-thinning index only; the local velocity is given
by û(x̂, ŷ)/V = f ′(η(x, y)). Equation (A3) subjected to f (0) = f ′(0) = 0 and f ′(∞) = 1 can be
solved numerically using the solver bvp4c of MatLab to obtain the evolution of the dimensionless
velocity f ′(η, α) as function of the similarity variable. The shear-thinning index affects the velocity
profiles as shown in Fig. 9(a).

Using the boundary-layer model, we can calculate the entrance length �̂ as the length where
the boundary layer thickness matches with the tube radius R. Usually, the thickness of the boundary
layer is defined as the thickness where the dimensionless velocity equals 99% of the velocity outside
the boundary layer. In this case, η99 is a function of the shear-thinning index only, namely η99 = g(α)
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as plotted in Fig. 9(b) (these results converge to the classical Blausius’s theory when α = 1). Thus,
plugging η = η99 and ŷ = R into the definition of the similarity variable in Eq. (A3), we obtain an
expression for the entrance length,

�̂ = R
α+1
α

ρV
2α−1

α

ακ g(α)(α+1)/α
. (A4)

Using the normalization introduced in Eq. (22) and assuming that V = ˆ̇h, the normalized entrance
length, � = �̂/h0, is given by

� = 81/α

α g(α)(α+1)/α

ḣ
2α−1

α

Ri El(α−1)/α . (A5)

Such a relation can be used to estimate the boundary layer growth in regimes where the shear-
thinning effect dominates over the zero-shear-rate effect. Figure 8(b) shows the evolution of both
the column height and the entrance length calculated by Eq. (A5). Similarly to what is observed
in the Newtonian limit discussed before, when the Richardson number is sufficiently high, � is
comparable to the column height only at very early times, and its contribution to the imbibition
dynamics is negligible. Only when Ri assumes values lower than unity, the boundary layer growth
cannot be neglected.

To sum up, since the model presented in this work neglects the boundary layer growth at the tube
entrance, its applicability is restricted to regimes where the Richardson number is greater than the
unity. This allow us to study both the Lucas-Washburn regime (i.e., Ri → ∞) and the transition to
the inertial oscillatory regime for Ri � 1.

2. Velocity shape factors

The shape factor defined in Eq. (10) is a function of time via the variable P, the Ellis number,
and the shear-thinning index, i.e., γ = γ (P(t ), El, α), and it is given by

γ = (α + 3)
{
4(5 + α)

( |P|
El

)2α + 4α (α + 2)
[
2−α (α + 7)

( |P|
El

)α+1 + (5+α)(α+3)
12

( |P|
El

)2]}
4(5 + α)(2 + α)

[( |P|
El

)α + |P|
El

2α (α+3)
8

]2 . (A6)

The evolution of the shape factor as a function of the column speed, ḣ, and the Ellis number, El, is
given in Fig. 10(a). In the proximity of P = 0, the shape factor reaches the Newtonian limit of 4/3.
Given the analytical expression, we can evaluate the time derivative of the shape factor using the
chain rule for derivatives

dγ (t, El, α)

dt
= γ ′(ḣ, El, α)ḣ, (A7)

where

γ ′(ḣ, El, α) = ∂γ

∂P

∂P

∂ ḣ
. (A8)

The derivative ∂γ /∂P can be obtained analytically using a symbolic calculator from Eq. (A6) while
∂P/∂ ḣ is obtained from

∂P

∂ ḣ
= 1

∂ ḣ/∂P
, (A9)

taking the expression of the column speed from Eq. (25). The evolution of the product ḣγ ′ as a
function of the column speed, ḣ, and the Ellis number, El, is given in Fig. 10(b). In the proximity of
P = 0, the product reaches the Newtonian limit of zero.
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FIG. 10. (a) Evolution of the shape factor, γ , as a function of the column speed for different El and α = 2.
(b) Evolution of the product ḣγ as a function of the column speed for different El and α = 2.

3. Jacobian in the Newtonian limit

The Jacobian of the system described in Eq. (35) evaluated at the equilibrium in the limit of El →
∞ where the shape factor reaches a constant value γ = 4/3, γ ′ = γ ′′ = 0, the pressure gradient is
linear with respect to the averaged velocity, P = −ḣ, is given by

J(x0) =
⎛
⎝ ∂ f1

∂ ḣ

∣∣
0

∂ f1

∂h

∣∣
0

∂ f2

∂ ḣ

∣∣
0

∂ f2

∂h

∣∣
0

⎞
⎠ =

(
− 6Ri

7Bo+8 − 6Ri
7Bo+8

1 0

)
. (A10)

4. Power-law limit

The model valid in the limit of Bo � 1, Eq. (29), can be easily derived also for the case of a
power-law fluid yielding to

1

Ri

[
ḧ

(
α + 3

α + 2
h + 7

6
Bo

)
+ α + 3

2α + 4
ḣ2

]
+ h = 1 − sgn(ḣ) h ḣ

1
α

[
(α + 3)(2El)α−1

4

] 1
α

, (A11)

where the shape factor can be written in closed form as γ = (α + 3)/(α + 2) and the dimensionless
pressure gradient is given by

P =
[

sgn(ḣ)
(α + 3)(2El)α−1

4
ḣ

] 1
α

. (A12)

The calculation of the Jacobian of the system in the power-law limit, Eq. (A11), evaluated at the
equilibrium reads

J(x0) =
(

0 − 6Ri(α+2)
(7Bo+6)α+14Bo+18

1 0

)
. (A13)

By inspection of the Jacobian of the linearized system, we can see that the characteristic equa-
tion admits only imaginary solutions revealing that the system behaves like an undamped oscillator
and oscillate for an infinite time [44]. In this case, the system behaves like a mass-spring system
where the damping mechanism is set to zero.
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