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We study the role of steric effects on the induced-charge electro-osmosis phenomenon
using a recently developed mesoscale fluid model. A hybrid Eulerian-Lagrangian method is
used to simulate the dynamics of discrete immersed ions in a thermally fluctuating solvent
near a metallic plate embedded in the dielectric interface. We observe that the characteristic
velocity scales almost linearly with electric field when the generated ζ potentials exceed
the order of the thermal voltage, as opposed to a quadratic scaling predicted by Helmholtz-
Smoluchowski equation, although qualitative agreement with experiments and theories is
obtained at low electric fields. Our simulations reveal that the steric effects play a crucial
role at strong electric fields, which is observed from the aggregation of ions towards the
center of the metal plate instead of at the edges, and the overcharging of co-ions to the
surface charge near the electric double layer. A comparison to a continuum electrolyte
model also highlights significant differences in charge distribution and flow field that are
attributed to the steric repulsion between ions.

DOI: 10.1103/PhysRevFluids.8.083702

I. INTRODUCTION

Electrokinetic phenomena typically occur near a charged surface that is submerged in an elec-
trolyte subject to an external electric field. The charged surface attracts a layer of counterions (that is,
ions with opposite charge to the surface charge) that breaks electroneutrality. If an external electric
field is applied, then the Lorenz force on the ions induces flow. Traditionally, if the charged surfaces
are fixed, then the resulting flow is referred to as electro-osmosis. If the surfaces are suspended in
the solution, such as charged colloids, then the motion of those particles is called electro-phoresis.
These processes. are widely used in scientific and industrial applications, for example, in protein
purification [1–3], fuel cells [4–8], and ion separation processes such as water desalination [8–11].
Induced-charge electro-osmosis (ICEO) [12,13] is a special type of electro-osmotic phenomenon
where surface charges, and consequently an electric double layer consisting of counterions, are
induced on a conductive or polarizable dielectric surface. One of the unique features of induced-
charge electro-osmosis is that it can generate persistent flow with an alternating-current (ac) field,
because after some charging time, the same flow pattern is generated when the electric field is
reversed. The advantages of induced-charge electrokinetic flows over conventional electro-osmosis
have led to significant progress in many areas, particularly in microfluidic pumps, mixers and valves,
and particle trapping [14–25].
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Although ICEO has received significant attention that has led to many fruitful results, several
challenges and practical difficulties remain. First,. although experiments at low electric fields qual-
itatively match the predicted quadratic scaling [13,15] with respect to field strength, they typically
measure significantly lower velocities than predicted by theory [15,26]. The exact physical reason
behind the reduced velocities is still not well understood. Second, induced-charge electrokinetic
flow seems to be suppressed with increasing electrolyte concentration [27]. Previous experiments
barely observe any flow signal for concentrations higher than 0.1 M [15,26,28–38], a concentration
typical of biological systems. Third, there are very few experimental studies at the high electric fields
(tens to hundreds of times the thermal voltage kBT/e) that are relevant for real-world applications.
A number of effects have been proposed in the literature that could theoretically explain the
flow properties at high field strengths, such as surface conduction [17,39], viscoelectric effects
[40–42], and Faradaic reactions [43–45]. However, how these factors change the flow quantitatively
or even qualitatively is not yet clear. Consequently, prior studies were often conducted in the
low-concentration and low-electric-field regime to avoid any ambiguity even though this regime
is not applicable for many induced-charge electrokinetics applications.

Simulations provide powerful tools for elucidating the physics of induced-charge electrokinetics
beyond low concentrations and weak fields, because they can access a broad span of length and
timescales under a wide range of electric fields. The key mechanism at play is the development of
an electric double layer that breaks electroneutrality near the charged surface, creating a diffuse layer
of counterions whose thickness is roughly one Debye length, λD [46–48]. A number of numerical
approaches have been proposed to model electrokinetic flows including continuum methods, such
as the Poisson-Nernst-Planck (PNP) equations [48] and fluctuating hydrodynamics (FHD) [49], and
particle-based methods, such as molecular dynamics (MD) [50,51]. The PNP equations are able to
capture some of the basic behavior of electrokinetic flows. However, they are missing important
mesoscale effects such as steric effects, which are crucial in electrokinetic flows but have not been
integrated in ICEO modeling yet [23]. Furthermore, the PNP equations can require fine meshes and
small time steps at high concentrations where the double layer, whose thickness scales inversely
to the square root of concentration, is extremely thin. The PNP equations also do not account for
the fluctuating hydrodynamics of the continuum solvent, which is an important mesoscale effect
arising from the thermal motion of the solvent molecules. Such effects of thermal fluctuations are
incorporated in FHD, which has successfully simulated electrolyte solutions [52,53] at moderate
electrolyte concentrations. However, FHD is often not suitable for modeling electrokinetic flows,
particularly at high concentrations. In this regime, the resolution required to resolve the double layer
becomes sufficiently fine that there are too few ions per computational cell to justify the underlying
assumptions implicit in FHD models. In contrast, particle-based methods can model systems down
to the molecular scale [54,55]; however, they have drawbacks as well: MD using an explicit solvent
suffers from high computational costs because of the large number of solvent molecules that have
to be modeled. In addition, it can be difficult to recover properties such as viscosity and permittivity
in an explicit solvent model which are indirectly specified by the choice of intermolecular potential.
On the other hand, in implicit-solvent MD far-field hydrodynamic interactions, which are important
in electrolyte solutions and biological cells, are not included.

To overcome the above limitations, considerable recent effort has been devoted to the develop-
ment of mesoscale simulation techniques that combine continuum methods with particle methods
to model discrete particles in a fluctuating, continuum solvent. Examples of this type of approach
include Brownian dynamics (BD) [56,57], the general geometry Ewald-like method [58,59], the
stochastic Eulerian Lagrangian method (SELM) [60,61], the stochastic force coupling method
[62–65], and the fluctuating immersed boundary method (FIB) [66]. Among these techniques, BD
has been the most widely used with established success in many applications [67–69]. It uses a
Green’s function representation to model hydrodynamic interactions of particles suspended in a
solvent in the Stokes flow regime, but it is computationally expensive to fully resolve many-body
hydrodynamics because it involves inversion of a dense mobility matrix. BD is also limited to
simple geometries where analytical calculations of the mobility matrix are possible, such as those
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in Refs. [70,71]. FIB addresses the computational cost issue of BD by using immersed boundary
kernels [72] to spread particle-scale forces onto the fluid mesh, which is then solved using well-
established FHD techniques. As a result, this method avoids the expense of inverting a mobility
matrix for particles, while maintaining a description for hydrodynamic radii of particles via the size
of immersed boundary kernels, which accurately describes particle diffusion. We recently devel-
oped an extension of the FIB method, called the discrete ions stochastic continuum overdamped
solvent (DISCOS) method [73] that further reduces the computational cost. Specifically, DISCOS
introduces a coarse-grained approach, where the particle positions are updated using the velocities
obtained on a coarse grid for solving FHD with a “dry diffusion” correction implemented to recover
ion’s total diffusivity. DISCOS also incorporates a particle-particle, particle-mesh (P3M) approach
[74] for efficiently computing electrostatic forces.

The DISCOS method has been validated by comparison with MD and theory in several scenarios,
including the ion-ion correlation function and conductivity in triply periodic domains [73], the
equilibrium distribution of ions in a confined channel [75], and several electrokinetic flows in
doubly periodic domains [75]. In particular, for regular electro-osmotic flows DISCOS predicts
realistic charge distribution and velocity profiles that are closer to MD results than PNP simulations,
demonstrating the importance of steric effects in electrokinetic flows [75]. Preliminary simulations
of induced-charge electro-osmosis using DISCOS in our previous paper [75] further illustrate the
importance of including steric effects and thermal fluctuations. Our simulations predicted a charge
distribution that is distinctly different from one predicted by the PNP equations, resulting in a peak
velocity that is 50% higher in the DISCOS simulation.

In this paper, we use DISCOS to investigate the complex electrokinetic flows arising from
ICEO in more detail. A range of electric fields and high molar concentrations are considered,
moving beyond the weak-field regime, where the induced ζ potential is small compared with
thermal voltage, to elucidate new physics about ICEO. As in Ref. [75] the simulations are in a
three-dimensional channel bounded by a wall in the y direction and doubly periodic in the other
two directions. The configuration is set to mimic the canonical experimental setup of ICEO [26]
where a metal strip is placed between dielectric materials. In solving for the electric field we
impose homogeneous Dirichlet conditions to model the metallic plate and homogeneous Neumann
conditions to model the dielectric part of the walls. Our main goal in this work is to investigate the
electric-field-dependent velocity in ICEO and gain insight into the important physics behind specific
velocity scalings with respect to electric field.

The remainder of this paper is organized as follows. We provide a brief summary of the DISCOS
algorithm in Sec. II, focusing on the treatment on the boundary conditions for the electric potential.
We present simulation results in Sec. III and show both flow properties and charge distributions
obtained from DISCOS and compare to the continuum hydrodynamic model (that is essentially a
modified PNP model [52,76], similarly to the model proposed in Kilic et al. [77]). We further present
a velocity scaling over a wide range of electric field strengths and compare our observation with
proposed mechanisms from the literature. We conclude with a summary of our findings in Sec. IV.
The Appendix discusses the effect of dry diffusion and the determination of optimal simulation
parameters.

II. METHODOLOGY

A. DISCOS: A brief summary

DISCOS models the behavior of discrete ions in a solvent in the overdamped limit. The solvent
is treated by mapping forces on the particles to a grid, solving the fluctuating Stokes equation on
that grid and then interpolating the resulting velocities back onto the particles. The details of the
method are presented in our earlier papers [73,75] so here we only give a brief summary.

The force acting on each particle includes contributions from electrostatic forces, short-
range interparticle forces, wall interaction forces, and forces due to a specified external
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field:

F i = FE
i +

∑
j

FR
i j +

∑
k

FW
ik + Fext

i . (1)

Here FR
i j is the short-range force between particles i and j, and FW

ik is the short-ranged interaction
between particle i and wall k. In each case the force is calculated using a Lennard-Jones– (LJ)
[78–80] type potential,

U sr (x̃; σ, ξ ) =
{

Û sr (x̃; σ, ξ ) − Û sr (x̃c; σ, ξ ), 0 < x̃ < x̃c

0, x̃c � x̃
, (2)

where x̃ is the radial distance from a particle, σ is the van der Waals diameter, and ξ is the magnitude
of the potential. We set the cutoff distance x̃c = 2.5σ to model the complete LJ potential. For
interparticle forces we employ a 12-6 potential,

Û sr (x̃; σ, ξ ) = 4ξ

[(σ

x̃

)12
−

(σ

x̃

)6
]
. (3)

For particle-wall interactions we use a 9-3 LJ [81] potential,

Û sr (x̃; σwall, ξwall ) = 33/2

2
ξwall

[(σwall

x̃

)9
−

(σwall

x̃

)3
]
. (4)

The electrostatic forces FE
i are computed using a P3M approach [74]. We represent the charge

on each particle using a Peskin kernel [72,82] to map the charges to a charge density � on a grid.
Using that charge density we solve Poisson’s equation,

−ε∇2φ = �, (5)

on the grid to obtain the electric potential φ. We then compute the electric field E = −∇φ,
interpolate it to the particle locations, and multiply by the charge of the particle to compute a
provisional electrostatic force on the particle. This approach provides an accurate approximation
of the interaction of particles sufficiently far apart. For particles that are close to one another we
replace the force computed from the grid with a direct Coulomb force calculation. The interaction
of two nearby particles computed from Poisson’s equation can be precomputed and tabulated as a
function of their separation, as discussed in Ref. [73].

Once all the forces on the particles have been evaluated, we can compute the velocities of the
particles resulting from those forces in the overdamped limit. We represent the particles using
(possibly different) Peskin kernels and use that representation to map F i onto a representation of
the forces on a grid, denoted by f . We then solve the fluctuating hydrodynamics Stokes equations,

∇p − η∇2v = f +
√

2kBT η ∇ · Z
∇ · v = 0, (6)

where p is the pressure, η is the fluid viscosity, v is the fluid velocity, kB is the Boltzmann constant,
T is the temperature, and Z is a symmetric Gaussian white noise tensor field. These equations are
solved using a geometric multigrid preconditioned GMRES algorithm [83] to obtain the velocity
field on the hydrodynamic grid. The resulting velocity field can then be interpolated onto the
particles.

The process of computing velocities for the particles from forces on the particles using Eq. (6)
implicitly defines a particle mobility operator, M. This mobility operator defines an overdamped
Brownian dynamics for the particle motion,

dx
dt

= MF + kBT ∇x · M +
√

2kBTM1/2Z. (7)
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FIG. 1. Cross section of the three-dimensional simulation setup (not drawn to scale) and an illustration
on the boundary conditions to solve the electrostatic Poisson equation [Eq. (5)]. The external electric field
corresponds to a linear potential φE . To ensure a homogeneous Dirichlet boundary for potential at the metal
surface, we need to account for φE in specifying boundary conditions for the potential φm. Specifically, we set
φm = −φE on the conducting part of the boundary.

The first and third terms correspond to the two terms on the right-hand side of Eq. (6). The second
term is an Itô correction that arises because M depends on the particle location. This term is treated
using the random finite-difference version of Fixman’s algorithm [84] introduced in Delong et al.
[66]. This approach adds a correction term to f in the Stokes equation coupled with a midpoint
update for the particle locations.

In DISCOS, the choice of the grid spacing and Peskin kernel determine the effective hydro-
dynamic radius of a particle. DISCOS incorporates a correction, referred to as “dry diffusion,”
that compensates for having a hydrodynamic radius that depends on the grid resolution. This is
important when modeling ions of different size and also enables using a coarser grid for the Stokes
solve than would be dictated by the actual hydrodynamic radius of the particle. With this correction
the equation to advance the particles when dry diffusion is included is

dx
dt

= MF + kBT ∇x · M +
√

2kBTM1/2Z
wet

+ Ddry

kBT
F + ∇x · Ddry +

√
2Ddry


t
W

dry

, (8)

where Ddry is a matrix of dry diffusion coefficients and W is a vector of independent Gaussian
processes. The second dry diffusion term, ∇x · Ddry, is again an Itô correction but in this case it
is straightforward to compute directly. We define a “wet percentage” as the percentage of the wet
diffusion coefficient to the total diffusion coefficient of the particles Dwet/Dtot; as discussed above
Dwet is determined from the effective hydrodynamic radius of the particles (depending on the grid
spacing and Peskin kernel), and Dtot is prescribed as a particle property (note that Ddry = Dtot −
Dwet).

B. Implementation of a mixed-type boundary

To simulate ICEO phenomena, we consider a doubly periodic domain in the x and z directions
with walls in the y direction. A diagram illustrating the setup is present in Fig. 1. For hydrody-
namics, both top and bottom walls are no-slip, impenetrable, stationary walls. For electrostatics, the
boundary conditions are more complex because we need to model a metal strip in the middle of the
bottom wall, while the top wall is everywhere dielectric. Mathematically, the (ideal) metal conductor
corresponds to a homogeneous Dirichlet boundary condition where electric potential vanishes at
the surface (infinite permittivity). The (ideal) dielectric surface corresponds to a homogeneous
Neumann boundary condition where surface charge is zero (zero permittivity) [85].

One factor to consider regarding the electrostatic boundary condition is the uniform external
applied electric field. The external field corresponds to an external electric potential, φE , with
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TABLE I. Parameters of our simulations

Cases A B C D E F

E ext
x (V/cm) 5 × 105 1 × 106 1.5 × 106 2.5 × 106 5 × 106 1 × 107

Lx (nm) 26.36 26.36 52.72 52.72 105.44 210.88
Ncell,x 192 192 384 384 768 1536
N+(= N−), 0.15 M 400 400 800 800 1600 3200
N+(= N−), 1 M 2500 2500 5000 5000 10 000 20 000

a constant gradient parallel to the plate dφE/dx = −E ext
x x̂. This external potential needs to be

accounted for in solving for the full electrostatic potential. The approach we have used is to solve
Eq. (5) for a correction potential, φm, such that φ = φE + φm. We then set φm = −φE on the metal
plate to guarantee that the full potential φ satisfies a homogeneous Dirichlet boundary condition on
the plate.

C. Numerical parameters

We conducted our ICEO simulation in a channel of height Ly = 6.59 nm in the y direction,
discretized on a 48-cell grid with the four-point Peskin kernel to achieve 75% wet percentage (see
Appendix A for a discussion of this choice and its impact on the results). The parameters of the six
cases we explored are summarized in Table I. Note that for all the cases we study in this work, the
average ions per cell (less than 0.00045 ions per cell) is so low that the continuum assumption can
be problematic in methods like PNP and FHD. All cases use the same mesh spacing of 
x = 
y =

z = 0.137 nm in the x, y, and z directions. The dimension in the z direction is fixed at Lz = 26.36
nm and the number of cells in the z direction is Ncell,z = 192. The channel length in the x direction
(Lx) depends on the electric field, reflecting the increased size of the vortices at high electric fields,
which is briefly discussed in Sec. III A. For all the cases explored, the metal strip has a fixed length
Lm = 5.272 nm and is centered on the lower boundary; see Fig. 1. The time step used in all cases
is 0.1 ps, which is much less restrictive than the typical molecular dynamics simulations that is on
the order of femtosecond. The effective total simulation time for each case is on the order of 0.1–1
µs, which takes 3000 node-hours per case on an NERSC Perlmutter supercomputer. The parameters
describing the electrolyte composition are as follows: The system is a 1:1 electrolyte solution with
N+ cations and N− anions (N+ = N−) at temperature T = 300 K. The cation and anion charges
are q+ = −q− = 1.6 × 10−19 C, and their diffusion coefficients are the same Dtot

A = Dtot
C = 1.89 ×

10−5 cm2 s−1. The solvent is water with viscosity η = 9 × 10−3 g/(cm s) and relative permittivity
εr = 80. The ion-ion interactions use a 12-6 LJ potential [Eq. (3)] with ξ = 8.16 × 10−22 J and σ =
0.442 nm. The ion-wall interactions use a 9-3 LJ potential [Eq. (4)], where ξwall = 7.95 × 10−21 J
and σwall = 0.426 nm. The bulk concentrations of the electrolyte c0 = c0

+ = c0
− we test are 0.15 M

and 1 M. One of the widely used length scales used to describe electrolyte solutions is the Debye
length λD:

λD =
(

q+�0
+ + q−�0

−
εkBT

)−1/2

, (9)

where �0
± are the charge densities of the species in the bulk. For reference, Eq. (9) gives the Debye

length of 0.796 and 0.319 nm for the cases of 0.15 M and 1 M, respectively. We remark that the
Debye length may not be the appropriate length scale to describe an electrolyte solution at such a
high molarity, because the calculated Debye length is on the order of the LJ diameter σ (it is even
smaller than σ for 1 M case). A recent study [86] has revealed that the screening length in fact
scales with Bjerrum length, lB = q2/εkBT , in concentrated electrolytes. As the ion concentration
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(a)

(b)

(c)

FIG. 2. Time-averaged flow properties and charge density distributions for DISCOS simulations of (a) Case
A, (b) Case B, and (c) Case C for 0.15 M. Left and right color bars correspond to flow speed and charge density,
respectively. The x coordinates are shifted by Lx/2 of the corresponding case so that the centers of the metal
plate are aligned at the origin. Note that Case C uses a larger domain in the x direction because it helps eliminate
the finite system size effect. For higher electric fields we use even larger domains in the x direction; see Table I.

increases further and steric effects become more and more important, the LJ diameter σ can become
the dominant length scale as well.

III. RESULTS AND DISCUSSIONS

We extend our previous study [75] of electro-osmosis using DISCOS to induced-charge electro-
osmosis, a more complex configuration that involves mixed-type boundaries. Our main goal is to
explore the velocity scaling in ICEO with respect to a wide range of electric fields at moderate
electrolyte concentrations and compare with other simulation methods and theory. The results
suggest a new power-law velocity scaling at moderate to high electric fields. We propose possible
explanations for the discrepancies with theory.

A. Flow field and charge distribution

We first validate that our simulations qualitatively capture the ICEO behavior by presenting
time-averaged flow field and charge distribution results [87]. Figure 2 shows flow streamlines
superimposed with a raster plot of charge density for Cases A, B, and C at 0.15 M obtained from
the DISCOS algorithm; the left and right color bars correspond to flow speed and charge density,
respectively. The flow pattern and charge distribution match our expectations: A counter-rotating
vortex pair is formed, with cations accumulating on the right side of the metal plate and anions
accumulating on the left, due to a right-to-left electric field. We repeated the simulations Cases A,
B, and F, which include the lowest and highest fields we studied, in a channel with twice the height
(Ly = 13.18 nm). Case B in the 13.18-nm-high channel is shown in Fig. 3 and the primary flow
pattern near the bottom does not change noticeably (in spite of the weak vortices near the top wall
due to the no-slip and no-penetration boundary conditions for the system), so the upper wall for the
6.59-nm-high channel has a minimal effect on the flow field. We observe that the ions accumulate
roughly one σ (Lennard-Jones size) above the bottom wall, illustrating the steric effect captured
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FIG. 3. Time-averaged flow properties and charge density distributions for DISCOS simulations of Case B
for 0.15 M but with a 13.18-nm-high channel. See Fig. 2(b) for comparison.

by DISCOS. The location of the peak velocity also occurs roughly near the location where ions
accumulate, which is expected since the breaking of electroneutrality in the double layer drives the
flow.

The flow and charge patterns show several intriguing features that depend on the electric field
strength (Fig. 2 from top to bottom panels) as follows:

(1) At higher fields (E ext
x � 1.5 × 106 V/cm), we observe wider vortices for which we increase

the domain length in the x direction accordingly as noted in Table I to avoid finite system size
effects from periodic boundaries. This elongation of the vortices is due to a stronger fluid velocity,
as revealed in the increasing peak velocity with electric field in the left plot of Fig. 4, which presents
the x-velocity profile along the horizontal slices where peak velocity occurs.

(2) Under the external field there is a discontinuity of (induced) surface charge density at the
edge of the metal where the development of double layer occurs, thus driving the ICEO flows.

FIG. 4. Horizontal fluid velocity and ion densities for Cases A, B, and C at 0.15 M. Left: Time-averaged x
velocity as a function of x at y = 0.618 nm where peak velocity occurs. The x coordinates are shifted by Lx/2
of the corresponding case so that the centers of the metal plate are aligned at the origin. Right: Time-averaged
charge density as a function of y at x locations where maximum charge accumulation occurs (at x = 11.33 and
15.03 nm for Case A, at x = 11.46 and 14.90 nm for Case B, and at x = 24.78 and 27.94 nm for Case C).
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FIG. 5. Flow properties and charge distribution for Case F (E ext
x = 1 × 107 V/cm) at 0.15 M and 1 M. Left

panel: Time-averaged x-velocity profile in x at y = 0.618 nm where peak velocity is obtained. Right panel:
Time-averaged charge density profiles in y at x = 104.72 and 106.16 nm where maximum charge density is
reached at this field.

The x location of the peak velocity above the plate occurs near the edge of the metal plate in all
of the simulations. We remark that the peak velocities in our simulation (∼cm/s) are significantly
higher than those reported in experiments (∼μm/s) [26,28–38]. One potential explanation of this
discrepancy is that we simulate a direct-current (dc) field that continuously charges the double layer
above the metal plate with ions, while most experiments use an ac field that involves charging
and discharging, resulting in a weaker flow field. The Helmholtz-Smoluchowski equation [88,89]
predicts that a stronger electric field enhances the charge accumulation, as shown in the charge
density plot of Fig. 4 (right panel), which leads to a faster flow.

(3) We observe an overcharging effect at higher electric field strengths (E ext
x � 1.5 × 106 V/cm),

that is, an additional layer of co-ions to the surface charge starts to emerge above the primary
counterion layer. This effect seemingly becomes more pronounced with increasing electric field
due to the steric effect, demonstrating the importance of these molecular-scale effects in nanoscale
electrokinetic phenomena. Figure 5 shows that these trends of increasing velocity, growing charge
density, and the overcharging effect persist for the highest electric field we tested [Case F, E ext

x =
1 × 107 V/cm at 0.15 M (dark-colored curves)]. The simulation results for 1 M show qualita-
tively similar but higher flow velocities and charge density, as expected; see Fig. 5 (light-colored
curves).

(4) Figure 6 shows the charge density profile at the height where the peak charge density is
achieved in both DISCOS and PNP simulations. First, note that in DISCOS the location of the
maximum charge density is midway between the edge and the center of the plate while it is near
the edges of the plate in PNP. We further find that in DISCOS this peak shifts slightly toward the
center of the metal plate with increasing electric fields. Consequently, DISCOS simulations exhibit
disparity in the x location of the maximum charge density and the x location of the maximum
horizontal velocity [which always occur near the edge of the metal plate, Fig. 4 (left plot)]. We
also observe that DISCOS predicts the maximum charge occurs at a height of 0.618 nm above
the wall, whereas for PNP it occurs at 0.0686 nm, in the first computational cell. Steric effects
are again a contributor to these phenomena, which is not present in the PNP system where ion
concentration can become arbitrarily large in the vicinity of the edge of the metal plate (see
Fig. 6).
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FIG. 6. Net charge density profile at 0.15 M (left) and 1 M (right). The DISCOS results are time averaged.
The data are measured at the peak charge density height: at y = 0.618 nm (five cells, which coincides with the
height of the peak horizontal velocity) for DISCOS and at y = 0.0686 nm (one cell) for PNP. The x coordinates
are shifted by Lx/2 of the corresponding case so that the centers of the metal plate are aligned. The abscissas
exactly span the metal plate in the x direction, so the left and right ends of both plots correspond to left and
right edges of the metal plate.

B. Velocity scaling

One of the most fundamental criteria to determine the efficiency of electrokinetic flows is the
velocity scaling with respect to the electric field, describing how effectively electrical energy is
converted into mechanical flow. The higher the scaling power, the more effective the conversion
is. Theoretically, in the low-field-strength regime for regular electro-osmotic (EO) flows, the slip
velocity is described by the Helmholtz-Smoluchowski formula [88,89]:

vs = εφζ

η
E‖, (10)

where φζ is the potential change across the double layer, commonly referred to as the ζ potential,
and E‖ = E ext

x is the electric field parallel to the boundary. In ICEO E‖ is given by the external
field E ext

x and the ζ potential in the low-field-strength regime is proportional to the external field
(φζ ∼ E‖Lm), that is,

vs = εLm

η
E2

‖ , (11)

so the overall characteristic velocity in ICEO scales quadratically with external field vs ∼ E2
‖ , which

is more favorable than the linear scaling in regular EO.
In our ICEO simulations, we explore how the fluid velocity scales with electric field and

compare those measurements to the quadratic scaling, using the time-averaged peak velocity as the
characteristic velocity. Figure 7 shows the time-averaged peak x velocity as a function of electric
field from our DISCOS simulations for 0.15 M and 1 M, as well as the PNP-based, continuum
hydrodynamics simulations and the theoretical prediction, Eq. (11). A detailed comparison between
the DISCOS simulation and the PNP model for 1.0 MV/cm (Case B), as well as a snapshot of the
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FIG. 7. Peak velocity measured from DISCOS (time-averaged) and PNP as a function of external electric
fields, compared with theory [Eq. (11)]. E ext

x in x axis is normalized by the thermal voltage φth. The error bars
represent one standard error, which is so small that they are smaller than the size of the symbols.

stochastic, instantaneous flow field, was presented in our previous paper [75]. Here we extend both
DISCOS and PNP simulations to a wide range of electric fields but in different regimes. Figure 7
shows PNP results for weak (<0.5 MV/cm) to intermediate (0.5–1.5 MV/cm) electric fields and
DISCOS results for intermediate to strong (>0.5 MV/cm) electric fields. The different ranges
reflect the differences in applicability of the two methods. The PNP equations coupled with the
Navier-Stokes (NS) equations is effective for relatively weak fields [48]. This approach has also been
extended to incorporate thermal fluctuations [52,53,76]. However, the PNP equations begin to break
down as the electric field strength is increased, leading to high concentrations at boundaries. This
problem is particularly noticeable in ICEO because of a singularity in the electric field arising from
the transition from Neumann to Dirichlet boundary conditions for the electrostatic equation at the
edge of the metal plate. The singularity scales as r−1/2 as the transition point is approached, where
r is the distance from the transition. As the field strength is increased, the PNP equations predict an
increase in ion concentration at the boundary where it interacts with the singularity in a nonphysical
fashion. On the other hand, DISCOS incorporates steric effects that provide a more realistic model
for ions. As a result, ions are kept away from the singularity point, thus allowing DISCOS to
simulate much higher electric fields; see discussions in Sec. III D. However, for weak electric fields
where mean fluid velocity signal is comparable to that of the thermal fluctuations, DISCOS needs
to average over an extremely large ensemble to get good statistics, making the computational cost
prohibitively expensive [e.g., simulating 0.25 MV/cm electric fields with DISCOS would require
48,000 node-hours (about 100 days of wall time using 20 nodes) on a state-of-the-art supercomputer
such as Perlmutter at NERSC].

We also remark that our high-molarity case (1 M) shows higher velocities than the low-molarity
case (0.15 M), in contrast to experiments [15,27]. One possible explanation of this discrepancy is
that our simulations employ dc fields that induce a persistent double layer, while the experiments
used ac fields that involve a charging-discharging process. In the DISCOS simulations, the charge
density inside the double layer is nearly constant in time and should be proportional to the bulk elec-
trolyte concentration, while the Debye length scales inversely with the square root of concentration
[Eq. (9)]. In fact, the charge density ratio observed in Fig. 6 between 1 M and 0.15 M is only around
3, smaller than the bulk concentration ratio of 1 M/0.15 M = 6.67, but it still compares favorably
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with the estimated ratio of Debye lengths
√

1.0 M/0.15 M = 2.58. Thus the total charge within the
double layer increases with increasing molarity, resulting in a growth of velocity.

Intriguingly, we observe an almost linear velocity scaling with electric field in DISCOS simula-
tions when ζ potential is beyond the thermal voltage. The blue solid line in Fig. 7 is a power-law
fit to the mean values of DISCOS results (blue dots), giving a scaling slightly larger than 1,
ux,max ∼ |E ext

x |1.16. The result at 1 M shows a similar trend as 0.15 M, in which the deviation
from (E ext

x )2 scaling also emerges, with a power-law fit of ux,max ∼ |E ext
x |1.33. Such phenomenon of

suppressing power to the velocity scaling has been derived in a theory regarding dielectric spheres
or cylinders with zero surface charge [90] and has been observed both in ICEO experiments with
metal or Janus spheres [23,91] and in PNP-NS simulations with polarizable cylinders [18], but it has
not been discussed systematically in planar ICEO flows. Those prior studies focus on spherical or
cylindrical geometries, some of which can induce stochastic flow due to the instability arising from
concentration polarization [18]. Both the aforementioned theory and associated simulations neglect
steric effects and thermal fluctuations. These are very different setups compared to our study, so
the origin of the suppression of the velocity scaling can be different as well. Our PNP simulations
show a transition in the velocity scaling as ζ potential exceeds the thermal voltage. It faithfully
captures quadratic velocity scaling at small fields [Eq. (10)], although quantitatively the results
are an order of magnitude smaller than the Helmholtz-Smoluchowski theory. This quantitatively
lower ICEO velocity is not surprising as it is well-known that the theory typically overestimates the
ICEO velocity by one or two orders of magnitude compared to experiments with various geometries
at much lower concentrations than our simulations [15,23,26,28–38]. The velocity scaling then
gradually reduces to a smaller scaling power, seemingly matching the scaling law of DISCOS
results. For electric field strengths (Cases A, B, and C) where both DISCOS and PNP simulations
can be conducted, the peak velocities from the two methods differ slightly, with velocities obtained
from DISCOS always larger than those obtained from the PNP method. The difference between the
peak velocities from the two methods widens as electric field increases, again demonstrating the
importance of the molecular-scale phenomena such as the steric effect in this regime. In the next
section, we discuss the possible mechanisms that can play a role in this velocity scaling turnover
and remark on their implications for broader ICEO applications.

C. Effect of charge-induced thickening

Many hypotheses have been proposed to explain the suppressed velocity scaling in ICEO
compared to theory, which are nicely summarized in a review by Bazant et al. [15]. Here we focus on
one specific hypothesis called charge-induced thickening [15], which can be systematically tested
in our simulations. This effect is postulated from the fact that the electrical double layer is highly
concentrated with the counterions to the surface charge at high electric fields, so the crowding of the
counterions leads to an increase in the local viscosity. The theory predicts a power-law dependence
of the ratio of electric permittivity and viscosity as the charge density approaches a critical value:

ε

η
= εb

ηb

[
1 −

(
|ρ|
ρ±

j

)α]β

, (12)

where εb and ηb are electric permittivity and viscosity of the bulk, |ρ| is the charge density, ρ±
j is

the critical (positive or negative) charge density of species j, and α and β are critical exponents.
Equation (12) is equivalent to a power-law divergence of viscosity assuming permittivity is constant
throughout the system ε = εb:

η = ηb

[
1 −

(
|ρ|
ρ±

j

)α]−β

, (13)
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The ratio in Eq. (12) is linked to a general electro-osmotic mobility b [92]:

b =
∫ �D

0

ε

η
d�, (14)

where �D is the potential drop across the diffuse layer (i.e., the potential difference between the
surface and the bulk). The mobility b defines an effective ζ potential:

φζ,eff = b
ηb

εb
, (15)

=
∫ �D

0

[
1 −

(
|ρ|
ρ±

j

)α]β

d�, (16)

=
∫ L

0

[
1 −

(
|ρ(y)|
ρ±

j

)α]β

d�

dy
dy, (17)

where in Eq. (15) and Eq. (16) ε = εb is assumed. The equations above allow us to construct
a modified Helmholtz-Smoluchowski formula in the modified Poisson-Boltzmann model [15].
Physically, the effect of Eq. (12) is to generate a thick diffuse layer of ions that extends beyond
the electric double layer with slowly decaying ion concentration at high electric fields. As a result,
the ζ potential at high electric fields becomes smaller than �D, while at low fields the ζ potential
and �D are roughly the same. So overall, there are two key parameters governing the hypothesized
charge-induced thickening effect: the viscosity and the ζ potential. We measure these two quantities
next.

We first directly measure the system viscosity and examine whether it is the main contributor to
the deviation from an (E ext

x )2 velocity scaling. The viscosity is measured by a series of Poiseuille-
flow DISCOS simulations of like-charged ions in a channel that has the same dimensions as Case A.
It is again periodic in the x and z directions, and the channel walls at the y boundaries satisfy no-slip
and no-penetration conditions (Dirichlet boundary condition) for the fluid solver and a constant
surface charge condition (Neumann boundary condition) for the electrostatic solver. We apply a
body force to the system (solvent and solutes) that is equivalent to a pressure gradient of dP/dx =
1 × 1016 Pa/m along the channel and measure the peak velocity vm. The viscosity of the system η

is then computed using

η = (dP/dx)L2

8vm
. (18)

DISCOS captures the growth of viscosity in an electrolyte solution due to the presence of ions,
as shown in Fig. 8, that plots measured viscosity versus charge density in the channel at 0 M,
0.2625 M, 0.46875 M, 0.9375 M, and 1.875 M. We fit our viscosity data to Eq. (13) (assuming
ε = εb), with ρ±

j preset to ρ±
j = q/σ 3 using the ion-ion Lennard-Jones length σ = 0.442 nm to

represent a characteristic length scale between ions at jamming to obtain ρ±
j = 1.853 × 103 C/cm3,

α = 1.529, and β = 0.531. The small value of β indicates a weakly increasing viscosity, so that the
viscosity only becomes significantly higher at extremely high charge density. The charge density
near the edge of the metal plate, which is the place where peak velocity is induced, is at most
around 50 C/cm3 for 0.15 M and is at most around 180 C/cm3 for 1 M (see Fig. 6). The viscosity at
these charge densities is less than 1.5% above the solvent viscosity, so the velocity is suppressed by
at most 1.5%, and it generally does not change the velocity scaling with respect to the electric field.
We conclude that the charge-induced viscosity growth plays a minor role in the velocity scaling
turnover in our simulation.

We next investigate the field-dependent ζ potential φζ , which is the remaining term from
Eq. (10) that can affect the velocity scaling. Figure 9(a) shows ζ potential versus �D for different
electric fields at two concentrations. Both horizontal and vertical axes are normalized by the
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FIG. 8. Measured viscosity from Poiseiulle flow in a channel of like-charged ions with different concen-
trations, using DISCOS method. A power-law fit of Eq. (13) is applied to the data points.

thermal voltage φth = kBT/e, where e is the elementary charge. We observe that (1) ζ potential
is suppressed compared with the theory for ideal dilute conditions (φζ = �D, red solid line) and
(2) the suppression becomes more pronounced with increasing concentrations, both of which are
reported in Ref. [15] in the context of charge-induced thickening [Eqs. (15)–(17)]. However, the
physical origin of the suppression in our simulation is different from that in Ref. [15]. In our
simulations the suppression occurs because of a gradual potential drop across the channel due to

(a) (b)

FIG. 9. (a) Log-log plot of measured ζ potential φζ vs diffuse layer potential drop �D, compared with the
ideal condition (φζ = �D, solid red line). The inset shows the same plot on a linear scale, which compares better
with Fig. 18 of Ref. [15]. (b) Log-log plot of measured φζ as a function of applied electric field, which shows
that φζ transitions from one linear regime to another linear regime with increasing electric field, indicated by
the solid black lines. The location of the transition roughly coincides with the turnover of the velocity scaling.
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the accumulation of ions at high fields forming an extended diffuse layer beyond the Debye length,
without much influence from viscosity. As discussed in the previous paragraph, charge-induced
viscosity grows weakly, thus having a minor effect on the effective ζ potential. Moreover, the
measured ζ potential still scales linearly with E ext

x , as shown in Fig. 9(b), while theories [17]
have attributed the nonquadratic velocity scaling to a nonlinear electric-field dependence of the ζ

potential. The ζ potential in fact transitions from one linear regime in E ext
x to another linear regime

in E ext
x , with different prefactors before and after the velocity scaling turnover. The linear scaling

of ζ potential in E ext
x should still produce an (E ext

x )2 scaling based on Helmholtz-Smoluchowski
formula, yet we observe a significantly lower velocity scaling. This gap between the simulation and
the prediction from Helmholtz-Smoluchowski formula suggests that some fundamental factors are
missing in the current theories at high electric fields, such as the steric effect.

D. Steric effect of ions

One novel contribution that the DISCOS method provides is that it explicitly models the steric ef-
fect of ions, which has not been comprehensively studied in previous ICEO simulations [23]. Previ-
ous analyses of the steric effects have been limited to theories [15,38,77,93]; those theories either ne-
glect the interactions from the walls and result in large values of ion sizes when fitting to experimen-
tal data [38] or make simplified assumptions on the fitting parameters to facilitate better fitting [15].

To illustrate the importance of steric effects in ICEO simulations, in Figs. 10(a) and 10(b) we
present the flow field and charge distribution from the PNP simulation for Case C at 0.15 M. The
images show the development of secondary vortices just above the bottom boundary, appearing
as small “bumps” on the streamlines and magnified in Fig. 10(b), which are not present in the
DISCOS simulations shown in Fig. 2. These secondary vortices in the PNP simulation lead to a
strong localized flow reversal in the horizontal velocity profile right above the bottom boundary
(Case C at 0.15 M) as shown in Fig. 10(c) (dashed line). On the contrary, the DISCOS simulation at
the same condition [Fig. 10(b), symbols] shows no such flow reversal within the margin of statistical
error.

We conjecture that these secondary vortices arise from the steric effects not captured in the PNP
simulation. Even though our PNP model [52,76] includes a steric effect that enforces a maximum
concentration for ions, similarly to the modified PNP model in Refs. [38,77], the continuum nature
in the Poisson-Boltzmann–type models cannot eliminate the interaction between ions and the
singular electric field. As discussed in Sec. III B, there is always a finite ion concentration at the
boundary that interacts with electric field singularity at the transition of boundary condition from
dielectric to metal, resulting in the formation of nonphysical vortices. With the DISCOS method,
steric effect keeps ions away from it, giving more realistic behaviors. This velocity reversal near the
singularity point may also be the reason behind the velocity scaling turnover in the PNP simulation,
as shown in Fig. 10(d), where the ratio between the reversed horizontal velocity (defined as the
maximum velocity in the reverse direction) and the overall peak velocity in the channel (depicted
with the blue dashed line in Fig. 7) is plotted against the electric fields. The reversed velocity stays
around 16% of the peak velocity for E ext

x � 7.5 × 104 V/cm, which corresponds to the quadratic
velocity scaling regime in Fig. 7, suggesting that the steric effect plays a less prominent role. This
ratio starts to rise for higher field strengths; the electric field beyond which this ratio rises matches
quantitatively with the transition of the velocity scaling in Fig. 7. The magnitude of the reversed
velocity becomes comparable to the peak velocity at E ext

x = 1.5 × 106 V/cm; the velocity reversal
becomes so dominant beyond this point that the PNP simulation becomes numerically unstable.
Moreover, the steric effect can also potentially explain the suppressed velocity scaling observed
in DISCOS simulations. As mentioned above, the DISCOS simulations show the development of a
secondary layer of co-ions from overcharging, as shown in Figs. 4 and 5. The forces on these co-ions
act in the direction opposite to the circulation in the primary vortex pair, which could potentially
account for the reduced velocity scaling.
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FIG. 10. (a) Flow properties and charge density distribution for PNP simulations of Case C at 0.15 M.
The color bars represent fluid speed (left) and charge density (right), respectively. (b) Magnified view for the
velocity vector field in the rectangular region indicated in (a). Notice that there are small vortices forming at
the bottom boundary. (c) Horizontal velocity along x direction just above the bottom boundary (at y = 0.0686
nm, one cell from the boundary) for Case C at 0.15 M, from DISCOS (time-averaged) and PNP methods. The
x coordinates are shifted by Lx/2 of Case C. (d) The ratio of the reversed velocity and the peak velocity in
the PNP simulation as a function of electric field. The reversed velocity is defined as the maximum velocity in
the opposite direction; for example, the most negative velocity in the left half of the domain in (a) and the most
positive velocity in the right half.

IV. CONCLUSIONS

In this article we present simulation results of ICEO using a newly developed, mesoscale fluid
model called DISCOS. In earlier work this method was shown to generate reliable results for
equilibrium ionic structures and regular electro-osmotic flows in a nanoscale channel. Here we
have extended to highly nonlinear flows of ICEO by implementing a boundary condition that
switches between Dirichlet and Neumann conditions for the electrostatics to model a metal strip
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sandwiched by a dielectric substrate at the bottom of the channel. Our simulations show qualitatively
correct results, namely that a counter-rotating vortex pair is formed for all electric field strengths.
A comparison to the deterministic PNP method demonstrates a fundamental advantage of DISCOS
over traditional continuum methods in that DISCOS correctly captures the steric effect, which is a
crucial mesoscale phenomenon that leads to unique features in the flow field and charge distribution.
DISCOS also naturally avoids the charge density and electric potential singularity near the edges
of the metal strip, allowing it to simulate much larger electric fields than the deterministic PNP
method.

By examining a wide range of electric field strengths, we found that the characteristic velocity in
our simple ICEO setup transitions from a quadratic scaling of velocity with electric field to an almost
linear scaling as the induced ζ potential exceeds the thermal voltage. Simulating a high-molarity
system shows a similar trend. Comparison between the DISCOS and the PNP methods shows
that although these methods show a qualitatively similar trend in velocity scaling, they predict
solution structures that are quite different. For example, the location of the peak charge density
is distinctly different between DISCOS, for which the peak shifts toward the center line with
increasing field strength, and PNP methods where the peak always occurs at the edge of the metal
plate. Furthermore, a layer of co-ions to the surface charge forms when using the DISCOS method
but not the PNP method.

Although both methods show a transition to linear scaling for high field strengths, a detailed
examination of the transition suggests that the physical mechanisms are different. We explored
several mechanisms from the literature that are potentially responsible for the velocity scaling
transition. We demonstrated that charge-induced thickening plays a minor role in the transition
of velocity scaling, as the viscosity near the location of maximum velocity is essentially unchanged
from the bulk solvent viscosity. The ζ potential does not explain the transition either, as it shows
linear dependence on the electric field before and after the transition. The key factor in the transition
mechanisms for the two methods is steric effects. In the PNP method, the lack of steric effects
allows ions to interact with the singularity in the electric field, creating a secondary vortex pair that
suppresses the velocity scaling. In the DISCOS method, explicitly modeling steric effect leads to a
weak interaction of ions with the singularity. It also lead to an overcharging effect manifested in the
accumulation of co-ions that can also suppress the characteristic velocity.

One potential avenue for future investigation of alternating current electro-osmosis (ACEO) to
elucidate the origin of the velocity scaling turnover, which is typically conducted in experiments.
However, because of the charging-discharging process of ACEO, the average charge density within
the double layer is smaller and the noise is higher, resulting in longer simulations to get better
statistics. Therefore we are developing novel numerical algorithms to improve computational
efficiency. One direction we are currently focusing on is construction of a hybrid DISCOS-FHD
algorithm where DISCOS is utilized near the double layer while FHD is utilized in the bulk flow.
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APPENDIX: NUMERICAL ACCURACY AND WET PERCENTAGE

To save computational cost we establish the optimal wet percentage for our simulations. Wet
percentage essentially describes an effective hydrodynamic radius that is proportional to the mesh
size. By definition, the 100% wet case is the most accurate, correctly capturing the hydrodynamic
radius of ions. Increasing the mesh size (coarser mesh) means reducing wet percentage, thus

083702-17



J. GALEN WANG et al.

FIG. 11. Comparison of the effect of wet percentage on the measured peak velocity at two different electric
field. Error bars represent one standard error.

overestimating the hydrodynamic radius, so in DISCOS we introduce a correction (recall this is
the dry diffusion contribution) to recover the desired total diffusion.

Figure 11 shows a plot of peak velocity versus wet percentage for two different magnitudes of the
applied E -field (Cases A and B). It is observed that the 25%-wet and 50%-wet cases significantly
underestimate the peak velocity, suggesting that substantial contributions from many-body hydro-
dynamic interactions are missing and dry diffusion alone cannot recover them. However, beyond
75%-wet the peak velocities are converged to the 100%-wet case, within statistical error. This
indicates that the grid of a 75%-wet system is sufficient to capture the most of the many-body
hydrodynamic interactions, so we use that system to save computational cost while maintaining the
physical accuracy. As such, all the the results presented in this paper are from simulations that are
75%-wet.
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