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Rocket drops: The self-propulsion of supercooled freezing drops
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Isolated supercooled water drops have been observed to move spontaneously while
freezing in vacuum. This motion is caused by an increase of the evaporation rate during the
early stages of freezing, which transfers momentum to the drops, similar to rocket propul-
sion. As in other cases of self-propulsion, symmetry breaking is necessary, and occurs
when ice nucleation occurs away from the center of the drop. The self-propulsion velocity
was modeled analytically for a simplified case, and numerically for two experiments. The
model predicts peak velocities on the order of 1 m/s in vacuum, and a drop kinematics
similar to that observed experimentally. In air, the self-propulsion velocity is expected to
be much smaller but may be detectable for micron-sized drops.
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Liquid droplets can exhibit spontaneous motions near solid and liquid surfaces [1-5], or when
immersed in another liquid [6,7]. When the droplet and its environment appear symmetric, these
motions are counterintuitive [3,8] because the force driving the motion should average out. But
on closer inspection, such cases of self-propulsion were found to be caused by the breaking of the
system’s symmetry, which can be due to the spontaneous formation of thermal or chemical gradients
[7,8], or due to localized evaporation from the drop [3-5]. In particular, localized evaporation
provides a relatively strong force [9,10] and a local pressure buildup that can lead to the Leidenfrost
effect and to some of the most rapid cases of self-propulsion [1,2,11]. While the Leidenfrost effect
is usually observed in proximity to hot surfaces, evaporation can also provide strong forces at
cryogenic temperatures [5] or in a low-pressure environment [4].

Here, we investigate a spontaneous motion of isolated drops in vacuum. This motion, which
occurs when supercooled drops freeze after ice nucleation, is caused by a localized increase in
the evaporation rate as the freezing drop temporarily heats (recalesces) to the melting temperature
[12]. The spherical symmetry of this process is broken if nucleation occurs away from the center
of the drop, which leads to a net reactive force, the same as in rocket propulsion [13]. The fastest
self-propulsion due to freezing will occur when nucleation occurs at the surface, but the average
self-propulsion is also significant. On average, substantial symmetry breaking occurs even when
nucleation is equally probable inside the drop, because the volume-averaged radial position of the
nucleation is at three-quarters of the drop radius.

We investigated the reactive propulsion of freezing drops by imaging optically [14,15] a stream
of 40.9-um-diameter water drops injected downward with an initial speed of 9.9 m/s into a vacuum
chamber at 0.4 Pa. The velocity change due to gravitational acceleration was negligible relative
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FIG. 1. Observation and modeling of the reactive self-propulsion of freezing drops. (a) Spreading of a
train of drops after they froze. The images are averages of multiple drop stream images synchronized with
the generation of drops, and cover the range of flight distances over which the drops nucleate ice and start
to freeze. (b) A simplified physical model of the reactive force due to enhanced evaporation during freezing.
(c) Additional mechanisms that impact the reactive force. (d) The evolution of the self-propulsion speed from
ice nucleation until complete solidification, for a 40.9-um-diameter drop supercooled to 234 K.

to the injection and self-propulsion velocities, because the self-propulsion was investigated over
a short time interval (~1ms). To determine the velocity of individual drops, each image was
exposed to 2 or 12 light pulses (462 nm wavelength, 100 ns duration) at 5 us intervals. Up
to 12 vertically displaced images of the same drop thus appeared in one image [14]. Images
were recorded at both low and high magnifications (5.1 and 0.497 um/pixel, respectively). The
experiments were conducted at the Coherent X-ray Imaging instrument of the Linac Coherent Light
Source [16,17].

We initially observed the self-propulsion of freezing drops as a sudden lateral spreading of the
drop stream after freezing. Figure 1(a) shows averages of ~1000 low-magnification images of the
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drop stream at different distances from the nozzle. Since the images were synchronized with the
production of the drops, the pattern along the stream in the averaged images indicates that the drop
velocities along the stream remained constant during flight. The pattern coexisted with a slight
lateral spreading, which we hypothesize was caused by the electrostatic repulsion of the drops after
they acquired a streaming potential at the nozzle. After 68 mm of travel, the longitudinal patterning
started to disappear while the lateral spread of the stream increased rapidly, which indicates that the
drops acquired an additional, and randomly oriented, self-propulsion velocity. We confirmed using
images recorded at high magnification [14] that the drops froze within the range of flight distances
displayed in Fig. 1(a).

The spontaneous motion of free water drops freezing in vacuum was also observed in other
studies. Ando et al. recorded the flight trajectory of a drop while it froze and showed that it changed
direction after ice nucleation [18]. In an experiment that used water drops in vacuum to collect x-ray
scattering data from supercooled water, the rate at which a narrow x-ray beam intersected the drops
decreased rapidly after the drops froze [19], indicating a spreading of the drop stream. Spontaneous
motion due to the freezing of supercooled drops at low pressures can also occur near surfaces. A
high-speed movie from Wildeman et al. [20] shows a drop moving away from the silver iodide tip
that was used to trigger nucleation on its surface. Schutzius et al. [4] reported the self-detachment
of freezing drops from a range of surfaces at low pressures, and explained that the increase in
evaporation, due to recalescence, built up an overpressure between the drop and the surface, which
provided the self-detachment force.

The freezing of supercooled drops is a multistage process, which starts with a stage of dendritic
freezing during which part of the liquid freezes and the drop heats to the melting temperature
(recalesces), followed by the complete solidification of the drops [12,20-22]. During the latter stage,
the drops may eject material or shatter [20,23,24], which would impart a velocity to the drop due
to the conservation of momentum, and would cause the drop stream to spread. Nevertheless, the
reactive self-propulsion of the drop during the dendritic stage of freezing is a distinct phenomenon.
This is most clearly shown in the drop trajectory reported by Ando et al. [18], where the trajectory
changed before the drop shattered.

A simplified case of reactive self-propulsion that can be modeled analytically is illustrated in
Fig. 1(b). A supercooled water drop surrounded by water vapor at the saturated vapor pressure of
the supercooled liquid starts to freeze after ice nucleates at the surface. We assume that the drop
is sufficiently supercooled that the ice grows as a network of fine dendrites, which occurs in water
supercooled below —10 °C [25]. We also assume that the region with dendritic ice grows spherically,
which is consistent with the growth observed in ~100-um-diameter drops freezing at —35°C [26].
This assumption may apply only to small drops at large supercooling, as deviations from spherical
growth were observed in larger drops near —20 °C [4,24]. During growth, the drop is divided into
a supercooled liquid region at its initial temperature and a mixture of liquid and dendrites at the
melting temperature of 0 °C. Such regions, at the initial supercooling and recalesced to 0 °C, were
observed experimentally in water drops using thermal imaging [4,24], and the transition between
regions was modeled to be on the order of 1 um thick [27]. We further assume that the drop surface
is solid ice where it bounds the region with dendrites and liquid otherwise, and that the frozen
surface remains at the melting temperature while the temperature of the liquid surface stays constant.
Since ice at the melting temperature has a larger vapor pressure than supercooled water [28], the
evaporative flux from the drop will be asymmetric and the drop will experience a net reactive force
directed opposite to the nucleation point.

The instantaneous reactive force at an elapsed time ¢ after nucleation is given by the integral of
the reactive force contributions over the frozen surface. For simplicity, we assume that the pressure
is low enough that the evaporative flux is in the free molecular regime, a condition under which
the net evaporation rate is proportional to the difference between the saturated vapor pressure and
the ambient vapor pressure [19]. In this case, the normal reactive force per unit area of frozen
surface is equal to half of the pressure difference between the saturated vapor pressure of ice at
the melting point, pj., and the saturated vapor pressure of the supercooled water, pg.w. The polar
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angle of the most advanced frozen points on the surface is a(#) = -2 arccos [(vgrow t )/ (2R)], where
nucleation occurs at o = 0, vgoy is the dendrite growth speed [25], and R is the drop radius. The
reactive force contribution dF from a polar sector of the sphere at an angle 8 and width dg is
given by dF = TR?*(Pice — Psew) c0s(B) sin(B)dB. Integration over all frozen sectors leads to the
instantaneous reactive force F' (1),

F(t) = (1/2)TR*(Pice — Pscw)sin’a(t). (1)

The linear momentum acquired by the drop is obtained by integrating F'(¢) until the drop is filled
with ice dendrites at ffna = 2R/Vgow. Defining an integration variable x = vgowf/(2R), the final
velocity in this simplified scenario, Avp,y, is given by

3 ice — Pscw ! . 2 ice — Pscw
AVpax = —w s1n2(r[ — 2arccos x)dx = —w, (2

4 PVUgrow 0 5 PVUgrow

where p is the density of supercooled water. If the evaporation remains in the free molecular regime,
Eq. (2) remains valid at ambient vapor pressures that are different from the saturated pressure of the
supercooled liquid, because the momentum conservation force due to vapor condensation averages
to zero for the entire drop.

The simplified model predicts that the reactive force accelerates the drop during the dendritic
growth phase, after which the reactive self-propulsion velocity remains constant. The final velocity
is equal to Avp,x, Which according to Eq. (2) is 0.85 m/s at —40°C. In experiments, Avpax
is an upper limit, and Fig. 1(c) illustrates a few mechanisms that reduce the reactive velocity:
(i) nucleation can occur anywhere inside the drop, which reduces the duration of the reactive force;
(ii) the frozen surface cools, which reduces the magnitude of the reactive force; and (iii) the reactive
velocity can be further reduced if the drop rotates. We modeled numerically the impact of these
mechanisms for conditions typical to our experiment, and Fig. 1(d) shows how the self-propulsion
speed varies under different scenarios, from ice nucleation until the drop is fully solidified.

An equally probable nucleation within the drop volume has a relatively small impact on the
self-propulsion velocity because most of the volume of a sphere is relatively close to its surface.
Since the volume-averaged radial distance in a sphere is equal to 0.75 of its radius, we evaluated
the effect of random nucleation by integrating numerically the time-dependent reactive force for
nucleation occurring at 0.75R from the drop center. The self-propulsion velocity was reduced by
less than one-quarter compared to the case of surface nucleation.

The impact of the surface cooling is both quantitative and qualitative. We modeled its effect
by approximating that the surface temperature evolved the same as during symmetric postdendritic
solidification. We calculated the surface temperatures during solidification [14,24], and used them
to determine the position- and time-dependent vapor pressure along the surface, the time-dependent
reactive force, and the reactive velocity. Figure 1(d) displays the reactive velocity for nucleation at
the surface and at 0.75R from the drop center. The reactive velocity reaches a peak approximately
when the dendritic ice growth ends, then it decreases. The peak occurs because surface areas
that froze later are warmer and have relatively larger evaporation rates. After the surface freezes
completely, the temperature differences generate a reactive force that is opposite to the initial force
and decelerates the drop.

The freezing drop trajectory reported by Ando et al. [18] displays a sharp bend shortly after
ice nucleation, followed by a more gradual bending with an opposite curvature. This trajec-
tory is consistent with our model when the effect of surface cooling is included. Figure 2(a)
compares points sampled along the experimental trajectory with a trajectory calculated using
the reactive force model with surface cooling. The direction of the reactive velocity and the
radial location of nucleation cannot be measured from the trajectory, and were determined by
fitting the experimental trajectory against our model [14]. The quantitative agreement with the
model is very good, but this could be partly due to using multiple free parameters to model the
trajectory.

L021601-4



ROCKET DROPS: THE SELF-PROPULSION ...

0.16
(a) rp =31 pm, Tp = -38.8 °C
0.14— | —®— Freezing drop trajectory in image, Ando et al.
Simulated trajectory. Optimized parameters:
= %17 voy = 1.03 mfs, voy = 0.0135 mis, ty = 167 pis
E 0104 N =28.2 um, p = 158.7°, o =38.2
©
g
£ 0.08 X AV
S -
§ 0064 & T A
N
5 L
T 0.04- O
|
0.02 !
P |
0.00e==a==e=—a=—0=—0—0 y
T T T T T T T 1
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
Vertical travel [mm]
(b) I Liquid drops at 69 mm
1009 | 3 Al drops at 74 mm (98% frozen)
—@— Simulated frozen drops at 74 mm
80 — —
= —
S 60 A— ,_
8 oo o
o
o 40+
[a)]
201
0_—I_ T T T T T DL
-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6

Deviation from mean vertical velocity [m/s]

FIG. 2. Comparison of the reactive self-propulsion model with experimental data. (a) Comparison between
the trajectory of a 62-um freezing drop observed by Ando er al. [18], and the trajectory predicted by the model.
(b) The experimental distributions of vertical velocities of liquid drops at 69 mm and of frozen drops at 74 mm,
and the distribution predicted by the self-propulsion model at 74 mm.

The drops in our experiment, which were produced by driving the Rayleigh breakup of a liquid
jet, rotated at a frequency of 5.25 kHz [14]. The rotation can be explained by a reproducible
asymmetry of the Rayleigh breakup. We modeled the effect of rotation by integrating numerically
the Cartesian components of the reactive velocity during freezing [14]. Figure 1(d) shows the
magnitude of the velocity when the reactive force is perpendicular to the rotation axis. If the
reactive force is parallel to the rotation axis, the rotation does not affect the direction of the force
and the velocity is the same as without rotation. For an arbitrary orientation of the rotation axis,
the magnitude of the reactive velocity has values intermediate between the perpendicular and the
parallel cases.

We tested the reactive velocity model against our data by determining the vertical velocity
distribution of drops before and after freezing [14,29]. To obtain accurate velocity measurements
we used high magnification images, rather than the low-magnification data sets used in Fig. 1(a).
We had high magnification images only at 69 mm (2 exposures) and 74 mm (12 exposures) of
travel, and only the 2-exposure data at 69 mm had sufficiently low noise to identify liquid drops
[14]. After 69 mm of travel, 53% of the drops were observed to be frozen, consistent with the
freezing probability expected for homogeneous ice nucleation [26,30,31]. Given that the spread
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of homogeneous nucleation times is approximately 1 ms in our experiment, and that the 74 mm
data is recorded 0.5 ms later during flight than the 69 mm data (where more than half of the drops
were frozen), almost all the drops in the 74 mm data set were frozen. Statistically, we estimated
that 98% of the drops at 74 mm nucleated ice [14], thus the 74 mm data represents to a good
approximation the behavior of frozen drops. The velocity distributions for liquid and frozen drops
are shown in Fig. 2(b) along with a velocity distribution modeled with surface cooling, rotation,
and random directions of the reactive force. The velocity distribution broadens after freezing due
to the randomly oriented self-propulsion, and it is consistent with but narrower than a distribution
simulated based on our self-propulsion model. The wider distribution in the model indicates that
it may overestimate the self-propulsion velocity, but we consider the agreement to be satisfactory
given the simplifications made in the model. The overestimation of the velocity could be due to the
dendrite growth speed being inaccurate or due to a nonspherical growth of the mixed phase [14].
We note that the velocities modeled in Fig. 2(b) consider the location of the image plane, which did
not overlap with the center of the drop stream [14]. Due to this misalignment, drops were visible
only if they traveled perpendicular to the image plane after nucleation. The imaged drops thus had
a velocity component along the imaging axis, and this reduced the velocities observed in the image
plane.

With peak velocities on the order of 1 m/s, the reactive motion of freezing drops in vacuum is
faster than the self-propulsion caused by chemical or thermal gradients [6,8], and is comparable
to the fastest self-propulsion phenomena [1,2,5,11] driven by evaporation near surfaces. The self-
propulsion is powered by the release of latent heat during freezing. It has a very small thermal
efficiency, approximately five orders of magnitude smaller than the efficiency of a corresponding
Carnot cycle [14]. The low efficiency can be explained by the wide angular spread of the reactive
force components and by the briefness of the dendritic growth, which is the most asymmetric stage
of freezing. For a higher efficiency, the supercooled liquid could be placed in an impermeable
container with a small opening, which would maintain the direction of the reactive force throughout
the entire solidification process.

We expect that the reactive velocity will be greatly reduced at atmospheric pressure, because
the evaporative reaction forces increase with the rate of evaporation [9,10]. The sublimation rate
of ice in air is diffusion limited [32] and much smaller than in vacuum, but may be significant
for small drops, where the diffusion-limited sublimation rate becomes inversely proportional to the
drop radius [33]. We estimated that drops with radii on the order of 10 um, a size typical to drops in
clouds [12], will acquire velocities on the order of 1% of the velocities in vacuum [14]. We do not
expect that the reactive self-propulsion has a significant role in cloud drop dynamics because other
self-propulsion processes such as drop shattering produce faster ice particles [20,21].

The self-propulsion of freezing drops is detrimental to experiments that use drops in vacuum
to study deeply supercooled water and its freezing [19,34,35], because it can lead to a reduc-
tion in the data rate or in the signal intensity. The self-propulsion model could help optimize
such experiments, for example, by predicting where a drop stream should be probed to collect
data most efficiently. The model can also inform experiments on the self-detachment of freezing
drops from solid surfaces [4], because it allows the treatment of cases where ice nucleation is
not facing the solid surface and the overpressure between the drop and the surface would not
develop.

The experiments were supported by the U.S. Department of Energy, Office of Science, Chemical
Sciences, Geosciences, and Biosciences Division. Data analysis and interpretation were primarily
supported by startup funds from Rutgers University—Newark. Supplement funding for this project
was provided by the Rutgers University—Newark Chancellor’s Research Office. Use of the Linac
Coherent Light Source (LCLS), SLAC National Accelerator Laboratory, is supported by the U.S.
Department of Energy, Office of Science, Office of Basic Energy Sciences under Contract No. DE-
AC02-76SF00515.
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