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Fluid-structure interactions between active and passive components are important for
many biological systems to function. A particular example is chromatin in the cell nucleus,
where ATP-powered processes drive coherent motions of the chromatin fiber over micron
lengths. Motivated by this system, we develop a multiscale model of a long flexible
polymer immersed in a suspension of active force dipoles as an analog to a chromatin fiber
in an active fluid—the nucleoplasm. Linear analysis identifies an orientational instability
driven by hydrodynamic and alignment interactions between the fiber and the suspen-
sion, and numerical simulations show activity can drive coherent motions and structured
conformations. These results demonstrate how active and passive components, connected
through fluid-structure interactions, can generate coherent structures and self-organize on
large scales.
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I. INTRODUCTION

Many biological systems involve interactions between active processes and passive, deformable
structures. Examples include microorganisms navigating near membranes [1-5], droplets with
active interiors [6—8], and mixtures of cytoskeletal filaments and molecular motors [9—11]. Fluid-
structure interactions, mediated by boundary conditions, and steric effects play an important role
in many of these systems, giving rise to both local and long-range forces that can drive large-scale
organization. Flexible polymers, both active and passive, immersed in liquid crystalline or particle-
laden environments provide a rich class of examples. Such systems demonstrate a wide range of
phenomenology, including conformational instabilities [12], localization and collapse [13,14], and
modified elasticity [15].

Chromatin, which is a complex of DNA and histone proteins, is a particularly important and
motivating example. During interphase—the time between two cell divisions—chromatin is loosely
packed and undergoes various processes essential for genome function and maintenance, including
transcription, replication, and DNA repair [16-18]. While chromatin appears disordered during
this time, measurements of chromatin displacements in live nuclei show that, on long timescales,
chromatin motions are correlated over micron lengths, comparable to the scale of chromosome
territories [19]. When ATP is depleted, these long-range correlations do not occur, suggesting
activity internal to the nucleus drives its coherent motions [19,20].

From a modeling perspective, chromatin is often described as a polymer chain, either active or
passive [21-28]. Indeed, simulations of an active polymer immersed in a Newtonian fluid reproduce
the activity-driven correlations observed in live nuclei and show that such correlations depend
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on the nature of microscopic activity [20]. In particular, extensile activity enhances correlated
motion while contractile activity merely magnifies random fluctuations. Activity can also lead to
coherent configurations of the polymer, including elongation, stiffening, and nematic alignment
[29]. Collections of multiple active polymers demonstrate an even broader range of dynamics such
as mixing and segregation, analogous to mixtures of hetero- and euchromatin [30].

While activity largely takes place along the chromatin fiber, the surrounding nucleoplasm itself
may be active. In particular, the nucleoplasm contains enzymes as well as subnuclear bodies, such
as nucleoli, speckles, and Cajal bodies, which themselves are sites of active processes. These active
particles and processes may contribute to nucleoplasmic flows and chromatin motions in the cell
nucleus [18,31-33]. In this paper, as an analogy to chromatin in an active nucleoplasm, we develop
and analyze a multiscale model of a long flexible fiber immersed in an active environment. Starting
from kinetic theory, we describe a continuum model of an active suspension of force dipoles. We
then discuss the fiber dynamics and elasticity, including alignment interactions with the underlying
medium. In the continuum limit this model admits a steady state, parameterized by the strength of
alignment interactions, and linear stability analysis of this state shows the passive fiber can induce
an orientational instability in the active fluid which would otherwise not occur. Finally, we perform
numerical simulations of the model in spherical confinement, where we find the fiber-active fluid
system self-organizes in both its configurations and long-time motion.

II. MULTISCALE MODEL
A. The active fluid model

At small length scales where inertia is negligible, the leading order stress contribution of a force-
free active particle is a dipole [34]. Since the systems we consider are typically on the order of
microns, we represent the active environment as a suspension of force dipoles. Here we use kinetic
theory, where the suspension is described by a distribution function W(x, p, ¢) that represents the
probability of finding a particle at position x with orientation p [35,36]. We consider a suspension
of N particles confined in a sphere  C R? of radius R so that fQ fs Vdpdx =N, where S = {p €
R3 : |p| = 1} is the unit sphere of orientations. Assuming the total number of particles is conserved,
this distribution function satisfies a Smoluchowski equation,

v . .
where V, = 0, is the spatial gradient, V, = (I — pp) - 9, is the surface gradient on the unit sphere,
and x and p are configuration fluxes which describe the microscopic dynamics of a single particle.
In the dilute limit, these fluxes are given by

x=u—D7;V,logV, 2)

p=U-pp)-Vu-p—DrV,logV, 3)

where u(x, t) is the fluid velocity with the convention (Vu);; = du;/dx;, and Dr and Dy are
translational and rotational diffusion coefficients, respectively.

In terms of W, the stress induced by the suspension is «Q, where Q(x, t) = (pp) is the second
moment of the distribution function and « is the dipole coefficient, which for o < 0 describes
extensile dipoles and o > 0 describes contractile dipoles [36]. Owing to the small length scales
under consideration, the extra stress balances the Stokes equation,

—pnAu+Vg=aV . -Q+f, 4)

V.u=0, (5)

where p is viscosity, g(x,t) is the pressure, and f(x,¢) is an external force which, as will be
discussed below, arises from fiber elasticity.
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The kinetic model, having both spatial and orientational degrees of freedom, is high-dimensional
and expensive to simulate. Instead, we reformulate the dynamics in terms of the concentration
c(x,t) = (1) and second moment tensor Q. This approach eliminates the orientational degrees of
freedom of the kinetic theory, but relies on closure assumptions. Here we use a quasiequilibrium
closure approximation, commonly known as the Bingham closure, under which the distribution
function assumes the form of a maximum entropy distribution,

Wy = Z7(x,1)eB*DPP (6)
where the matrix B and normalization factor Z are determined from the constraints
c(x,t) = /‘IJB dp, )
s
Qx,t) = /PP‘I‘B dp. 3
s

For a pair of rank-two tensors, the colon operator denotes a double dot product, B : pp = B;;p;ip;.
This closure model exhibits excellent agreement with the kinetic theory for both active and passive
suspensions, capturing relevant steady states and their stability and preserving the balance of
conformational entropy fluctuations [37—41]. Integrating Eq. (1) against 1 and pp over the unit
sphere and assuming a distribution function of the form (6), we find

dc
5+u-Vc=DTAc, 9)

QY +2S;: E =Dy AQ — 6Dg(Q — c1/3), (10)

where Q¥ = 9Q/dt +u-VQ — (Vu-Q + Q- Vu’) is the upper convected time derivative, E =
(Vu+ Vu”)/2 is the symmetric rate of strain tensor, and Sz = (pppp)s is the fourth moment of
the quasiequilibrium distribution (6). Here the colon operator for a rank-four and rank-two tensor
denotes contraction against the last two indices, (Sg : E);j = S ijkeExe.

On the surface of the sphere 9€2, the velocity is no slip u|3o = 0 and we use an anchoring
condition on the distribution function, V|3 = Z ~1e0)’ The corresponding boundary condition
on Qis

Qlag = c[vih + (1 —v/2)(I — hn)], (1)

where 1 is the normal vector and v € [0, 1] interpolates between tangential and normal anchoring
with A = A(v). For simplicity we assume the dipole concentration is initially uniform, c(x, 0) =
N/|L2], in which case Eq. (9) implies it remains uniform for all time under the boundary condition
clag = N/I2|.

B. The polymer model and coupling to the fluid

We consider a long polymer immersed in the active fluid, which we model as a continuous, flex-
ible fiber. Letting X(s, #) be a parametrization of the fiber centerline, the elastic energy associated
with the fiber is

1 L
X1 = 5[ E|X|” + K (X, = 1)*ds, (12)
0
and the fiber moves with the Lagrangian flow map
x X, 1) (13)
— =u(X,?).
ot

Here L is the total arclength, E is the bending modulus, and K is the stretching modulus. The fiber
ends are taken to be free, in which case we have the boundary conditions X;; = X, = Oats =0, L.
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An additional contribution to the energy arises from alignment interactions with the dipole
suspension which may arise from, for example, chemical binding of molecular motors. For motors
that move tangent to the fiber, such interactions can be captured by the Maier-Saupe potential [42],

K@, p)=—(8/2)p p) (14)

which is commonly used to model interparticle steric interactions [35,43,44] and is the microscopic
analog to the anchoring free energy proposed in Ref. [12]. This interaction potential is maximized
when p L p’ =0, and minimized when p || p’, where p and p’ are orientation coordinates such
as particle orientation and the fiber tangent vector. Note that alignment normal to the fiber can be
modeled in an analogous way by taking 8 < 0.

For the traditional case of interparticle steric alignment, this potential is integrated against the
particle distribution function W(p’). As an analogy, we introduce a distribution function associated
with the fiber, ¥y = 6(p — XY), where § is the Dirac delta and XY = X,/|X;| is the unit tangent in
the Lagrangian frame. The net potential a particle with orientation p experiences is then

= —@ (p-p)s@ —X,)dp
8
_ _%@.x)z (15)

In the Eulerian frame, this can be written as
B
Uy=—Z@- 77, (16)

where we use 7(X, ) to denote the unit tangent vector. In the above y,, is chosen such that 8, = y,8
has units of inverse time. The potential the fiber experiences due to the suspension is similarly
computed by integrating over the particle distribution function,

U =y / K(X,, p)¥ dp’
.

=Y & pywap
2 Js

_ —%Qm XX, (17)

where as above yy is chosen so that yy8 = B has units of energy per unit length. The torque acting
on the particles takes the form —V i, = B,(I — pp) - T - p, and the contribution to the energy
functional of the fiber is

Br [ o %%
gf = —7 A Q|X . XSXS ds. (18)

The orientational flux function then becomes
p=d-pp) - (Vu+B,77)-p, 19)
which gives
QY +2S;:E = Bp(tTt- Q4+ Q- 17— 283 : 17) + D AQ — 6DR(Q — clI/3). (20)

Similarly, the energy is modified as

1 (L R
EX] = 5/ EXy > + K(X,| — 1)?ds — ;Q : X, X, ds. (21)
0
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Finally, the force along the fiber centerline is given by the principle of least action,

8& N A -
F= X —EXgss + KOs[(1Xs| = DX] = Bros[(X — X Xo) - Qlx - X, (22)

which in turn imparts a force on the fluid,

L
f(x,1) = / F(s)5[x — X(s)]ds. (23)
0

Note that the alignment potential in the suspension also induces a hydrodynamic stress; however,
this stress can be omitted at low dipole concentrations [44].

Closer analysis of these equations reveals the following phenomenology. From an energy per-
spective, when f is large, minimizing Eq. (21) requires Q : X, X, to be large as well, which occurs
when the fiber is aligned with the principal axis of Q. In this limit, when the two are sharply aligned,
at the particle level we have 7 o p from which we find the alignment torque (I — pp) - 77 -p
vanishes, thereby fixing the particle orientation along the fiber. From this perspective, the model
is analogous to the active polymer model of Ref. [20] in which the dipoles are forced to be located
on and tangent to the fiber. Moreover, it provides an interpretation of the alignment energy as an
approximation of a tangential anchoring boundary condition on Q.

C. Nondimensionalization

The distribution function is normalized by the number density n = N/|Q2| so that
fQ Ik ¢ Y dpdx = ||, and the equations of motion are nondimensionalized by the active timescale
t. = nu /]| and sphere radius R. The remaining dimensionless parameters are the dipole coefficient

= sgn(w), translational and rotational diffusivities D} = (1, /ez)DT and D} = t.Dg, arclength
L' = L/R, elastic moduli E’ = (t./u?)E and K’ = (t./11)K, and alignment coefficients B, =tBp
and ,3} = (nt./)By. Under this choice of parameters, the Stokes equation becomes

—A'd +V'q =sgn(@)V'-Q + 1, (24)
VvV .u' =0, (25)

and the Q-tensor equation
QY + 285 E =gt - Q +Q - 7't - 28, : T't) + DF A'Q' — 6D (Q' —1/3).  (26)

Similarly, the fiber force density is

F =—-EX, +Kd[(X|—-DX]—- B (X — X'X) - Qlx-X 27)
and the Lagrangian flow map remains the same,
aX, / 4 /
a7 = ! X', t). (28)

For the rest of this work we use dimensionless parameters and omit primes, fixing 8, = 8 = B/,
which ensures appropriate scaling with the underlying interaction potential (14).

III. NUMERICAL IMPLEMENTATION

The complete model consists of the continuum equations (24)—(26) along with the fiber force
density and evolution equations (27) and (28). The continuum equations are discretized with second-
order finite differences, using an extension method to enforce boundary conditions in the Lagrangian
frame [45,46], where the extension domain is chosen as a triply periodic box. Time stepping is
done using a first-order implicit-explicit scheme. Fluid-structure interactions are computed via the
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Immersed Boundary Method, which relates the Lagrangian and Eulerian frames through spreading
and interpolation operators

L
S[](x) = / B(5)84[x — X(s)] ds. 29)

0
S*@l(s) = A P (x)du[x — X(s)] dx, (30)

where §;, is a regularized delta function [47]. The choice of §; is important for approximating
grid invariance and maintaining regularity. Here we use the six-point delta function proposed in
Ref. [48], which is supported over six grid points, has three continuous derivatives and shows
strong grid invariance as compared to the traditional four-point delta function [47]. With these
spreading and interpolation operators, the force induced by the fiber on the fluid is compactly
expressed as f = S[F] and the Lagrangian flow map is dX/dt = S*[u]. Because the velocity field
u is continuous, this formulation prevents self-intersection of the fiber, avoiding the need for ad hoc
repulsive potentials. The Eulerian tangent field can similarly be expressed as 7 = nrflS [X,], where
ry, is the hydrodynamic radius induced by the regularized delta function.

Rather than discretize the force density F directly, we first discretize the integral in £ and
differentiate with respect to the discretization points. Letting X = (X, X, ..., X)) be the set of M
Lagrangian points along the fiber, the first derivative is approximated as (X),, & (X1 — X))/ As
and the second derivative as (Xg)m & X1 — 2Xu + Xin—1)/As?, where As is the grid spacing.
The values at X_; and X, are evaluated using a ghost cell approach based on the boundary
conditions X;; = X;;s = 0 at s = 0, L. The force density is then computed as F,,; = —9E/0X,,.;
where i = 1, 2, 3 is the spatial index.

The constraint-based implementation of boundary conditions requires the interpolated fields to
match their prescribed boundary values. This constraint induces a Lagrange multiplier at each time
step which must be solved for simultaneously with the updated fields. Letting n denote values at
time ¢", the temporally discretized equations are

_Aw! 4 Vgt 4 B[Aﬁ“] = sgn(a)V - Q" + S[F"], (31)
V. un+1 — O’ (32)
B*[uth]] — 0’ (33)
with
Xn-H X"
- = _ * n . 34
At 5 oY
Similarly,
(T - cA)Q* +B[AG] = H" 2
BIQ =0, (36)

where AZ*! and A”(;rl are the Lagrange multipliers, k = Dy At, and H" includes the remaining
terms in Eq. (26) evaluated at time ¢". Here B and B* are the spreading and interpolation operators
over the boundary 9€2,

BI®](x) = / B(@)8ix — X(@)lda, 37)
aQ

Blgl(e) = / $()8[x — X(e)] dx. (38)
\%

where « is a Lagrangian coordinate on d€2. Note that the interpolation integral is performed over
an extended computational domain V 2 €2, which is chosen as a periodic box. This choice of the
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computational domain allows us to efficiently invert the implicit linear operators in Egs. (31)—(33)
and (35) and (36) using the fast Fourier transform.
In general, the above linear systems are of the form

n+1 n
(ék IOS) (Xn-ﬁ-l) = (b{+l>v (39)

where £ is a linear operator, #"*! is the solution vector, A”*! is a Lagrange multiplier, f" is a
right-hand side vector, and »"*! are the prescribed boundary values. Systems of this form can be
efficiently solved using a Schur complement approach, which results in a smaller system for the
Lagrange multiplier:

B L7'B)A™ = (B LT — b (40)

Once A™! is computed, the solution «"*! is determined by solving Lu"+! = f* — BA"™*! In the
hydrodynamic context, the operator B*L~!1 is called the mobility matrix, which, when appropri-
ately discretized, is symmetric positive definite. This operator needs to be formed only once and
is comparatively small, consisting of the number of discretization points on the bounding surface
02. We form this operator for both the Stokes system (31)—(33) and Q-tensor system (35) and (36)
prior to simulation, and solve the linear systems using a Cholesky decomposition. Note that just
as the immersed boundary formulation avoids overlap of the fiber with itself, imposing boundary
conditions in the Lagrangian frame also prevents intersection of the fiber with the boundary.

IV. LINEAR STABILITY ANALYSIS

To first gain analytical insight into the influence of the fiber on the suspension and the role of
alignment interactions, we perform a linear stability analysis of a close-packed fiber in an uncon-
fined domain. In the Eulerian frame, the fiber tangent field t(x, ¢) satisfies Jeffery’s equation [49],

ot

5+u~VT=(I—Tr)-Vu-t, 41
which can be shown by differentiating X /|X;| in time and using the Lagrangian flow map (13). The
elastic force F can similarly be translated into the Eulerian frame using the identity d; = t - V under
the assumption |X| = 1, which will hold to first order in the following analysis. Taking T = Z and
setting p = 0 yields an equilibrium solution for the distribution function

Wy = Z—leﬁ cos? 9/2DR’ (42)

where 6 is the polar angle in spherical coordinates and Z = [, e ©" /2P dp. This solution corre-
sponds to a configuration in which the fiber is space-filling and oriented in the vertical direction,
and the dipoles are oriented along it with the alignment magnitude set by the ratio & = §/2Dg.
The equilibrium distribution is shown in Fig. 1(a) and has a bimodal structure, with peaks whose
amplitude increases with £. Note that the case £ = 0 corresponds to an isotropic suspension
W = 1/4m while £ — oo corresponds to a sharply aligned suspension.

We consider perturbations about the equilibrium solution of the form u = eu/, g = ¢¢/, Q =
Qo+ ¢Q’, T =17+ &1/, where Qy = (pp)o is the second moment of the equilibrium distribution
(42), and 7' -2 =0 so that || = 1 to O(¢?). Taking E = 0 and using the fact that |X,| = |2 +
eT'| = 1 4+ O(&?), the only remaining term in the elastic force density is the alignment term F =
—B(t- V) —t71)- Q- 7]. We find the O(¢) force balance is

—AW + Vg =sgn(@)V-Q —B@-V)AI—-22)-(Q -2+ Qo-7)— (27 +72)- Qo - 2], (43)

V.u =0. (44)
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FIG. 1. Linear theory of the coaligned configuration. (a) The bimodal equilibrium distribution, shown for
several values of & = 28 /Dg. (b) Growth rate Re(o ) for perturbations with k -2 = 0. For fixed Dg, increasing
B reduces the growth rate, causing such perturbations to decay when g is sufficiently large. (c) Growth rate
Re(o) for perturbations with k - 2 = 1. Increasing 8 always has a destabilizing effect, triggering an instability
even beyond the threshold of the isotropic state Dg = 1/32 for the fluid alone.

Similarly, taking Dy = 0, the O(g) equation for Q is

Q'
ot
= Bl(aT +7%)- Qo+ Qo - 2T +72) +22-Q +Q -22— 28 : 22
— 280 : (27 + T'2)] — 6DrQ/, (45)

—(Vu' - Qo+ Qo -VuT) 428, : E

where S’ is the O(g) component of the fourth moment tensor. Finally, the O(e) tangent field
equation is

at’ o ;o

—=0-22)-Vu - 7. (46)

ot
In Eq. (45) we cannot evaluate S’ from Q' directly, so for consistency we need to compute it from
the perturbation in the exponent B = £§2Z + ¢B’. Linearizing the equilibrium distribution, we get, to
0(e?),

&5 @P)*+eB':pp

o fs 5@’ +eBpp gy

_ &®P'(1 4 ¢B': pp)
[ €€@P*(1 4 B’ : pp)dp
~ Yol +e(B :pp—Qo: Bl (47)

This implies Q' = Sy : B' — Qo(Qp : B’), which is a linear system that can be inverted for B'.
We then compute S’ = Ty : B’ — So(Qq : B') where Tg = (pppppp)o is the sixth moment of the
equilibrium distribution. Equations (43)—(46) form the complete set of linearized equations.
Introducing plane-wave perturbations in each variable (W', ¢, Q', T') = (i, §, Q, T)e?" & the
gradient operator becomes V +— ik and the time derivative d/d¢ > o. This yields an eigenvalue
problem for the coefficients (i, g, Q, 7) and eigenvalue o which we solve numerically. Figure 1
shows the corresponding growth rates Re(o) in the (Dg, ) plane for an extensile suspension
[sgn(«) = —1]; contractile suspensions [sgn(a) = +1] were found to always be linearly stable.
We consider perturbations with each [Fig. 1(b)] k-2=0and [Fig. 1(c)] k - 2 = 1. For the former,
alignment interactions always decrease the growth rate compared to the isotropic state, eventually
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(a) t=0 (b) t =100 (c) t =200

FIG. 2. Snapshots of fiber conformations from a simulation with alignment strength g = 0.1. The fiber
is initially disordered and undergoes persistent fluctuations, gradually condensing towards the center of the
sphere. At late times the conformation is characterized by broad regions of high nematic alignment. An
accompanying movie can be found as Supplemental Material [52].

yielding negative values for sufficiently large 8. On the other hand, perturbations of the type in
Fig. 1(c) are destabilized by alignment interactions. In particular, for the same parameter values
the fiber-fluid system can be linearly unstable even when the active fluid itself would be stable
in the absence of the fiber. In all cases the growth rate is independent of the wave amplitude
k = |Kk|[, indicating that the dominant wavelength is the system size when spatial diffusion or bending
elasticity are included (i.e., Dy, E > 0). This type of instability, which is dominated by perturbations
such that k - 2 = 1, is analogous to the classical bend instability found in dense active suspensions
[44,50]. In the dilute regime this instability does not occur for an active suspension alone, nor would
it, of course, occur for a passive fiber in a passive fluid. Rather, this instability arises uniquely from
multiscale interactions at the fluid, particle, and fiber levels.

V. NUMERICAL SIMULATIONS

In this section we simulate the model using the method described in Sec. III, considering only
extensile suspensions [sgn(«) = —1]. Contractile suspensions were found to have trivial dynamics
for all parameters tested as suggested by linear stability analysis. In all simulations we fix E = 10~*
and K = 10. While the bending modulus of chromatin is likely much smaller than that chosen here,
we use this value to ensure the fiber is sufficiently resolved under the chosen discretization. This
small value of E sets a relaxation timescale that is much longer than the active timescale, while
the moderate value of K ensures the fiber maintains unit arclength to approximately 1%. We also
choose the diffusion coefficients to be Dy = 5 x 10~* and Dg = 10~ throughout. For the boundary
condition (11), we set v = 0.1 so that the suspension is largely tangent to the confining boundary.
Though it is an artifact of the computational model, the hydrodynamic radius r, can be used to
define an effective volume fraction, ¢ = (nrﬁL) / (4w R3 /3). In all simulations we take ¢ = 0.15,
which is comparable to the volume fraction of chromatin during interphase [51]. The remaining
free parameter is the alignment interaction coefficient 8 whose effects we will study. The fiber is
initialized as a random walk inside the sphere with a step size that is uniform in arclength, and is
relaxed prior to the simulation by evolving 0X/dt = F — §&,,/8X to ensure the curve is smooth
and non-intersecting, where &, = Zf‘i G 1/1IX =X ;% is a repulsive potential and the sum is over
all pairs of Lagrangian markers along the fiber. Note that this repulsive potential is applied only
during initialization and not during the simulation.

Figure 2 shows snapshots of fiber conformations from a simulation with g = 0.1. The fiber
undergoes persistent local fluctuations and appears to rotate globally. Over long timescales, the fiber
condenses towards the center of the domain and develops elongated segments which are aligned on
large scales, similar to what is observed in the active polymer model of Ref. [20]. This latter effect
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FIG. 3. Large-scale correlations of fiber displacements. (a) The displacement of the fiber shows broad
regions of directed motion with increasing time lag Ar. (b) The spatial autocorrelation function of the
displacement map confirms this, showing increased correlations with At at all scales. At large distances,
the autocorrelation function becomes strongly negative, indicating global rotation. (c) Displacement maps of
tracer particles without an immersed fiber appear less ordered and remain relatively uniform in space. (d) The
autocorrelation function shows correlations increase at intermediate scales with Ar, but have a slightly lower
magnitude.

is nontrivial: there are no forces that should produce such alignment a priori, however interactions
with the underlying medium lead to increased order overall. An accompanying movie can be found
as Supplemental Material [52].

A. Large-scale correlations

While the fiber dynamics are visually complex, analysis of Lagrangian displacements can help
identify coherent motion. Motivated by the analyses of Refs. [19] and [20], we consider the
displacement map

d(s, t; At) = X(s,t + At) — X(s, 1), (48)

where At is a time lag. Figure 3(a) shows displacement vectors along a cross section of the sphere
at several values of At for a simulation with 8 = 0.2. On short timescales, motion is dominated by
fluctuations typical of an active suspension. In fact, because the fiber moves under the Lagrangian
flow map, we have lima,—.¢ d(s, t; At)/At = u(X(s, t),t). On long timescales, the displacement
vectors are increasingly aligned, reflecting a gradual rotation of the fiber.

To quantify these observations, we consider the spatial autocorrelation function of the displace-
ment map,

o Ji d(s) - d(sH8(IX(s) — X(s))| — r)dsds’ L
i fE8(X(s) = X(s)| = rydsds’ [ d(s)-d(s)ds

Cr)= (49)

Because the spatial distribution of X is not necessarily isotropic, the normalization includes the
number of points along the fiber at a given distance. Figure 3(b) shows the autocorrelation function
of the displacement map at the same times shown in Fig. 3(a). We find the correlation amplitude
increases at every scale as At increases, becoming strongly negative as r approaches the size of the
domain. This latter feature is characteristic of global rotation.
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FIG. 4. Nematic order of the fiber configuration. Panels (a)—(c) show a cross section of the scalar nematic
order field sy = (3]|Q[| — 1)/2 with the director m, superimposed at a late time. (a) For the initial config-
uration, nematic order is relatively low. (b) Order increases only slightly for the case B = 0. (c) Including
alignment interactions, 8 = 0.2, increases nematic order, with the fiber exhibiting a large degree of global
alignment. (d) The long-time nematic order appears to increase monotonically with S.

It is nonetheless unclear whether correlated motion is a consequence of the fiber-suspension
coupling or a signature of Lagrangian flow structures of the active suspension. To examine this, we
simulate the suspension alone and track passive Lagrangian markers with random initial positions.
Figure 3(c) shows displacement maps of the Lagrangian markers using the same parameters as
the simulation in Figs. 3(a) and 3(b). The displacements are visually less structured and appear
equally disordered at large time lags. Moreover, the distribution of the Lagrangian markers remains
relatively uniform in space whereas the fiber condenses towards the center of the domain. Nonethe-
less, we find the spatial autocorrelation function of the displacement map, shown in Fig. 3(d), has
a similar structure and again increases with the time lag, but exhibits slightly lower correlations
overall. In particular, correlations do not grow monotonically at each scale.

B. Conformational dynamics

The fiber conformation also exhibits a large degree of organization at long times. This structure
can be quantified by the fiber nematic tensor

Qr(x,t) = (rt —1/3)y, (50)

where () denotes an average over subdomains with length 1/10 of the sphere radius. While the
total nematic order changes with the size of the subdomain (it will approach one everywhere when
the subdomain includes only one point on the fiber), the qualitative behavior is insensitive to this
choice.

Figure 4 shows cross sections of the scalar nematic order parameter sp(X,¢) = 3[Qyl — 1)/2
of the fiber configuration where | - || is the spectral norm (here the largest eigenvalue of Q). The
director field m¢(x, t), which is the principal eigenvector of Qy, is also superimposed. Figure 4(a)
shows the initial configuration, which has relatively low nematic order as expected from the random
initial condition. At later times, for the case § = 0 shown in Fig. 4(b), we find nematic order
increases only slightly from the initial configuration and the director remains relatively disordered
at large scales. In contrast, the case 8 = 0.2, shown in Fig. 4(c), shows much higher local nematic
order and the director appears to be correlated over large scales. This increased alignment is
characterized further by the time evolution of the scalar nematic order parameter, which is shown
in Fig. 4(d) for several values of 8. We find nematic order grows faster with increasing 8 and
approaches a larger long-time mean.

The nematic tensor of the suspension Q exhibits similar behavior to that of the fiber. Figure 5
shows cross sections of the scalar nematic order parameter s(x,t) = 3(|Q| — 1)/2 for the same
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FIG. 5. Nematic order of the dipole suspension. Panels (a) and (b) show cross sections of the scalar nematic
order parameter s = (3|Q| — 1)/2 for (a) 8 = 0 and (b) B = 0.2 at a late time. The latter exhibits substantially
higher nematic order which is organized around the fiber. Panel (c) shows the time evolution of the scalar
nematic order parameter for several values of 8, where we find the long-time mean increases with .

simulation in Fig. 4. We again find nematic order increases significantly with g, especially in the
vicinity of the fiber. Comparing the time evolution of the mean nematic order shows both the growth
rate and long-time mean increase with 8, analogous to what is observed for the fiber nematic order.
The growth rate of the suspension nematic order, however, is much faster than that of the fiber,
reflecting multiple emergent timescales in the system.

Within regions of high nematic order, the fiber elongates and exhibits clear spatial correlations.
This elongation is reflective of mechanical rigidity that can be characterized by an effective
persistence length £, defined by the relation

e = (X (s) - Xs(s 4+ As)) L, Gl

where (-); denotes an average over the fiber centerline [35]. For a Brownian fiber in equilibrium
the persistence length can be computed analytically and is related to the bending modulus E.
When immersed in an active medium, this relation does not hold and the persistence length will
be modified. (In fact, because there is no noise in our system, the equilibrium persistence length
is infinite.) We compute the effective persistence length from numerical simulations, fitting the
parameter £, in Eq. (51) using five consecutive discretization points along the fiber centerline.
Figure 6 shows the temporal evolution of the persistence length for simulations with several values
of B. In each case the persistence length sharply decreases at early times, reflecting an instability
of the initial configuration, and gradually grows at later times. The growth rate of the persistence
length and its long-time mean increase with g, exhibiting larger fluctuations with larger 8. Similar
effects were observed as a function of activity in the active polymer model of Ref. [20].

VI. DISCUSSION

This work demonstrates how activity and multiscale fluid-structure interactions can lead to large-
scale organization of active processes and passive flexible structures. While highly coarse-grained,
the simplicity of the model hints at generic mechanisms that might govern chromatin dynamics.
Despite the inverted placement of activity, the phenomenology of our model is strikingly similar to
the active polymer model of Ref. [20]. Notably, both models reproduce the activity-driven coherent
motions found in live cell nuclei. Indeed an analogy can be drawn between the models for large
for which the dipoles are largely tangent to the fiber. This analogy, combined with similarities to
the experimental system, further emphasizes the organizing capabilities of active dipoles in Stokes
flow, whether bound or unbound, and suggests hydrodynamic interactions play an important role in
the genome’s dynamic self-organization in the cell nucleus.
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FIG. 6. Temporal evolution of the effective fiber persistence length, defined in Eq. (51). Following an
initial decay, the persistence length grows over time, with a value that increases with the alignment interaction
coefficient 8. For higher alignment strengths, the persistence length tends to show increased fluctuations.

The instability analyzed in Sec. IV is similar to orientational instabilities found in various types of
active fluids [44,50]. In this case, however, the instability is triggered by interaction with a passive
structure rather than higher activity. Moreover, this structure is internal to the fluid and has the
opposite effect of rigid confining boundaries, which tend to be stabilizing [53-55]. Within this
analysis, we reformulated the model in a fully continuum setting, yielding a set of equations similar
to two-fluid continuum models which have been used to describe chromatin dynamics [56-58].
This formulation could be studied on its own, including stability analysis in confined geometries,
and might inform interpretations of existing continuum theories.

The model formulation, rooted in microscopic modeling, is versatile and can be extended to
include other biologically relevant processes. This may include heterogeneous activity in the fluid to
model hetero- and euchromatic regions, multiple fibers representing chromosome territories, bind-
ing interactions with the confining boundary such as those induced by lamin proteins [59], or torques
induced by twisting of the fiber [60]. Moreover, within the immersed boundary framework, the
confining boundary can itself be made deformable to study the effects of nuclear shape fluctuations
[61,62]. While we only considered activity in the fluid, it is straightforward to include activity along
the fiber to assess the competing effects of bound and unbound active processes.
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